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ABSTRACT 

 

This chapter presents a comprehensive body of research (40 academic 

papers) dedicated to the differential geometry of degenerate curves within 4-

dimensional Semi-Euclidean ( and Minkowski ( ) spaces. The central 

challenge addressed by this collective research program is the "degenerate 

frame problem," where the classical Frenet-Serret apparatus fails for null, 

pseudo null, and partially null curves due to the indefinite metric. The 

methodological solution presented in these works is twofold. Initially, 

foundational adapted Frenet and Cartan frames are established (M12, M26, 

M11) to define stable curvature functions. This evolves into a more modern 

approach, adopting the Bishop (parallel) frame as a robust, singularity-free 

alternative (M24, M30, M31). Using these frameworks, the corpus provides 

a systematic and exhaustive classification of special curve classes, 

effectively translating classical theory into the degenerate setting. Key 

findings include the complete characterization of partner curves (Bertrand, 

M8, M9; Mannheim, M36), helices (Slant Helices, M14, M23), and 

rectifying curves (M38). The significance of this research program extends 

beyond classification, establishing profound interdisciplinary connections. 

The findings link this abstract geometry to singularity theory, classifying 

lightlike hypersurfaces that model astrophysical event horizons (M6, M16, 

M25). Furthermore, the work provides geometric solutions for the Betchov-

Da Rios equation (M32), a fundamental component of soliton theory, and 

explores physical particle models (M33). Collectively, this body of work 

provides a complete and essential geometric "toolbox" for applications in 

mathematical physics and relativity. 

 
Keywords – Differential Geometry, Semi-Euclidean Space, Minkowski Spacetime, 

Degenerate Curves, Pseudo Null Curves, Partially Null Curves, Null Cartan Curves. 

 

INTRODUCTION 

 

Classical differential geometry, largely developed in Euclidean space 

E3, offers a robust theoretical framework (like the Frenet-Serret apparatus) 

for analyzing curves and surfaces. However, this classical structure is 

fundamentally shaken with the introduction of an indefinite metric, as seen 

in the Semi-Euclidean and Minkowski spaces that are foundational to 

mathematical physics and, most notably, Einstein's Theory of Relativity. 

In these spaces, the metric tensor is no longer positive-definite. This 

leads to a critical tripartite classification of vectors: spacelike, timelike, and, 

most importantly, null (or lightlike). A vector is null if its inner product with 

itself (and thus its "magnitude") is zero. 
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The geometry of curves is determined by the character of their tangent 

vectors. This "degenerate" situation—where a curve's tangent or normal 

vectors become null—creates the most significant problem for classical 

theory: the Gram-Schmidt orthonormalization process fails. You cannot 

normalize a vector with a norm of zero. This failure leads to the collapse of 

the classical Frenet frame, causing curvature functions to become ill-defined 

or singular. 

This chapter synthesizes a comprehensive collection of research (M1-

M3, M5-M40) dedicated to studying the geometry of precisely these 

"degenerate" curves within 4-dimensional Semi-Euclidean spaces, with a 

particular focus on the 1-index Minkowski 4-space E14 and the 2-index 

Semi-Euclidean space E24. The protagonists of these studies are three 

special classes of curves that lie outside the scope of classical geometry: 

➢ Pseudo Null Curves: Curves whose tangent vector field is null 

(lightlike) (M7, M8, M12, M24, M40). 

➢ Partially Null Curves: Curves whose tangent vector field is non-

null, but other vector fields in their Frenet frame (e.g., a binormal) are null 

(M1, M2, M3, M5, M12, M22). 

➢ Null Cartan Curves: Curves with a null tangent vector for which 

the classical Frenet approach is entirely insufficient, requiring a special 

"Cartan frame" (M10, M11, M16, M25, M27, M33). 

This chapter will examine, step by step, how a consistent theory of 

differential geometry is constructed for these degenerate curves, how this 

theory characterizes special classes of curves (such as Bertrand curves and 

helices), and finally, how this abstract geometry reveals surprising 

connections to fields like singularity theory and soliton physics. 

The fundamental challenge in studying degenerate curves—the 

collapse of the classical Frenet frame—is overcome in this research 

collection through two primary strategies. The first is to "adapt" the existing 

frame; the second is to adopt a more modern alternative that avoids the 

problem entirely. 

A significant portion of the foundational papers in this collection is 

focused on establishing an "adapted" Frenet apparatus for partially null and 

pseudo null curves (M12, M26). In this approach, instead of a true 

orthonormal frame, a "pseudo-orthonormal" frame is constructed. This frame 

maintains a constant relationship with the metric (e.g., some vectors are null, 

some are spacelike, and they are "pseudo-orthogonal" to each other). This 

new frame allows for the definition of new curvature functions (M1, M13) 

analogous to classical curvatures. With this tool, fundamental geometric 

problems, such as the classification of "constant curvature" degenerate 

curves, become solvable. 
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In the case of Null Cartan curves, even this adapted Frenet approach is 

insufficient. Here, the Cartan frame is employed, which provides a canonical 

(unique) moving frame for these curves. This frame has been used to define 

their geometric invariants (Cartan curvatures) and to characterize their 

position vectors (M10, M11, M27, M28). 

While the Frenet and Cartan frames are cornerstones, the more 

modern papers in this collection adopt a powerful alternative: the Bishop 

frame (or "parallel frame"). A Bishop frame is a "rotation-minimizing" 

frame, constructed by parallel transporting a set of vectors along the curve. 

The key advantage of the Bishop frame is this: its definition does not 

depend on the curve's curvatures. Consequently, even when the curvature is 

zero or (as in our case) the Frenet frame becomes singular, the Bishop frame 

remains well-defined. 

This property makes it the ideal tool for degenerate curves. The work 

in this collection has pioneered the application of the Bishop frame to these 

curves: 

➢ For Pseudo Null curves in  (Minkowski) space (M24). 

➢ For Partially Null curves in 4 (Minkowski) space (M30). 

➢ For Null Cartan curves in  (Minkowski) space (M31). 

The use of the Bishop frame allows for a much more stable and 

elegant analysis of the geometry of these curves (especially properties like 

helices, M34), by completely avoiding the singularities inherent to the Frenet 

apparatus. 

Once these robust methodological frameworks (frames and 

curvatures) were established in Section 2, the research group used these 

tools—just as in classical differential geometry—to classify special families 

of curves. 

This collection has successfully extended the concept of "partner 

curves"—where a special geometric relationship exists between two 

curves—into the degenerate setting. 

Bertrand Curves: This is a pair of curves that share the same principal 

normal vector line at corresponding points. This research has thoroughly 

investigated the conditions for the existence and the geometric properties of 

Bertrand pairs for degenerate curves, including: 

➢ Generalized Pseudo Null Bertrand Curves (M8, M40) 

➢ (1, 3)-Cartan Null Bertrand Curves (M9) 

➢ Null Quaternionic Bertrand Curves (M18) 

➢ AW(k)-type Null Cartan Bertrand Curves (M39) 

Mannheim Curves: A case where the principal normal line of one 

curve coincides with the binormal line of its partner curve. This work defines 
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and characterizes generalized partially null and pseudo null Mannheim 

curves (M36). 

Involute-Evolute Pairs: The classical relationship between a curve's 

"evolute" (the locus of its centers of curvature) and its "involute" (the 

"unwinding" of the evolute) has been successfully translated to this 

degenerate space-time (M10, M19, M35). 

A classical helix is a curve whose tangent vector makes a constant 

angle with a fixed direction. This collection focuses on a much more general 

definition known as a (k,m)-type slant helix, where one of the curve's normal 

vectors (not necessarily the tangent) makes a constant angle with a fixed 

direction. These studies provide the necessary and sufficient conditions for 

partially null and pseudo null curves to be this complex type of helix, in both 

E24 (M14) and E14 (M23) spaces. In later work, this concept was unified 

with the Bishop frame to also characterize Null Cartan slant helices (M34). 

Another way to classify a curve is by the location of its position vector 

(the vector from the origin to a point on the curve) relative to its own moving 

frame. This research has defined three important classes based on this 

criterion: 

Rectifying Curves: Curves whose position vector always lies in the 

"rectifying plane" (the plane spanned by the tangent and the final binormal 

vector) (M38). 

Osculating Curves: Curves whose position vector always lies in the 

"osculating plane" (the plane spanned by the tangent and first normal vector) 

(M20, M37). 

Normal Curves: Non-null curves whose position vector always lies in 

the normal space (the space orthogonal to the tangent vector) (M17). 

The value of this research collection extends far beyond mere 

classification. These studies demonstrate how the abstract geometry 

developed for these curves can be applied to concrete problems in physics 

and dynamical systems. 

Singularity Theory and Event Horizons: These degenerate curves 

(especially Null Cartan curves) are used as "generators" to create lightlike 

hypersurfaces or null surfaces. Physically, these surfaces are the geometric 

analogs of event horizons in general relativity. Key papers in this collection 

(M6, M16, M25) use the powerful tools of "Singularity Theory" to classify 

the "singularities" of these lightlike hypersurfaces. This allows the local 

geometric "breaks" or "folds" of a structure like a black hole's event horizon 

to be analyzed in terms of the curve's Cartan curvatures. 

Inextensible Flows: An important concept in kinematics and 

mechanics, an "inextensible flow" studies how a curve (like a wire) moves or 
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"flows" over time while preserving its arc length. This research determines 

the "evolution equations" for these flows for partially null and pseudo null 

curves, thereby studying the dynamics of these degenerate structures (M15). 

Physical Models and the Betchov-Da Rios (Soliton) Equation: The 

most striking results, proving this geometry is not just an abstract exercise, 

are the direct links established with physics: 

Particle Models: The geometry of Null Cartan curves has been used to 

model the motion of relativistic particles with torsion (M33). 

Soliton Theory: One of the key papers in the collection (M32) directly 

links the geometry of null, pseudo-null, and partially-null curves to the 

Betchov-Da Rios equation. This is one of the fundamental equations of 

soliton theory and describes the dynamics of a vortex filament (e.g., a smoke 

ring). This work shows that soliton solutions can be expressed in terms of 

these special curves, building a deep bridge between geometry and physics. 

The 39 papers (M1-M3, M5-M40) synthesized in this chapter are the 

product of a systematic, deep, and mutually-reinforcing investigation into 

one of the most challenging and technical areas of modern differential 

geometry. This collective work has successfully built a functional "toolbox" 

in an area where the classical Frenet-Serret theory collapses. 

This research group (including Süha Yılmaz, Melih Turgut, Kazım 

İlarslan, Emilija Nešović, Ali Uçum, Donghe Pei, Melek Erdoğdu, and 

others) has, step by step: 

1. Identified the fundamental problem (degenerate frames); 

2. Developed innovative methodologies to solve it, such as Adapted 

Frenet, Cartan, and Bishop frames; 

3. Used these methodologies to comprehensively classify special 

degenerate curve classes like Bertrand, Mannheim, Slant Helices, 

and Rectifying curves; 

4. And finally, proven that this abstract geometry has advanced 

applications in Singularity Theory, particle models, and Soliton 

dynamics (the Betchov-Da Rios equation). 

This 40-file collection represents not isolated studies on a singular 

topic, but rather the components of a massive, cumulative project, building 

upon each other to create a coherent and comprehensive theory of degenerate 

curves in Semi-Euclidean spaces. As such, these works form a foundational 

resource and a solid groundwork for the next generation of mathematicians 

and physicists working in General Relativity, mathematical physics, and the 

geometry of indefinite-metric spaces. 
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METHOD 

 

This section details the methodology used to analyze the provided 40-

paper corpus (M1-M40) and to extract the intellectual trends, 

methodological evolution, and core findings of this collective research 

program. This study adopts a qualitative content analysis and meta-synthesis 

approach. 

 

Corpus Selection and Screening 

The analysis process began with a preliminary review of all 40 PDF 

documents, numbered M1 through M40. The goal of this initial phase was to 

assess the thematic coherence of the corpus. 

Thematic Screening: The title, abstract, and keywords of each paper 

were examined to determine if they belonged to an interrelated research area. 

Outlier Identification and Exclusion: During this screening, the paper 

M4 ("Two problems related to the Smarandache function") was immediately 

identified as belonging to a radically different field. M4 is a study in Number 

Theory, not differential geometry. Therefore, this thematic outlier was 

excluded from all subsequent stages of analysis. 

Final Corpus: The remaining 39 papers (M1-M3, M5-M40) exhibited 

an exceptionally high degree of thematic coherence. All 39 of these papers 

focus on the differential geometry of curves in 4-dimensional indefinite-

metric spaces. Our analysis was conducted on this final 39-paper corpus. 

 

Analytical Approach: Category and Thematic Coding 

A multi-stage coding process was applied to map the intellectual 

structure of the corpus. Each paper was systematically analyzed and coded 

according to the following four primary categories: 

1. Category: Geometric Space 

The ambient space in which each paper's study was conducted was 

identified. This is critical for understanding how the research focus is 

distributed between Minkowski and more general Semi-Euclidean spaces. 

• Code Examples:  

➢  (2-index Semi-Euclidean space): M1, M2, M6, M8, M9, M12, 

M13, M14, M15, M17, M19, M20. 

➢  (1-index Minkowski space): M21, M22, M23, M24, M25, M26, 

M27, M28, M29, M30, M31, M32, M34, M35, M36, M37, M38, M39, M40. 

2. Category: Primary Subject - Curve Type 

The specific type of curve that served as the primary object of 

analysis for each paper was coded. This reveals which "degenerate" cases the 

research program prioritizes. 
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• Code Examples: 

➢ Pseudo Null: M7, M8, M12, M13, M14, M15, M23, M24, M26, 

M29, M32, M37, M40. 

➢ Partially Null: M1, M2, M3, M5, M6, M12, M13, M14, M15, 

M22, M23, M26, M30, M32, M36, M37. 

➢ Null Cartan: M9, M10, M11, M16, M25, M27, M28, M29, M31, 

M32, M33, M34, M35, M39. 

➢ Non-Null (Spacelike/Timelike): M17, M19, M20. 

3. Category: Methodological Framework 

This category identifies the primary analytical tool the paper adopts 

to solve the "degenerate frame problem." This is the most important category 

for tracking the methodological evolution of the program. 

• Code Examples: 

➢ Adapted Frenet / Cartan Frame: The majority of the corpus uses or 

defines adapted versions of the classical Frenet formulas for degenerate 

curves (M1, M12, M26) or Null Cartan curves (M10, M11, M28). 

➢ Bishop Frame: Representing a more recent trend in the corpus, this 

is the use of a parallel frame to avoid the singularities of the Frenet frame 

(M24, M30, M31, M34). 

4. Category: Key Geometric Problem 

The specific geometric question each paper sought to answer was 

coded. This coding creates a taxonomy of the research group's interests. 

• Code Examples: 

➢ Partner Curves: 

• Bertrand Curves: M8 (Pseudo Null), M9 (Cartan Null), M18 

(Quaternionic), M39 (AW(k)-type), M40 (Pseudo Null). 

• Mannheim Curves: M36 (Partially/Pseudo Null). 

• Involute-Evolute Pairs: M10, M19, M35. 

➢ Helices: 

• (k,m)-type Slant Helices: M14, M23. 

• General Helices: M27 (Cartan), M34 (Cartan, Bishop). 

➢ Singularity Analysis: M6 (Partially Null), M16 (Cartan), M25 

(Cartan). 

➢ Position Vector Classification: 

• Normal Curves: M17 (Non-Null). 

• Osculating Curves: M20 (Non-Null), M37 (Pseudo/Partially Null). 

• Rectifying Curves: M38 (Null, Pseudo/Partially Null). 

➢ Physical / Dynamical Applications: 

• Inextensible Flows: M15. 

• Betchov-Da Rios Equation (Soliton Theory): M32. 

• Physical Particle Models: M33. 

➢ Fundamental Properties: 
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• Spherical Indicatrices: M5, M21. 

• Curvature Characterizations: M1, M13, M22. 

 

 

 

 

 

 

FINDINGS 

 

The systematic content analysis of the 39-paper corpus (M1-M3, M5-

M40) has identified three primary categories of findings. These findings 

clearly demonstrate the evolution of this research program, progressing from 

solving a fundamental methodological problem to a comprehensive 

classification phase and, ultimately, to interdisciplinary applications. 

 

The Evolution and Establishment of Methodological Frameworks 

The most fundamental finding from the analyzed corpus is the 

intensive methodological effort dedicated to solving the "degenerate frame 

problem." The collapse of the classical Frenet frame for these curves (M24, 

M30) is the primary motivation for the entire research program. Our findings 

show that a two-stage solution was applied to this problem: 

Stage 1: Adaptation 

A large portion of the corpus is focused on "adapting" the classical 

Frenet frame to these degenerate spaces. 

➢ Pseudo-Orthonormal Frames: The papers define new moving 

frames that can be described as "pseudo-orthonormal"—that is, they 

maintain a constant (though not necessarily orthonormal) relationship with 

the metric (M1, M12, M26). 

➢ New Curvatures: These new frames allow for the definition of new 

curvature functions that are analogous to classical curvatures but specific to 

these spaces (M1, M13). 

➢ The Cartan Frame: Specifically for Null Cartan curves, it is clear 

that the Frenet approach is entirely insufficient, and the canonical Cartan 

frame (M10, M11, M27, M28) is adopted as the standard. 

Stage 2: Innovation - The Bishop Frame 

A more modern and methodologically significant trend in the corpus 

is the adoption of the Bishop Frame, or "parallel frame," which avoids the 

problems of the Frenet frame entirely. 

➢ The advantage of the Bishop frame is that it is independent of the 

curvature functions and remains well-defined even where the Frenet frame 

becomes singular. 
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➢ The findings show this new methodology being systematically 

applied to all three major degenerate curve types in the program: Pseudo 

Null (M24), Partially Null (M30), and Null Cartan (M31) curves. 

The following table summarizes the foundation of this methodological 

evolution. 

 
Table 1: Comparison of Methodological Frameworks Used in the Research Program 

Feature Traditional Frenet Frame (Adapted) 
Bishop Frame (Parallel 

Frame) 

Definition 

Depends on the higher-order 

derivatives (curvatures) of the 

curve. 

 

A parallel-transported 

frame along the curve. 

 

Singularity 

Becomes undefined when curvature 

is zero or the frame degenerates 

(M24). 

 

Is always well-defined as 

it is independent of 

curvature (M30, M31). 

 

Primary Use 

Used to classify the "shape" 

(curvatures) of the curves (M1, 

M12, M26). 

Used for stable analysis 

of kinematics, dynamics, 

flows (M15), and helices 

(M34). 

 

The following graphic illustrates the estimated methodological focus 

of the papers in the corpus. While the traditional "Adapted Frenet/Cartan" 

approach is still dominant, the "Bishop Frame" (M24, M30, M31, M34) is 

clearly a new and rising methodology.  

Adapted 
Frenet / 
Cartan 
Frame
80%

Bishop 
Frame 

(Parallel 
Frame)

20%

 
Graph 1: Estimated Distribution of Methodological Approaches in the Corpus 

 

Comprehensive Classification of Special Curve Classes 

The main scholarly output of this research program is the 

comprehensive classification of classical curve types, translating them into 
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the degenerate setting using the methodological tools established in The 

Evolution and Establishment of Methodological Frameworks. The table 

below provides a taxonomy of which geometric problems are "core" topics 

in this 39-paper corpus and maps them to the representative papers that 

address them. 

 
Table 2: Distribution of Studies by Research Method 

Geometric Problem Conceptual Focus Representative Papers (M-Code) 

1. Partner Curves 

Establishing a special 

geometric relationship 

between two curves. 

 

a. Bertrand Curves 

(Shared principal 

normals) 

M8 (Pseudo Null), M9 (Cartan 

Null), M18 (Quaternionic), M39 

(AW(k)-type), M40 (Pseudo Null) 

b. Mannheim Curves 

(Principal normal-

binormal relationship) 

M36 (Partially/Pseudo Null) 

c. Involute-Evolute Pairs 

("Unwinding" of curves) 

M10 (Null), M19 (Non-Null), M35 

(Cartan Null) 

2. Helices 

Curves that make a 

constant angle with a 

fixed axis. 

 

a. Slant Helices 

(Generalized helices) 

M14 (Partially/Pseudo Null), M23 

(Partially/Pseudo Null), M34 

(Cartan Null + Bishop Frame) 

3. Position Vector 

Classification 

The location of the 

curve's position vector 

relative to its moving 

frame. 

 

a. Normal Curves (Pos. 

vector in normal space) 
M17 (Non-Null) 

b. Osculating Curves 

(Pos. vector in osculating 

plane) 

M20 (Non-Null), M37 

(Partially/Pseudo Null) 

c. Rectifying Curves 

(Pos. vector in rectifying 

plane) 

M38 (Null, Partially/Pseudo Null) 

4. Fundamental 

Properties 

Basic geometric 

definitions of the curves. 
 

a. Spherical Indicatrices 
M5 (Partially Null), M21 (W-

Partially Null), M27 (Cartan Null) 

b. Curvature 

Characterizations 

M1, M3, M13, M22 (Partially 

Null) 

 



19 

This classification demonstrates how systematic the research program 

is. Graph 2 shows the estimated distribution between these fundamental 

classification papers and the application-focused papers.  

 

 
Graph 2: Estimated Distribution of Methodological Approaches in the Corpus 

 

This distribution shows that the vast majority of the corpus is 

dedicated to building a fundamental geometric "catalog," while a smaller but 

significant portion focuses on the "applications" of this geometry. 

 

Interdisciplinary Applications and Physical Connections 

Our third primary finding is that this research program transcends 

abstract classification, building direct and concrete bridges to other fields, 

such as mathematical physics, dynamical systems, and singularity theory. 

1. Singularity Theory. Some of the most sophisticated analyses in 

this corpus (M6, M16, M25) classify the singularities of lightlike 

hypersurfaces generated by Null Cartan curves. These surfaces are the 

geometric analogs of event horizons in General Relativity. These papers 

explain when these "horizons" "break" or "fold" (their singularities) directly 

in terms of the curves' Cartan curvatures. Representative Papers: M6, M16, 

M25. 

2. Dynamical Systems. One paper (M15) investigates the 

"inextensible flows" of these degenerate curves. This involves finding the 

equations that govern how the curve moves (evolves) in time without 

changing its arc-length (i.e., without "stretching"). This is a fundamental 

study for modeling kinematic and mechanical systems. Representative 

Paper: M15. 
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3. Mathematical Physics. The most striking finding is the direct 

relationship of these curves to modern physical theories: 

➢ Soliton Theory: The paper M32 connects all three major curve 

types in the corpus (Null Cartan, Pseudo Null, Partially Null) directly to the 

Betchov-Da Rios equation. This equation is fundamental to soliton theory 

and describes the dynamics of vortex filaments. This is a profound result, 

proving that these abstract curves are a geometric expression of soliton 

solutions. 

➢ Particle Models: The paper M33 uses Null Cartan curves to model 

the motion of relativistic particles with "torsion." The paper M39 analyzes 

these curves as being AW(k)-type, a classification related to gravitational 

waves in physics. 

➢ Representative Papers: M32 (Soliton), M33 (Particle), M39 

(AW(k)). 

These findings confirm that this 39-paper corpus is not just a 

classification study, but a research program providing fundamental and 

modern contributions to how differential geometry is applied to the physical 

world. 

 

 

 

 

 

 

DISCUSSION, CONCLUSION, AND SUGGESTIONS 

 

Discussion 

The findings of this content analysis are significant. The 39 papers are 

not a random assortment of studies but represent a highly coherent, 

systematic, and sustained research program. This program, driven by a core 

group of collaborating authors (Ilarslan, Nešović, Yılmaz, Turgut, Pei, etc.), 

was explicitly designed to solve a major unsolved problem in modern 

geometry: the lack of a functional "toolbox" for degenerate curves. 

The Discussion of our findings centers on two key points. First, we 

observe a clear methodological evolution within the corpus, from the initial 

"patches" (adapted Frenet frames) to the adoption of the more elegant and 

stable Bishop frame. This represents a maturation of the field. 

Second, the connection to physics (Finding 3) is critical. It 

demonstrates that this research program is not an isolated mathematical 

pursuit. By linking this abstract geometry to singularity theory (relativity) 

and the Betchov-Da Rios equation (soliton theory), the corpus validates its 

own importance. It provides the essential geometric language required by 
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physicists and applied mathematicians working with indefinite metrics. This 

body of work fills a critical gap, providing the foundational tools that were 

previously missing. 

 

Conclusion 

This content analysis of a 39-paper corpus on the differential 

geometry of degenerate curves in 4-dimensional Semi-Euclidean spaces 

leads to a clear conclusion. This body of work, as a whole, represents a 

comprehensive and definitive solution to the "degenerate frame problem" in 

this context. 

Our analysis shows that this research program successfully: 

➢ Constructed multiple, stable foundational frameworks (Frenet, 

Cartan, and Bishop) for degenerate curves. 

➢ Used these frameworks to systematically classify a complete 

catalog of special geometric curves (Bertrand, Mannheim, Helices, etc.). 

➢ Connected this new abstract theory to advanced, concrete 

applications in mathematical physics, including singularity theory and 

soliton dynamics. 

The 39 papers, taken together, form a complete and indispensable 

reference for any researcher in differential geometry or mathematical physics 

whose work involves indefinite metrics.. 

 

Suggestions (for Future Research) 

Based on the patterns and gaps identified in this content analysis, we 

can suggest several key directions for future research that would logically 

extend this program: 

➢ Extension to Higher Dimensions: The analyzed corpus focused 

almost exclusively on 4-dimensional spaces  and . A logical next step 

is to test the scalability of these frameworks, particularly the Bishop frame, 

to n-dimensional Semi-Euclidean spaces ( ). 

➢ Systematic Surface Theory: This entire corpus is dedicated to 

curves (1-dimensional objects). A major gap in the literature, and thus a 

major opportunity, is the development of a similarly comprehensive theory 

for degenerate surfaces (e.t., lightlike or partially null surfaces) in these 

spaces. 

➢ Broader Applications: While the connection to the Betchov-Da 

Rios equation (M32) is profound, future work should explore connections to 

other physical or applied models. Potential areas include applications in 

computer vision (for shape analysis in non-Euclidean data) or more complex 

problems in the numerical simulation of general relativity. 
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ABSTRACT 

 

This chapter presents a comprehensive synthesis of recent 

developments in the geometric classification of spacetime manifolds, 

bridging the critical gap between abstract semi-Riemannian geometry and 

relativistic astrophysics. Based on a systematic review of forty contemporary 

research contributions, we investigate the efficacy of generalized curvature 

restrictions specifically Deszcz pseudosymmetry, Ricci-generalized 

pseudosymmetry, and Generalized Roter Type structures in characterizing 

exact solutions to Einstein’s Field Equations. We address the fundamental 

classification problem in General Relativity by demonstrating that a vast 

array of physically significant models, including the non-singular Hayward 

black hole, Lemaître-Tolman-Bondi dust models, and traversable Morris-

Thorne wormholes, possess a unifying "geometric fingerprint". Our analysis 

reveals that these spacetimes are not geometrically generic; rather, they 

systematically satisfy algebraic conditions where the Riemann curvature is 

generated by the Ricci and metric tensors, often manifesting as Einstein 

manifolds of Level 2 or 3. Furthermore, we explore the geometric rigidity of 

Generalized Robertson-Walker (GRW) cosmologies, establishing that the 

existence of torse-forming or concircular vector fields naturally imposes a 

warped product structure. The scope of this study extends to frontier topics, 

illustrating how these curvature constraints persist in modified gravity 

theories, such as f(R,T) and Eddington-inspired Born-Infeld gravity, and 

how relativistic fluids evolve dynamically as Ricci solitons. Ultimately, this 

work establishes that curvature restrictions serve as a robust, coordinate-

independent framework for classifying the zoo of general relativity 

solutions, revealing a hidden, rigorous geometric order within the cosmos. 

 
Keywords – Semi-Riemannian Geometry; General Relativity; Generalized Roter 

Type; Generalized Robertson-Walker Spacetimes; Black Hole Thermodynamics; 

Ricci Solitons; Exact Solutions; Quasi-Einstein Manifolds; Modified Gravity. 

 

INTRODUCTION 

 

 The formulation of the General Theory of Relativity (GTR) by 

Albert Einstein in 1915 marked a revolutionary paradigm shift in our 

understanding of space, time, and gravity. According to this theory, gravity 

is not a mysterious force acting at a distance between masses, as posited in 

Newtonian physics, but rather a geometric manifestation of the four-

dimensional spacetime continuum (manifold) curving in the presence of 

matter and energy. This fundamental relationship is encapsulated in the 

celebrated Einstein Field Equations (EFE): , where  

denotes the Einstein tensor,  is the metric tensor,  represents the 

cosmological constant, and  is the energy-momentum tensor describing 
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the distribution of matter in the universe. However, since these equations 

constitute a system of ten coupled, non-linear partial differential equations, 

finding general solutions is mathematically arduous. Consequently, 

physicists and mathematicians have historically relied on symmetry 

assumptions (such as spherical symmetry, staticity, or homogeneity) to 

simplify the equations and derive exact solutions, with the Schwarzschild, 

Reissner-Nordström, and Kerr solutions being the most prominent examples. 

To provide a physical interpretation for the hundreds of exact 

solutions obtained over the last century, it is essential to classify them based 

on "invariant" geometric properties that are independent of the coordinate 

system. Classically, such classification has been performed using either the 

isometries of the spacetime (Killing vector fields) or the algebraic structure 

of the Weyl tensor (Petrov classification). However, these methods are not 

always sufficient; spacetimes with distinct physical properties may fall into 

the same algebraic class or may possess no isometries at all. 

At this juncture, curvature restrictions, which are deeper structures 

within Riemannian geometry, come into play. Conditions imposed on the 

covariant derivatives of geometric objects defined on a Riemannian or semi-

Riemannian manifold (M, g) such as the Riemann-Christoffel curvature 

tensor (R), the Ricci tensor (S), and the Weyl conformal curvature tensor 

(C)-characterize the local geometry of the manifold with much greater 

precision. 

Historically, the starting point for this classification was the concept 

of Locally Symmetric Spaces. Extensively studied by Cartan, these spaces 

describe situations where curvature remains "constant" throughout the 

manifold via parallel transport. However, even the most fundamental model 

in General Relativity, the Schwarzschild spacetime, is not locally symmetric. 

This necessitates a weaker symmetry condition. 

The first generalization arising from this necessity was the concept of 

Semisymmetry. Manifolds satisfying the condition , where the 

curvature operator R(X,Y) acts as a derivation on the curvature tensor itself, 

are termed semisymmetric manifolds (Szabó, 1982). While this condition 

encompasses many physical solutions like the Schwarzschild metric, it 

remains insufficient to describe the complex dynamics of the universe, such 

as inhomogeneous cosmological models. 

In the late 1980s, Deszcz and his collaborators advanced this theory 

further by introducing the concept of Pseudosymmetry. Pseudosymmetry 

generalizes the semisymmetry condition by requiring that the tensor 

 is not necessarily zero, but is proportional to the Tachibana tensor 

Q(g, R), i.e.,  LQ(g, R). This approach provides more than just a 

mathematical generalization; it offers a unifying framework that 

encompasses the vast majority of physical solutions in General Relativity. 
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Furthermore, Roter Type Manifolds, defined by specific linear combinations 

of Kulkarni-Nomizu products of the Ricci and metric tensors, play a critical 

role in understanding the geometry of 4-dimensional spacetimes.. 

This book chapter aims to provide a comprehensive examination of 

modern curvature restrictions in semi-Riemannian geometry—specifically 

Deszcz pseudosymmetry and generalized Roter type structures—and their 

cosmological applications. In light of recent literature ([M1-M40]), we 

analyze how these abstract geometric definitions find concrete 

manifestations in physical systems such as the Hayward black hole, 

Generalized Robertson-Walker (GRW) cosmologies, Lemaître-Tolman-

Bondi models, and various wormhole metrics. 

Our study intends to demonstrate that almost all physically significant 

spacetime models are not geometrically random; on the contrary, they bear a 

specific "geometric fingerprint" (pseudosymmetry or Roter type). This 

analysis strengthens the bridge between theoretical physics and differential 

geometry, providing a robust foundation for the construction of new 

cosmological models. 

 

 

 

 

 

 

THEORETICAL FRAMEWORK AND GEOMETRIC CONCEPTS 

 

In this section, we establish the necessary mathematical background 

and notations used throughout the chapter. We rigorously define the 

curvature tensors, algebraic operators, and the specific classes of manifold 

symmetries (semisymmetry, pseudosymmetry, and Roter type) that provide 

the basis for classifying the spacetimes discussed in subsequent sections 

 

Preliminaries and Fundamental Curvature Tensors 

Let (M, g) be an n-dimensional (n \ge 3) connected semi-

Riemannian manifold equipped with the semi-Riemannian metric g of 

signature (p, q). We denote by  the Levi-Civita connection associated with 

g. The Riemann-Christoffel curvature tensor R of type (1,3) is defined by:  

 

for any smooth vector fields  . The (0,4)-tensor is given by 

 

From the Riemann curvature tensor, we derive the Ricci tensor S of type 

(0,2) and the scalar curvature  (or r) as: 
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Other important generalized curvature tensors appearing in the 

literature and this study include the Conharmonic curvature tensor K 

(divergence-free in harmonic spaces) and the Concircular curvature tensor W 

(invariant under concircular transformations). 

 

Algebraic Operators and Derivations 

To define higher-order symmetry conditions, we utilize two 

fundamental algebraic operators acting on tensors. 

1. The Kulkarni-Nomizu Product: For two symmetric (0,2)-tensors A and B, 

their Kulkarni-Nomizu product   A is a (0,4)-tensor defined by: 

 

 

Using this product, the Weyl tensor can be expressed compactly as: 

 

2. Derivations on Tensors: For a (0,k)-tensor field T, we define the tensor R 

\cdot T and the Tachibana tensor Q(A, T) as follows: 

 

 

 is the endomorphism defined by  

 

Specifically, for A=g, the standard Tachibana tensor Q(g, T) is given by:  

 

Symmetry and Pseudosymmetry Classes (Deszcz Geometry) 

The classification of spacetimes in this chapter relies on the 

weakening of the local symmetry condition  

Semisymmetry: A manifold is called semisymmetric (Szabó, 1982) if 

the Riemann curvature acts as a derivation on itself, satisfying:  

Similarly, it is Ricci-semisymmetric if  

Deszcz Pseudosymmetry: A manifold is called pseudosymmetric (in 

the sense of Ryszard Deszcz) if there exists a smooth function L_R on M 

such that:  This class encompasses semisymmetric 
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manifolds (where ) and holds for the majority of physical spacetimes 

including Schwarzschild and FLRW models. 

Ricci-Generalized Pseudosymmetry: A meaningful extension 

introduced in recent years is the condition where the Tachibana tensor is 

formed by the Ricci tensor S instead of the metric g. A manifold is Ricci-

generalized pseudosymmetric if:  This condition is 

particularly relevant for the Morris-Thorne wormhole and Lemos black hole 

metrics analyzed in this work. 

 

Roter Type and Generalized Roter Type Manifolds 

A crucial geometric concept for 4-dimensional General Relativity is 

the Roter type manifold. A semi-Riemannian manifold is said to be of 

Generalized Roter Type if its Riemann curvature tensor R can be expressed 

as a linear combination of Kulkarni-Nomizu products of the Ricci tensor and 

the metric tensor:  
, where , ,  are smooth functions 

on M. 

If , ,  are constants, the manifold is of Roter type. This geometric 

structure is highly significant because it imposes strong algebraic constraints 

on the curvature, reducing the degrees of freedom of the gravitational field. 

As demonstrated in our analysis of the Robinson-Trautman and Hayward 

black hole metrics, many physically viable solutions to the Einstein Field 

Equations naturally fall into this category. 

 

Quasi-Einstein and Generalized Einstein Metric Conditions 

Finally, we consider the structure of the Ricci tensor itself. 

• Einstein Manifold:  

• Quasi-Einstein Manifold:  whre w is a non-

zero 1-form. 

• Generalized Quasi-Einstein:  

These definitions are vital for the study of perfect fluid spacetimes, 

where the energy-momentum tensor T (and via EFE, the Ricci tensor S) 

takes the form of a Quasi-Einstein structure with the velocity vector field u 

playing the role of the generator. 
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COSMOLOGICAL MODELS: GRW AND WARPED PRODUCTS 

 

The Standard Cosmological Model is built upon the Friedmann-

Lemaître-Robertson-Walker (FLRW) metric, which assumes spatial 

homogeneity and isotropy. However, to describe the universe at a local 

scale—incorporating perturbations, anisotropy, or interactions in multi-

dimensional brane-worlds—a more flexible geometric framework is 

required. Generalized Robertson-Walker (GRW) spacetimes provide this 

necessary generalization while retaining enough symmetry to be analytically 

tractable. 

 

Definition and Metric Structure 

A Generalized Robertson-Walker (GRW) spacetime is a Lorentzian 

manifold M of dimension , which topologically splits as a warped 

product . Here, I is an open interval of the real line R 

(representing cosmic time is  an (n-1)-dimensional Riemannian 

manifold (representing spatial sections), and    is a smooth, 

positive function known as the warping function (or scale factor). 

The line element of a GRW spacetime is given by: 

 

where t is the coordinate on I and  is the metric on the fiber . 

Unlike the classical RW spacetime, the fiber  in a GRW 

spacetime does not need to be of constant sectional curvature. This 

relaxation allows GRW models to describe lumpy or anisotropic universes 

while maintaining a canonical foliation by spatial hypersurfaces. 

 

Characterization via Special Vector Fields 

A central theme in the analyzed literature ([M2], [M18], [M31]) is the 

characterization of GRW spacetimes through the existence of specific vector 

fields. It is a well-known result (often attributed to B.Y. Chen) that a 

Lorentzian manifold is a GRW spacetime if and only if it admits a timelike 

concircular vector field. 

Definition (Torse-forming and Concircular Vectors): A vector field v 

on a semi-Riemannian manifold is called torse-forming if it satisfies: 

  for all vector fields X, where  is a scalar function 

and  is a 1-form. If the 1-form \phi vanishes identically (i.e., ), 

the vector field is called concircular. 

Theorem 3.1 ([M2], [M31]): Let (M, g) be a Lorentzian manifold of 

dimension n \ge 3. Then (M, g) is a GRW spacetime if and only if it admits a 

unit timelike concircular vector field u = \partial_t. In this frame, the velocity 
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vector field of the fluid comoving with the expansion is given by u, and the 

scalar \rho is related to the warping function by    (the Hubble 

parameter). 

Furthermore, in [M2], it is proven that if a Lorentzian manifold admits 

a specific type of semi-symmetric metric connection whose torsion tensor 

satisfies certain constraints, the manifold is necessarily a GRW spacetime. 

 

Curvature Restrictions and the Weyl Tensor 

The geometric rigidity of GRW spacetimes imposes strong constraints 

on their curvature tensors. Papers [M3] and [M10] investigate these 

constraints to identify GRW structures in generalized settings. 

The Divergence-free Weyl Condition: While RW spacetimes are 

conformally flat (C=0), GRW spacetimes are not necessarily so. However, 

Mantica, Suh, and De ([M3]) established that: 

• If a perfect fluid spacetime possesses a divergence-free Weyl 

tensor (divC = 0) and satisfies the "stiff matter" equation of state , it is 

a GRW spacetime. 

• Similarly, a massless scalar field spacetime with a timelike 

gradient and divC = 0 is a GRW spacetime. 

The W2-Curvature Tensor: In [M10], the authors utilize the W2-

curvature tensor (a specific linear combination of the curvature tensor and 

Ricci tensor). They proved that a pseudo-Ricci symmetric spacetime 

( ) admitting a divergence-free W2-

curvature tensor must be a GRW spacetime. This highlights that "symmetry" 

in the derivative of curvature is often sufficient to force the metric into the 

warped product form. 

 

Physical Interpretation: Perfect Fluids and Solitons 

From a physical perspective, GRW spacetimes naturally host 

relativistic perfect fluids. The energy-momentum tensor is given by: 

 

where A is the 1-form dual to the unit timelike vector field u. 

Ricci Solitons on GRW Backgrounds: Recent advancements ([M28], 

[M30]) have connected the GRW geometry with the theory of Ricci Solitons 

(self-similar solutions to the Ricci flow). A metric g is a Ricci Soliton if 

there exists a vector field V and a constant \lambda such that: 
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It has been demonstrated that if a GRW spacetime admits a torse-

forming vector field, it can support Almost Hyperbolic Ricci Soliton 

structures ([M28]). This implies that the dynamical evolution of such a 

universe under Ricci flow preserves its warped product structure, providing a 

geometric stability argument for these cosmological models. 

 

Sequential Warped Products 

Extending the standard GRW definition, recent work by Karaca and 

Özgür ([M38]) investigates Sequential Warped Products. These are 

manifolds formed by a sequence of warpings, such as: 

 This structure is particularly relevant for 

higher-dimensional theories (e.g., Kaluza-Klein or String Theory) where one 

compactifies multiple dimensions at different scales. 

Theorem 3.2 ([M38]): A sequential warped product manifold satisfies 

the Quasi-Einstein condition if and only if the warping functions f1, f2 and 

the curvatures of the base manifolds M_i satisfy a specific set of coupled 

differential equations. 

This generalization allows for "multi-stage" cosmological inflation 

models or spacetimes with varying degrees of anisotropy in different spatial 

directions, all while remaining within the mathematically rigorous 

framework of Roter-type or Pseudosymmetric geometries. 

 

 

 

 

 

 

CURVATURE ANALYSIS OF SPECIAL SPACETIME METRICS 

 

This section constitutes the core of our investigation, bridging the gap 

between abstract differential geometry and physical cosmology. By 

analyzing the exact solutions of Einstein's Field Equations (EFE) presented 

in the referenced literature [M1-M40], we demonstrate that physically 

significant spacetimes are not geometrically generic. Instead, they exhibit a 

high degree of order, systematically satisfying Generalized Roter Type 

conditions and various forms of Pseudosymmetry. We categorize these 

solutions into Black Holes, Wormholes, and Anisotropic/Wave Universes. 

 

Black Hole Spacetimes 

Black hole solutions are the testing ground for strong gravity. Our 

analysis reveals that both singular and regular black hole metrics possess a 

"geometric fingerprint" characterized by the Roter type structure. 
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The Hayward Black Hole (Regular BH): The Hayward metric 

describes a non-singular black hole formed by a specific nonlinear 

electrodynamics source. The line element is given by: 

, where  

Here m is the mass and l is the parameter responsible for the regularity 

at the center. Based on the detailed analysis in [M19], the Hayward 

spacetime exhibits the following rigorous geometric properties: 

1. Einstein Manifold of Level 2: It satisfies the condition 

 implying the Ricci tensor has a specific 

covariant constancy structure. 

2. Generalized Roter Type: The curvature tensor R is a linear 

combination of Kulkarni-Nomizu products of S and g. 

3. Pseudosymmetry Chains: It satisfies a hierarchy of 

pseudosymmetric conditions: 

• It is Pseudosymmetric  

• It admits Pseudosymmetry due to Concircular (W) and 

Conharmonic (K) curvature tensors, specifically satisfying 

 and  

The Lemos Black Hole: The Lemos black hole is a cylindrically 

symmetric solution with a negative cosmological constant  (asymptotically 

anti-de Sitter). The metric analysis in [M33] confirms that this spacetime is 

Ricci Generalized Pseudosymmetric. Explicitly, it satisfies: 

where the Tachibana tensor is formed by the Ricci 

tensor S rather than the metric g. This distinguishes it geometrically from the 

spherically symmetric Schwarzschild solution. 

Lemaître-Tolman-Bondi (LTB) Models: The LTB metric represents a 

spherically symmetric but inhomogeneous dust universe, often used to 

model gravitational collapse. 

 

Despite its inhomogeneity, [M25] proves that the LTB spacetime is an 

Einstein Manifold of Level 3 and a Generalized Roter Type manifold. The 

fact that an inhomogeneous model retains the Roter structure suggests that 

this geometric class is fundamental to spherically symmetric gravitational 

collapse. 
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Wormhole Geometries 

Traversable wormholes require exotic matter to keep the throat open. 

We investigate the geometric cost of this violation of energy conditions. 

Morris-Thorne Wormhole: The canonical static, spherically 

symmetric wormhole metric is defined by: 

 

where  is the redshift function and b(r) is the shape function. 

According to [M21], this spacetime is: 

1. Ricci Generalized Pseudosymmetric:  

2. Ein(2) Manifold: The principal polynomial of the Ricci operator 

has degree 2. 

3. Pseudosymmetric due to Weyl Conformal Curvature: 

 

Topologically Charged Ellis-Bronnikov Wormhole: Studied in [M29], 

this metric represents a wormhole supported by a phantom scalar field. The 

analysis shows that its geometric symmetries are preserved even with the 

inclusion of topological charge, remaining within the class of manifolds 

satisfying curvature derivation conditions of the Deszcz type. 

 

Anisotropic Universes and Gravitational Waves 

Moving beyond spherical symmetry, we analyze metrics with 

cylindrical symmetry or wave-like properties. 

Kantowski-Sachs Spacetime: The Kantowski-Sachs metric describes a 

homogeneous but anisotropic universe, often used for the interior of 

Schwarzschild black holes or specific cosmological models. 

 

In [M34], it is proven that this metric is: 

• Generalized Roter Type. 

• 2-Quasi Einstein: The Ricci tensor has the structure 

 

• Ein(3): The minimal polynomial of the Ricci tensor is of degree 3. 

Robinson-Trautman Metric: This metric describes an isolated system 

emitting gravitational radiation. 

 

Despite the presence of radiation, [M6] establishes that the Robinson-

Trautman metric is a Roter Type metric. Furthermore, it possesses a Ricci 
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Compatible curvature tensor, meaning    satisfies specific commutation 

relations with the metric. 

Melvin Magnetic Universe: The Melvin metric describes a bundle of 

magnetic flux lines in gravitational–electromagnetic equilibrium. [M5] 

classifies this spacetime as Ein(3) and Generalized Roter Type. Interestingly, 

it satisfies the specific pseudosymmetry condition involving the Weyl tensor:  

 

This equation directly links the Riemannian curvature, Ricci tensor, 

and Conformal curvature in a single interaction term. 

 

Summary of Geometric Classifications 

The following table synthesizes the curvature properties derived from 

the analyzed literature [M1-M40], providing a quick reference for the 

geometric classification of physical spacetimes. 

Table 4.1: Curvature Characterization of Special Spacetime Metrics 

Spacetime Metric 
Pseudosymmetry 

Class 
Manifold Type Reference 

Hayward Black Hole 
Pseudosymmetric 

($W, K, C$) 

Einstein Level 2, 

Roter Type 
[M19] 

Morris-Thorne 

Wormhole 

Ricci Gen. 

Pseudosymmetric 
Ein(2) [M21] 

Lemos Black Hole 
Ricci Gen. 

Pseudosymmetric 
Einstein Level 2 [M33] 

Kantowski-Sachs 
Weyl 

Pseudosymmetric 

Ein(3), 2-Quasi 

Einstein 
[M34] 

Robinson-Trautman 
Ricci 

Pseudosymmetric 

Roter Type, Ricci 

Compatible 
[M6] 

Melvin Magnetic 
Weyl 

Pseudosymmetric 

Ein(3), Gen. Roter 

Type 
[M5] 

Siklos (AdS Wave) Pseudosymmetric Ein(2), Quasi-Einstein [M7] 

Lemaître-Tolman-Bondi 
Deszcz 

Pseudosymmetric 

Einstein Level 3, 

Roter Type 
[M25] 

Conclusion of Section 4: The overwhelming evidence from these 

diverse solutions suggests that the Generalized Roter Type condition is not 

an exception but a rule for physically relevant 4-dimensional spacetimes. 

Whether the source is a vacuum, electrodynamics, scalar field, or perfect 

fluid, the resulting geometry self-organizes into a structure where the 

curvature tensor is algebraically generated by the Ricci and metric tensors. 
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ADVANCED TOPICS AND NEW DIRECTIONS 

 

The geometric framework established in the preceding sections—

centered on pseudosymmetry and Roter type manifolds—has proven 

effective for classifying exact solutions in standard General Relativity. 

However, contemporary research extends these concepts into dynamic 

geometric flows and modified theories of gravity. This section explores these 

advanced applications based on the most recent literature [M18, M22, M28, 

M30, M37, M40]. 

 

Geometric Flows: Solitons on Spacetime Backgrounds 

The study of geometric evolution equations, particularly the Ricci 

Flow introduced by Hamilton, has become a cornerstone of modern 

differential geometry. A self-similar solution to the Ricci flow is known as a 

Ricci Soliton. 

Definition (Ricci Soliton): A semi-Riemannian manifold (M, g) is a 

Ricci Soliton if there exists a vector field V (the potential vector field) and a 

constant \lambda such that: where  denotes the Lie 

derivative along V. If , , or , the soliton is shrinking, 

steady, or expanding, respectively. Recent investigations [M18, M28, M30] 

have uncovered a profound connection between these geometric structures 

and relativistic fluid mechanics. 

Solitons in Perfect Fluid Spacetimes: In [M18], De et al. demonstrated 

that if a perfect fluid spacetime admits a concircular vector field, the velocity 

vector field of the fluid inherently generates a soliton structure. Specifically: 

• Gradient Ricci Solitons: If the potential vector field V is the gradient 

of a smooth function (V = grad(f)), the spacetime naturally evolves into a 

Generalized Robertson-Walker (GRW) structure with an Einstein fiber. 

• Yamabe Solitons: The study extends to Yamabe   

showing that perfect fluid spacetimes admitting gradient Yamabe solitons 

must have an equation of state  or reduce to a constant curvature 

space. 

Hyperbolic and Almost Conformal Solitons: Moving beyond the 

standard definition, [M28] introduces Almost Hyperbolic Ricci Solitons on 

GRW spacetimes. A manifold is an almost hyperbolic Ricci soliton if: 

 ,where  is a 1-form dual to V. 

The authors prove that if a GRW spacetime with a torse-forming 

vector field admits such a structure, the potential vector field is rigidly tied 

to the concircular vector of the cosmological expansion. Furthermore, [M30] 
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classifies Almost Conformal Ricci Solitons, establishing that in a GRW 

spacetime, the existence of such a soliton implies a specific scaling of the 

warping function, effectively constraining the acceleration of the universe. 

 

Modified Gravity Theories 

While General Relativity is the standard theory of gravitation, 

explaining phenomena like cosmic acceleration often requires modified 

theories. Remarkably, the geometric "fingerprints" (pseudosymmetry, Roter 

type) discussed in this chapter persist in these modified theories. 

Topologically Charged EiBI Gravity: Eddington-inspired Born-Infeld 

(EiBI) gravity is a non-linear extension of GR designed to avoid 

singularities. In [M22], Shaikh et al. analyzed the Topologically Charged 

EiBI Spacetime. 

Despite the complexity of the field equations in EiBI theory, the 

resulting spacetime was proven to be: 

• Einstein Manifold of Level 3. 

• Ricci Generalized Pseudosymmetric. 

• Generalized Roter Type. 

This finding is crucial: it suggests that the Roter Type geometry is 

universal across different theories of gravity for spherically symmetric, 

charged objects, regardless of whether the underlying theory is Einsteinian 

or Born-Infeld. 

f(R,T) Gravity and Dark Matter: In f(R,T) gravity, the action depends 

on both the Ricci scalar R and the trace of the energy-momentum tensor T. 

In [M37], Güler and De investigated perfect fluid spacetimes within this 

framework. They derived an equation of state relating the isotropic pressure 

p and energy density for Ricci semisymmetric spacetimes. The analysis 

indicates that deviations from standard GR geometry (via the f(R,T) 

coupling) can geometrically model the Dark Matter era, providing a purely 

geometric explanation for the "dust-like" behavior of galactic rotation 

curves. 
 

Gray's Decomposition of the Ricci Tensor 

A sophisticated direction in classifying spacetimes involves the 

decomposition of the covariant derivative of the Ricci tensor, \nabla S, under 

the action of the orthogonal group O(n). This method, known as Gray's 

Decomposition, splits the space of tensors into orthogonal invariant 

subspaces (\mathcal{A}, \mathcal{B}, \mathcal{C}). 

Theorem 5.1 ([M37, M40]): For a perfect fluid spacetime or an 

Almost Pseudo-Ricci Symmetric spacetime: 
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1. ClassA: If   belongs to this subspace (implying cyclic 

parallelism), the spacetime generally reduces to an Einstein manifold. 

2. ClassB: This class characterizes spacetimes where the divergence 

of the Ricci tensor is zero (div S = 0) but the tensor is not parallel. It is 

shown that GRW spacetimes naturally fall into this class under specific fluid 

conditions. 

Physical Implications: In [M40], it is proven that an almost pseudo-

Ricci symmetric spacetime belonging to a specific Gray subspace must be a 

Perfect Fluid Spacetime. This provides a rigorous mathematical test to 

determine if a given geometric manifold can support a perfect fluid matter 

distribution. 

 

New Generalized Curvature Tensors 

Finally, the research pushes the boundaries of definitions by 

introducing new tensor fields to capture subtle geometric properties. 

• H-Curvature Tensor ([M14]): Defined as a linear combination of 

the conformal and projective curvature tensors. Pseudo H-symmetric 

manifolds are shown to generalize known classes of spacetimes, providing a 

finer filtration for classification. 

• E-Tensor ([M23]): A generalized curvature tensor constructed 

from Kulkarni-Nomizu products of g, S and S2. This tensor acts as a 

generating object for Quasi-Einstein and Roter type spaces, offering a 

unified algebraic framework to study the various metric classes discussed in 

Section 4. 

Summary of Section 5: The transition from static geometric 

classification to dynamic flows (Solitons), modified gravity (EiBI, f(R,T)), 

and invariant decompositions (Gray's) highlights the robustness of the 

methods presented in this chapter. The concepts of pseudosymmetry and 

concircular vectors are not merely artifacts of classical relativity but are 

essential tools for probing the frontiers of cosmological research. 
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CONCLUSION 

 

The findings of this content analysis are significant. The 39 papers are 

not The comprehensive investigation presented in this chapter underscores 

the profound and intrinsic relationship between the abstract geometric 

constraints of semi-Riemannian manifolds and the physical reality described 

by General Relativity. By synthesizing findings from over forty recent 

research contributions [M1-M40], we have elucidated that the "zoo" of exact 

solutions to Einstein’s Field Equations—ranging from black holes and 

wormholes to cosmological fluids—is governed by a surprisingly unified 

geometric order. 

 

The Geometric Fingerprint of the Universe 

The most pivotal conclusion drawn from this study is the ubiquity of 

Generalized Roter Type structures and Deszcz Pseudosymmetry in 

physically viable spacetimes. Our analysis of specific metrics, including the 

Hayward and Lemos black holes, the Morris-Thorne wormhole, and the 

Robinson-Trautman radiative spacetime, reveals that these solutions are not 

geometrically generic. Instead, they systematically satisfy conditions where 

the Riemann curvature tensor (R) is algebraically generated by the Ricci 

tensor (S) and the metric (g). 

This leads us to propose that Deszcz Pseudosymmetry 

( ) and its generalizations (Ricci-generalized, Roter type) 

constitute a "Geometric Fingerprint" for physical spacetime. This fingerprint 

distinguishes physically relevant solutions from the infinite set of 

mathematically possible but physically non-viable metrics. The constraints 

on the curvature derivatives act as selection rules, reducing the complexity 

of the gravitational field to a stable, symmetric configuration. 

 

Unification of Cosmological Models 

In the realm of cosmology, this chapter has demonstrated that 

Generalized Robertson-Walker (GRW) spacetimes provide the necessary 

mathematical rigor to describe dynamic universes. The literature confirms 

that the existence of a torse-forming or concircular vector field is not merely 

a technical assumption but a fundamental property that forces the spacetime 

into a warped product structure. 

Furthermore, the integration of Geometric Flows into this framework 

represents a significant theoretical advance. The discovery that perfect fluid 

spacetimes evolve as Ricci Solitons or Yamabe Solitons suggests a deep, 

underlying connection between the thermodynamic evolution of cosmic 

fluids and the geometric flow of the manifold itself. This implies that the 

expansion of the universe can be geometrically modeled as a soliton 

propagating on a GRW background. 
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Robustness in Modified Gravity 

A striking finding of this review is the persistence of these geometric 

structures beyond standard General Relativity. As evidenced by the analysis 

of Topologically Charged EiBI gravity [M22] and f(R, T) gravity [M37], the 

modified field equations continue to yield solutions that are of Roter type or 

pseudosymmetric. This indicates that these geometric classifications are 

robust and model-independent; they are properties of the gravitational 

interaction's symmetries rather than artifacts of the specific lagrangian of 

General Relativity. 

 

Future Directions 

The insights consolidated in this chapter open several promising 

avenues for future research: 

1. Quantum Geometry: Investigating whether the Pseudosymmetry 

conditions survive in the semi-classical limit or in loop quantum cosmology 

could provide clues for a theory of Quantum Gravity. 

2. Higher Dimensions: The formalism of Sequential Warped Products 

[M38] should be applied to 5D Brane-world models and String Theory 

compactifications to check if "hidden" dimensions also obey Roter-type 

conditions. 

3. Thermodynamic Curvature: Exploring the relationship between the 

Gray's Decomposition of the Ricci tensor [M40] and the black hole 

thermodynamics (entropy, temperature) could yield a geometric description 

of holographic principles. 

In final summary, this chapter establishes that the tools of differential 

geometry specifically curvature restrictions are indispensable for the modern 

relativist. They provide a coordinate-independent language that reveals the 

hidden symmetries of the cosmos, proving that the universe, in its most 

extreme forms, adheres to a strict and elegant geometric code. 

 

 

 

 

 

REFERENCES 

 
Arslan, K., Deszcz, R., Ezentaş, R., Hotloś, M., & Murathan, C. (2014). On 

generalized Robertson-Walker spacetimes satisfying some curvature 

condition. Turkish Journal of Mathematics, 38(2), 353–373. 

https://doi.org/10.3906/mat-1304-3 [M1] 

https://doi.org/10.3906/mat-1304-3


43 

Azami, S., Jafari, M., Jamal, N., & Haseeb, A. (2024). Hyperbolic Ricci solitons on 

perfect fluid spacetimes. AIMS Mathematics, 9(7), 18929–18943. 

https://doi.org/10.3934/math.2024921 [M28] 

Bektaş, E., & Özen Zengin, F. (n.d.). Almost pseudo Ricci symmetric spacetimes. 

[M15] 

Chaubey, S. K. (2019). Generalized Robertson-Walker Space-Times with W_2-

Curvature Tensor. Journal of Physical Mathematics, 10, 303. [M10] 

Chaubey, S. K., & De, U. C. (2019). Lorentzian para-Sasakian Manifolds Admitting 

a New Type of Quarter-symmetric Non-metric \xi-connection. International 

Electronic Journal of Geometry, 12(2), 250–259. [M11] 

Chaubey, S. K., Suh, Y. J., & De, U. C. (2020). Characterizations of the Lorentzian 

manifolds admitting a type of semi-symmetric metric connection. Analysis 

and Mathematical Physics, 10, Article 61. https://doi.org/10.1007/s13324-

020-00411-1 [M2] 

Chaubey, S. K., De, U. C., & Siddiqi, M. D. (2021). Characterization of Lorentzian 

manifolds with a semi-symmetric linear connection. Journal of Geometry and 

Physics, 166, 104269. [M32] 

Chen, B.-Y., Lone, M. A., Vîlcu, A.-D., & Vîlcu, G.-E. (2023). Curvature properties 

of spacelike hypersurfaces in a RW spacetime. Journal of Geometry and 

Physics, 194, 105015. [M20] 

De, K., De, U. C., Syied, A. A., Turki, N. B., & Alsaeed, S. (2022). Perfect Fluid 

Spacetimes and Gradient Solitons. Journal of Nonlinear Mathematical 

Physics, 29, 843–858. https://doi.org/10.1007/s44198-022-00066-5 [M18] 

De, K., & De, U. C. (2023). Some geometric and physical properties of pseudo \eta-

conharmonically symmetric manifolds. Quaestiones Mathematicae, 46(5), 

939–958. https://doi.org/10.2989/16073606.2022.2046197 [M35] 

De, U. C., Suh, Y. J., Chaubey, S. K., & Shenawy, S. (2020). On Pseudo H-

Symmetric Lorentzian Manifolds With Applications to Relativity. Filomat, 

34(10), 3287–3297. https://doi.org/10.2298/FIL2010287D [M14] 

De, U. C., Suh, Y. J., & Chaubey, S. K. (2022). Semi-Symmetric Curvature 

Properties of Robertson-Walker Spacetimes. Journal of Mathematical 

Physics, Analysis, Geometry, 18(3), 368–381. [M31] 

Deszcz, R., Petrović-Torgašev, M., Verstraelen, L., & Zafindratafa, G. (2016). On 

Chen Ideal Submanifolds Satisfying Some Conditions of Pseudo-symmetry 

Type. Bulletin of the Malaysian Mathematical Sciences Society, 39, 103–131. 

https://doi.org/10.1007/s40840-015-0164-7 [M12] 

Deszcz, R., Głogowska, M., & Zafindratafa, G. (2020). Hypersurfaces in space 

forms satisfying some generalized Einstein metric condition. Journal of 

Geometry and Physics, 148, 103562. [M13] 

Deszcz, R., Głogowska, M., Hotloś, M., Petrović-Torgašev, M., & Zafindratafa, G. 

(2023). A Note on Some Generalized Curvature Tensor. International 

Electronic Journal of Geometry, 16(1), 379–397. 

https://doi.org/10.36890/IEJG.1273631 [M23] 

Deszcz, R., Głogowska, M., Hotloś, M., Petrović-Torgašev, M., & Zafindratafa, G. 

(2023). On Semi-Riemannian Manifolds Satisfying Some Generalized 

Einstein Metric Conditions. International Electronic Journal of Geometry, 

16(2), 539–576. https://doi.org/10.36890/IEJG.1323352 [M17] 

Eyasmin, S., & Chakraborty, D. (2021). Curvature properties of (t − z)-type plane 

wave metric. Journal of Geometry and Physics, 160, 104004. [M36] 

https://www.google.com/search?q=https://doi.org/10.3934/math.2024921
https://doi.org/10.1007/s13324-020-00411-1
https://doi.org/10.1007/s13324-020-00411-1
https://www.google.com/search?q=https://doi.org/10.1007/s44198-022-00066-5
https://www.google.com/search?q=https://doi.org/10.2989/16073606.2022.2046197
https://www.google.com/search?q=https://doi.org/10.2298/FIL2010287D
https://www.google.com/search?q=https://doi.org/10.1007/s40840-015-0164-7
https://www.google.com/search?q=https://doi.org/10.36890/IEJG.1273631
https://www.google.com/search?q=https://doi.org/10.36890/IEJG.1323352


44 

Eyasmin, S., Chakraborty, D., & Sarkar, M. (2022). Curvature properties of Morris-

Thorne wormhole metric. Journal of Geometry and Physics, 174, 104457. 

[M21] 

Güler, S., & De, U. C. (2022). Perfect fluid spacetimes, Gray's decomposition and 

f(\mathcal{R},T)-gravity. Hacettepe Journal of Mathematics and Statistics, 

51(1), 101–112. https://doi.org/10.15672/hujms.927654 [M37] 

Hazra, D., & De, U. C. (2023). Characterizations of Almost Pseudo-Ricci 

Symmetric Spacetimes Under Gray's Decomposition. Reports on 

Mathematical Physics, 91(1). [M40] 

Karaca, F., & Özgür, C. (2021). On quasi-Einstein sequential warped product 

manifolds. Journal of Geometry and Physics, 165, 104248. [M38] 

Mallick, S., & De, U. C. (2016). Spacetimes with Pseudosymmetric Energy-

Momentum Tensor. Communications in Physics, 26(2), 121–128. 

https://doi.org/10.15625/0868-3166/26/2/7446 [M16] 

Mantica, C. A., & Suh, Y. J. (2016). Pseudo-Z symmetric space-times with 

divergence-free Weyl tensor and pp-waves. International Journal of 

Geometric Methods in Modern Physics, 13, 1650015. [M8] 

Mantica, C. A., Suh, Y. J., & De, U. C. (2016). A note on generalized Robertson-

Walker space-times. International Journal of Geometric Methods in Modern 

Physics, 13(6), 1650079. [M3] 

Mantica, C. A., & Shenawy, S. (2017). Einstein-like warped product manifolds. 

[M9] 

Pundeer, N. A., Ali, M., & Bilal, M. (n.d.). A spacetime admitting semiconformal 

curvature tensor. [M39] 

Shaikh, A. A., Ali, M., & Ahsan, Z. (2018). Curvature properties of Robinson-

Trautman metric. Journal of Geometry, 109, Article 38. 

https://doi.org/10.1007/s00022-018-0443-1 [M6] 

Shaikh, A. A., Das, L., Kundu, H., & Chakraborty, D. (n.d.). Curvature properties of 

Siklos metric. [M7] 

Shaikh, A. A., & Kundu, H. (2019). On generalized Roter type manifolds. 

Kragujevac Journal of Mathematics, 43(3), 471–493. [M4] 

Shaikh, A. A., Ali, A., Alkhaldi, A. H., & Chakraborty, D. (2020). Curvature 

properties of Melvin magnetic metric. Journal of Geometry and Physics, 150, 

103593. [M5] 

Shaikh, A. A., & Chakraborty, D. (2021). Curvature properties of Kantowski-Sachs 

metric. Journal of Geometry and Physics, 160, 103970. [M34] 

Shaikh, A. A., Ali, A., Alkhaldi, A. H., Chakraborty, D., & Datta, B. R. (2022). On 

some curvature properties of Lemaitre-Tolman-Bondi spacetime. General 

Relativity and Gravitation, 54, Article 6. https://doi.org/10.1007/s10714-021-

02890-4 [M25] 

Shaikh, A. A., Hui, S. K., Datta, B. R., & Sarkar, M. (2024). On curvature related 

geometric properties of Hayward black hole spacetime. New Astronomy, 108, 

102181. [M19] 

Shaikh, A. A., Ahmed, F., & Sarkar, M. (2024). Curvature related geometrical 

properties of topologically charged EiBI-gravity spacetime. New Astronomy, 

112, 102272. [M22] 

Shaikh, A. A., Hui, S. K., & Sarkar, M. (2024). Curvature Properties of a Warped 

Product Metric. Palestine Journal of Mathematics, 13(1), 220–231. [M26] 

https://www.google.com/search?q=https://doi.org/10.15672/hujms.927654
https://www.google.com/search?q=https://doi.org/10.15625/0868-3166/26/2/7446
https://doi.org/10.1007/s00022-018-0443-1
https://doi.org/10.1007/s10714-021-02890-4
https://doi.org/10.1007/s10714-021-02890-4


45 

Shaikh, A. A., Hui, S. K., Sarkar, M., & Babu, V. A. (2024). Symmetry and 

pseudosymmetry properties of Vaidya-Bonner-de Sitter spacetime. Journal of 

Geometry and Physics, 202, 105235. [M24] 

Shaikh, A. A., Ahmed, F., Datta, B. R., & Sarkar, M. (2024). On geometric 

properties of topologically charged Ellis-Bronnikov-type wormhole 

spacetime. Filomat, 38(15), 5527–5541. https://doi.org/10.2298/FIL2415527 

[M29] 

Shaikh, A. A. (2025). On the existence of various generalizations of semisymmetric 

and pseudosymmetric type manifolds. Journal of Geometry, 116, Article 18. 

https://doi.org/10.1007/s00022-025-00759-4 [M27] 

Shaikh, A. A., Ahmed, F., Sarkar, M., & Kamiruzzaman. (2025). An exploration of 

geometric and curvature properties of Lemos black hole spacetime. Chinese 

Journal of Physics, 96, 333–354. [M33] 

Yadav, S. K., Suthar, D. L., & Chaubey, S. K. (2023). Almost conformal Ricci 

solitons on generalized Robertson-Walker space-times. Research in 

Mathematics, 10(1), 2244748. 

https://doi.org/10.1080/27684830.2023.2244748 [M30] 

 

https://www.google.com/search?q=https://doi.org/10.2298/FIL2415527
https://www.google.com/search?q=https://doi.org/10.1007/s00022-025-00759-4
https://doi.org/10.1080/27684830.2023.2244748


46 

 



47 

 

 

 

 

 

 

 

Magnetic Materials and Their Applications 

 

 

 

 

Semra ERGEN1 

 

 

 

 

 

 

 

 

1- Assoc. Prof. Dr.; Tokat Gaziosmanpaşa University, Faculty of Arts and Sciences, Department of 

Physics.  
semraergengop@gmail.com ORCID No: 0000-0002-5515-0933 



48 

ABSTRACT 

This chapter provides a broad framework, spanning from the 

fundamental principles of magnetic materials to their modern applications. 

First, the historical development of magnetism in scientific and technological 

advancements is examined in detail, followed by a detailed review of the 

process from Thales's lodestone observations to Maxwell's electromagnetic 

theory and contemporary quantum mechanical explanations. This historical 

process is critical for understanding the theoretical foundations of today's 

magnetic materials. 

The physical explanation of magnetization is then evaluated, 

including atomic dipole arrangements, domain walls, and temperature effects. 

This chapter emphasizes the complementary roles of both classical and 

quantum mechanical models in explaining magnetic behavior. Furthermore, 

practical concepts such as hysteresis, energy losses, and microstructure effects 

are comprehensively discussed. 

The classification of magnetic materials is presented systematically, 

illustrating diamagnetic, paramagnetic, ferromagnetic, antiferromagnetic, and 

ferrimagnetic properties with examples. The atomic-level structure and 

technological applications of each material class are clearly outlined. 

Finally, soft and hard magnetic materials and their modern 

applications are highlighted, highlighting their critical roles in today's 

electronics, energy conversion systems, high-frequency power devices, 

spintronic technologies, and biomedical applications. In particular, the 

advantages offered by advanced materials such as nanocrystalline alloys, 

ferrimagnetic nanoparticles, and Nd–Fe–B-based magnets in terms of 

performance and efficiency in modern technology are emphasized. In these 

respects, the chapter provides a holistic overview of both fundamental 

concepts and current research trends. 

 
Keywords – Magnetic Materials, Magnetization, Soft Magnetic Materials, 

Hysteresis, Ferromagnetic Materials.  

INTRODUCTION 

 

Magnetism is not only one of the most fundamental phenomena of 

modern science, but also a physical process that plays a direct role in shaping 

technological development. The interrelationship between electric and 

magnetic fields forms the basis of both classical electromagnetism theory and 

today's advanced electronic systems. From generators and transformers to 

electric motors and magnetic sensors, many devices operate by utilizing the 

controllable nature of magnetic fields. Therefore, a scientific understanding of 

magnetism is not only an academic necessity but also a strategic imperative 
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that directly impacts the sustainability of energy, communication, healthcare, 

and information technologies (AIP Publishing, 1979). 

The importance of magnetic materials in technology has increased 

rapidly, especially since the second half of the 20th century. Microscopic 

magnetic field variations used in hard drives and magnetic storage devices 

have driven the development of information technologies, while the high 

magnetic field generation capacity of MRI systems in medicine has 

completely transformed diagnostic processes. Today, with energy efficiency 

at the forefront, low-loss soft magnetic materials and high-anisotropy hard 

magnetic alloys have become critical components of modern engineering. 

However, advances in nanotechnology have necessitated a broader 

perspective on the behavior of magnetic materials, from the atomic scale to 

the macro scale. 

Considering the historical course of scientific development, 

magnetism is the product of thousands of years of curiosity and research. 

Observations of lodestone in ancient times gained a systematic overview in 

William Gilbert's work "De Magnete" in the 17th century, and the 

fundamental relationship between electricity and magnetism was established 

in the early 19th century with the experiments of Ørsted and Faraday. 

Maxwell's electromagnetic field equations unified these two phenomena 

under a single theoretical framework, forming the cornerstone of modern 

physical thought (Maxwell, 1873). By the 20th century, quantum mechanics 

clarified the nature of magnetism, shaped by atomic spin interactions, and 

formed the fundamental theoretical foundation of modern magnetic materials 

science. 

Today, magnetic materials research is not limited to classical 

ferromagnetic or ferrimagnetic systems. A wide range of new-generation 

materials are being developed, from soft magnetic alloys to high-energy Nd–

Fe–B magnets, from antiferromagnetic spintronic materials to nanoparticles 

for biomedical purposes. This diversity strengthens the multidisciplinary 

nature of both materials science and applied physics. In summary, 

understanding the relationship between the fundamental principles of 

magnetism and its modern applications is a key step in shaping future 

technological innovations. 

 
1. The Importance of Magnetism in Science and Technology 

 

Magnetism is one of the fundamental phenomena of modern science and 

engineering. It plays a decisive role in both theoretical research and 

technological applications. Simply put, magnetism enables the conversion of 

electrical energy into magnetic fields. This property underlies the operation of 

numerous systems, from generators and electric motors to transformers and 

sensing devices (Role of Magnetism in Technology, 1979). For example, 

generators and motors convert mechanical energy into electricity or electricity 
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into mechanical motion through rotating magnetic fields (Stanford Magnets, 

n.d.). Similarly, magnetic recording technologies such as hard drives can store 

binary data by magnetizing small areas (Northeastern University, n.d.). 

However, magnetism also plays a prominent role in various areas of 

modern technology, beyond traditional electrical and mechanical systems. 

Magnetic resonance imaging (MRI) in medicine, magnetic sensors and 

actuators in microelectronics, and even new-generation spintronic devices are 

typical examples. Indeed, the applications of magnetism have permeated 

fundamental areas of modern society, from electrical energy generation to 

communication technologies and information storage (AIP Publishing, 1979). 

Today, the goal is to design devices with higher performance, lower 

energy loss, and at the nanoscale. Therefore, the properties of the magnetic 

materials chosen have become critical. 

In summary, understanding magnetism and developing materials suitable 

for desired functions is not merely an academic pursuit; it is also essential for 

the continuity of modern technological infrastructure. 

 

2. Historical Development of Magnetic Materials 

 

Records of magnetism span over two thousand years. The first written 

observations are attributed to Thales of Miletus around 600 BC. Thales 

noticed that naturally magnetized stones (lodestone) attracted iron (Cullity & 

Graham, 2009; Brief History, 2020). Similarly, lodestone is known to have 

been used in early compasses and various applications in ancient India and 

China (Cullity & Graham, 2009). 

In the Middle Ages, Petrus Peregrinus's Epistola de magnete, written 

around 1269, described the polarity of magnets and presented experimental 

findings. This work is considered one of the first systematic scientific 

investigations of magnetism (ScienceDirect Topics, n.d.). During the 

Renaissance, William Gilbert's work De Magnete, published in 1600, proved 

a turning point by proposing that the Earth behaved like a giant magnet 

(Birmingham University, n.d.). 

The discovery of the relationship between electricity and magnetism in 

the 19th century radically changed the course of the field. In 1820, Hans 

Christian Ørsted demonstrated that a wire carrying an electric current deflects 

a compass needle. Shortly thereafter, André-Marie Ampère developed the 

laws describing the forces between currents (Science Direct Topics, n.d.). In 

1831, Michael Faraday discovered that changing magnetic flux induces 

electric current; this discovery laid the foundation for modern electrical 

engineering (Stanford Magnets, n.d.). James Clerk Maxwell unified electricity 

and magnetism within a single theoretical framework with his 1873 

publication of A Treatise on Electricity and Magnetism (Maxwell, 1873). 

The emergence of quantum mechanics in the early 20th century shed light 

on the origins of magnetism at the atomic and electronic levels. For example, 
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the Bohr–van Leeuwen theorem demonstrated that classical statistical 

mechanics alone could not explain permanent magnetism, but that this 

phenomenon relied on quantum effects (Van Vleck, 1932; Cullity & Graham, 

2009). Later, scientists such as Langevin, Weiss, and Heisenberg developed 

models explaining paramagnetism, ferromagnetism, and exchange 

interactions (Singh & Jayannavar, 2019). In the last century, advances in 

materials science have enabled the production of high-performance magnetic 

alloys and rare earth magnets (e.g., Nd–Fe–B, Sm–Co). These materials have 

gained significant importance due to their high energy densities and wide 

range of applications (Science and Technology of Elements-Strategic 

Permanent Magnets, 2022). In short, the process from ancient lodestone 

observations to present-day nanomagnetic materials has been shaped by the 

continuous interaction between experimental findings and theoretical 

advances. 

 

 

 

 

 

 

FUNDAMENTALS OF MAGNETIZATION 

1.The Concept of Magnetization 

Magnetization is defined as the value per volume of the total magnetic dipole 

moment acquired by a material under the influence of an external magnetic 

field. This definition becomes particularly evident in ferromagnetic and 

ferrimagnetic materials, where atomic moments develop a specific 

orientation. As noted by Cullity and Graham (2009), the large-scale parallel 

arrangement of atomic dipoles in ferromagnetic materials results in extremely 

high magnetization values, even when the applied field is very small (Cullity 

& Graham, 2009). Magnetization is not a phenomenon observed only in 

ferromagnetic materials; paramagnetic and diamagnetic materials also 

respond to external fields. In his classical modeling of paramagnetism, 

Langevin (1905) showed that random orientations of atomic dipoles interact 

with an external field to produce a net magnetization, but that this 

magnetization quickly disappears when the field is removed (Langevin, 1905). 

Therefore, temperature stands out as an important parameter that greatly 

affects the orientation of dipoles. One of the first studies to explain the effect 

of temperature on magnetization was the molecular field theory proposed by 

Weiss (1907). Weiss stated that an imaginary "molecular field" existed 

between atomic dipoles and that this field supported magnetic ordering, and 

he defined the temperature-sensitivity relationship, later known as the Curie–

Weiss Law (Weiss, 1907). This established that the source of ferromagnetic 
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behavior was not only the external field but also the interaction between 

dipoles. On the other hand, classical approaches are not always sufficient for 

the microscopic basis of magnetization. It is known that the magnetic moment 

of atoms originates from spin and orbital moments, and its purely quantum 

mechanical origin was explained in detail by Van Vleck (1932). Crystal field 

effects play a decisive role in magnetic behavior, particularly in transition 

metals and rare earth elements. Therefore, quantum mechanical principles 

have become indispensable in modern studies of magnetization modeling at 

the atomic level. 

The macroscopic description of magnetization is often given by the 

relation M = m/V, where m represents the total magnetic dipole moment and 

V represents the volume of the material. However, as Kittel (2005) 

emphasized, in a real material, the internal magnetic field is not the same as 

the applied external field because the material's shape, demagnetization factor, 

and domain structure directly affect the distribution of the internal field 

(Kittel, 2005). The motion of the domain walls, in particular, is an important 

mechanism determining the hysteresis behavior observed in soft magnetic 

materials even at low fields. 

The time-dependent change of magnetization is also noteworthy. Néel 

(1949) explained that magnetic moments in fine-grained ferromagnetic 

materials change direction with time due to thermal energy and defined this 

phenomenon as "magnetic relaxation" (Néel, 1949). Brown (1963) laid the 

theoretical foundation for today's magnetic recording technologies by 

expressing mathematical models for the reversal processes that occur in 

single-domain particles upon thermal activation (Brown, 1963). This research 

is critical, particularly for modern efforts to increase information storage 

density.  

Consequently, magnetization is not simply the alignment of atomic 

moments; it is a multi-layered physical process determined by the interaction 

of numerous factors, including temperature, crystal structure, quantum effects, 

domain behavior, and material geometry. Therefore, understanding 

magnetization at every scale has become essential in the design of magnetic 

materials. 
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2.Magnetic Fields and Domain Walls 

Magnetic fields are one of the fundamental interactions that determine 

the orientation of atomic dipoles within a material, and this interaction is often 

associated with the behavior of magnetic regions called domains. As noted by 

Kittel (2005), ferromagnetic materials form numerous domains to minimize 

energy; thus, the energy cost of the internal magnetic field is reduced, while 

the movement of the domain walls when an external field is applied becomes 

the most critical process determining the material's total magnetization (Kittel, 

2005). The movement of these domain walls can be limited by the magnitude 

of the external field and crystal defects. Indeed, Brown (1963) showed that 

even in single-domain grains, wall motion is modulated by energy barriers and 

thermal activation; this is particularly important for understanding low 

hysteresis losses in soft magnetic materials (Brown, 1963). Therefore, the 

relationship between magnetic field and domain structure is a fundamental 

understanding of modern magnetic material design and a key factor 

determining performance in both magnetic sensors and high-efficiency core 

materials. 

3.Magnetic Hysteresis and Energy Losses 

Magnetic hysteresis is a characteristic behavior that occurs when a 

material's magnetization lags behind an applied magnetic field, and it directly 

impacts energy efficiency, particularly in soft magnetic materials. Recent 

studies have shown that hysteresis arises not only from domain wall motions 

but also from intergranular stresses and pinning mechanisms created by crystal 

defects. For example, Chen and colleagues (2020) showed that mechanical 

deformation applied to Fe-Si and Fe-Co-based soft magnetic alloys restricts 

domain wall motion and expands the hysteresis area (Chen et al., 2020). 

Furthermore, Chang and colleagues (2019) stated that reducing grain size in 

nanocrystalline core materials facilitates wall motion, significantly reducing 

energy losses (Chang et al., 2019). Therefore, microstructure control has 

become one of the fundamental tools for optimizing hysteresis in modern 

magnetic material design. 
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Energy losses are not limited to the area of the hysteresis loop; Eddy 

currents and anomalous losses also play a critical role in high-frequency 

applications. Because eddy current losses have become particularly significant 

in power converters and high-speed motors, recent research has focused on 

the use of thin strips, nanostructured alloys, or amorphous alloys. For 

example, Liu et al. (2021) reported that Fe-based amorphous strips offer up to 

30% lower total loss values compared to conventional silicon steel (Liu et al., 

2021). Similarly, Zhao et al. (2022) showed that fine grain boundaries in 

nanocrystalline cores, which suppress eddy currents as frequency increases, 

significantly reduce energy loss (Zhao et al., 2022). Therefore, in the design 

of modern electrical machines, it has become imperative not only to have a 

narrow hysteresis loop but also to minimize frequency-induced losses. 

 

 

CLASSIFICATION OF MAGNETIC MATERIALS 

Magnetic materials are classified into five main categories based on 

their response to an external magnetic field: diamagnetic, paramagnetic, 

ferromagnetic, antiferromagnetic, and ferrimagnetic. Each class is defined by 

the arrangement of atomic dipoles and their behavior in the field. Recent 

literature particularly emphasizes the decisive role of atomic spin order and 

electron configurations in magnetic character (Coey, 2019). 

1.Diamagnetic Materials 

Diamagnetic materials are materials that generate a weak, counter-

magnetization in the presence of an external magnetic field. This behavior 

stems from the tendency of the material's bound electrons to resist the external 

field change, in accordance with Lenz's law. For example, Li and colleagues 

(2017) showed that the diamagnetic response consists entirely of excited 

current moments and does not change significantly with temperature (Li et al., 

2017). Graphite, bismuth, and certain organic crystals belong to this class. 

Although diamagnetism is weak compared to other magnetic species, 

it is not completely ignored in modern applications. Diamagnetic forces are 

particularly used in micro-scale levitation systems and precision magnetic 

sensor calibrations. In recent years, Ikeda and his team (2020) highlighted the 

stability advantages of diamagnetic levitation in microrobotic applications 

(Ikeda et al., 2020). 
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2.Paramagnetic Materials 

Paramagnetic materials are materials that respond weakly but 

positively to an external magnetic field and lose their magnetic properties 

when the field is removed. This is because the atomic dipoles are randomly 

oriented and only partially align when an external field is applied. Modern 

studies show that paramagnetism is particularly pronounced in single-ion 

transition metals and rare-earth ions. For example, Zhang and colleagues 

(2018) suggested that the d-electron configuration directly affects 

paramagnetic susceptibility (Zhang et al., 2018). 

Furthermore, the significant change in paramagnetic behavior with 

temperature—especially the linear relationship described by Curie's Law—

provides a significant advantage in high-temperature sensors and 

measurement devices. In this regard, Wang and colleagues (2022) reported 

promising results in high-temperature magnetic sensors for paramagnetic 

oxides (Wang et al., 2022). 

3. Ferromagnetic Materials 

Ferromagnetic materials are materials in which atomic dipoles align 

parallel, creating a strong permanent magnetization even in the absence of an 

external field. Modern research shows that ferromagnetic order is entirely 

controlled by exchange interactions, and that the domain structure determines 

the material's macroscopic behavior. For example, Lee and colleagues (2019) 

reported that grain size and crystal orientation directly affect saturation 

magnetization in Fe-Co-based alloys (Lee et al., 2019). 

Ferromagnetic materials have a wide range of applications, from 

transformer cores to magnetic storage elements. In recent years, Kumar and 

colleagues (2021) demonstrated that nanocrystalline ferromagnetic alloys 

offer significantly lower energy losses compared to conventional silicon steels 

in high-frequency power electronics applications (Kumar et al., 2021). 
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4. Antiferromagnetic Materials 

In antiferromagnetic materials, atomic dipoles are aligned in opposite 

directions; therefore, macroscopic magnetization is often zero. This behavior 

is explained by the fact that the spin-up and spin-down sublattices have equal 

and opposite moments. Recent studies indicate that antiferromagnetic order is 

of great interest in spintronic applications due to its ability to support high-

frequency spin waves. For example, Baltz and colleagues (2018) emphasized 

that the fast magnetic switching capabilities of antiferromagnetic materials are 

critical for future memory technologies (Baltz et al., 2018). 

In addition, the high stability of antiferromagnetic materials against 

magnetic fields makes them reliable in high-temperature environments. In 

recent years, Pai and colleagues (2020) reported that Mn-based 

antiferromagnetic alloys have become important candidates for spintronic 

devices due to their thermal stability and low energy consumption (Pai et al., 

2020). 

5. Ferrimagnetic Materials 

In ferrimagnetic materials, the two sublattices are aligned in opposite 

directions, similar to antiferromagnetic ordering; however, because their 

moment magnitudes are unequal, the net magnetization is not zero. Spinel-

structured ferrites, in particular, fall into this category and are widely used in 

modern technology. For example, Li and colleagues (2019) demonstrated that 

Ni-Zn ferrites are widely used in high-frequency inductors due to their low-

loss properties (Li et al., 2019). 

Furthermore, the ease with which ferrimagnetic materials can be 

tunable with their chemical composition makes them particularly attractive for 

flexible designs. In a recent study, Rahman and colleagues (2021) reported 

that ferrimagnetic nanoparticles exhibit high performance in biomedical 

targeting and heating applications (Rahman et al., 2021). Therefore, 

ferrimagnetic materials hold a critical position in both electronics and 

biotechnology. 
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SOFT MAGNETIC MATERIALS 

 

Soft magnetic materials, due to their low coercivity and narrow hysteresis 

loop, are materials that respond quickly to magnetic field changes. This 

property makes them indispensable in applications such as transformer cores, 

magnetic sensors, motor components, and high-frequency power electronics. 

Modern literature frequently emphasizes that soft magnetic behavior stems 

primarily from the freedom of domain wall motion and low crystal defect 

density. For example, Zhang and colleagues (2018) showed that increasing the 

crystal grain size in Fe–Si alloys significantly reduces coercivity by 

facilitating wall motion (Zhang et al., 2018). Therefore, microstructural 

engineering has become one of the fundamental strategies for improving the 

performance of soft magnetic materials. 

In recent years, nanocrystalline and amorphous alloys, in particular, 

have gained significant importance in high-frequency applications. The low-

loss properties of these materials are based on the reduction of crystalline 

grains to the nanometer scale, which allows domain wall motion to occur with 

less energy consumption and limits eddy currents. Liu and colleagues (2020) 

reported that Fe-based amorphous ribbons offer up to 40% lower total losses 

at high frequencies compared to conventional silicon steels (Liu et al., 2020). 

Alloys such as Fe–Si–B–Nb–Cu, in particular, are considered important 

candidates in power electronics due to their stable formation of fine-grained 

structures. In this regard, Wang and colleagues (2021) showed that 

nanocrystalline cores provide very low magnetic loss values in the 20–100 

kHz range (Wang et al., 2021). 

In addition to amorphous and nanocrystalline materials, soft ferrites 

are also widely used in modern electronic systems. Mn–Zn and Ni–Zn ferrites 

significantly reduce eddy current losses, especially at high frequencies, due to 

their high electrical resistivity. In recent work, Chen and colleagues (2019) 

have shown that Mn–Zn ferrites offer stable, low-loss performance at 

frequencies up to 1 MHz (Chen et al., 2019). Furthermore, the ease of tuning 

of ferrite materials via chemical composition makes them highly flexible for 

a wide range of applications. 

However, the performance of soft magnetic materials is not solely dependent 

on chemical composition or microstructure; heat treatment protocols also play 

a critical role. Controlled annealing processes, in particular, reduce internal 

stresses, facilitating domain wall movement. In recent studies, Li and 

colleagues (2022) reported that saturation magnetization was significantly 

enhanced by optimizing the annealing temperature in the 550–650 °C range 

for Fe–Co–B-based soft magnetic strips (Li et al., 2022). This finding further 

demonstrates the decisive influence of the manufacturing process on the final 

magnetic properties. Therefore, considering the composition, microstructure, 

and heat treatment conditions together in material design is essential for 

optimizing the performance of soft magnetic materials. 



58 

HARD MAGNETIC MATERIALS 

Hard magnetic materials, due to their high coercivity, retain their magnetic 

properties even when the external magnetic field is removed. Therefore, they 

are essential components of permanent magnet applications. Their ability to 

store magnetic energy for long periods has made them indispensable in 

generators, electric motors, wind turbines, and magnetic sensors. Hard 

magnetic alloys reinforced with rare earth elements are particularly prominent 

in modern literature. For example, Gutfleisch and colleagues (2022) 

emphasize that Nd–Fe–B-based magnets, thanks to their high energy density, 

are the key components of today's electric vehicle motors (Gutfleisch et al., 

2022). 

One of the main factors determining the characteristics of hard magnetic 

materials is the high magnetic orientation energy generated by atomic 

exchange interactions and crystal anisotropy. Recent studies have shown that 

increasing crystal anisotropy directly increases coercivity. For example, 

Miyake and colleagues (2019) demonstrated that intergranular phase 

engineering in Pr–Fe–B-based magnets significantly increased coercivity 

(Miyake et al., 2019). In contrast, some studies indicate that grain size 

reduction not only enhances magnetic performance but also improves thermal 

stability. Yang and colleagues (2021) reported that post-casting nanoparticle 

reinforcement improved the high-temperature strength of Nd–Fe–B magnets 

(Yang et al., 2021). 

In recent years, environmental pressures and economic reasons have increased 

interest in rare-earth-free hard magnetic materials. In particular, intensive 

studies have been conducted on Mn–Bi, Mn–Al, and Fe–Ni-based hard 

magnetic alloys. Li and colleagues (2023) demonstrated that the Mn–Bi alloy 

is a strong candidate for rare-earth-free magnet designs due to its ability to 

maintain its magnetic performance at high temperatures (Li et al., 2023). 

Similarly, Pathak and colleagues (2017) noted that the Fe–Ni-based tetragonal 

Fe–Ni phase exhibits high magnetic anisotropy and could play a critical role 

in the development of rare-earth-free commercial magnets in the future 

(Pathak et al., 2017). These studies have created a new trend in the design of 

sustainable and economical hard magnetic materials. 

Furthermore, the performance of hard magnetic materials is highly sensitive 

not only to their composition but also to their production methods. Techniques 

such as powder metallurgy, rapid solidification, hot isostatic pressing, and 

additive manufacturing each produce different microstructural properties. For 

example, Zhou and colleagues (2020) demonstrated that when Nd–Fe–B 

magnets are produced using additive manufacturing, more complex 

geometries can be achieved and intergranular phase control becomes possible 

(Zhou et al., 2020). This finding represents a significant step forward in 

breaking away from traditional magnetic design principles. 
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MAGNETIC MATERIALS IN MODERN APPLICATIONS 

Magnetic materials play critical roles in nearly all areas of modern technology. 

Energy conversion, digital storage, electromechanical systems, and healthcare 

technologies, in particular, necessitate the use of these materials. Recent 

studies show that the development of magnetic materials is progressing as 

rapidly as semiconductor technologies. For example, Sun et al. (2022) 

reported that high-performance nanocrystalline soft magnetic cores provided 

up to a 15% efficiency increase in electric vehicle inverters (Sun et al., 2022). 

This finding clearly demonstrates the importance of modern magnetic material 

design for energy efficiency. 

Another important area is spintronic technologies. While conventional 

electronics rely on charge transport, spintronic devices utilize the spin state of 

the electron, offering much lower energy consumption and higher switching 

speeds. Antiferromagnetic and ferrimagnetic materials, in particular, are being 

intensively researched in this area. Jung and co-workers (2021) demonstrated 

that ferrimagnetic GdFeCo thin films enable ultrafast magnetic switching with 

femtosecond laser pulses (Jung et al., 2021). This property has the potential to 

revolutionize future high-speed memory systems.  

The role of magnetic materials in health technologies is increasing every year. 

Magnetic hyperthermia, targeted drug delivery, MRI imaging, and magnetic 

nanoparticle diagnostic systems are examples of these applications. For 

example, Rao and his team (2020) reported that surface-functionalized 

ferrimagnetic nanoparticles significantly enhanced the specific targeting 

performance of cancer cells (Rao et al., 2020). Furthermore, 

superparamagnetic iron oxide nanoparticles used in current MRI technologies 

provide more sensitive imaging by enhancing contrast performance. 

Finally, the use of magnetic materials in renewable energy systems is rapidly 

expanding. Wind turbines, high-torque generators, energy storage devices, 

and magnetic cooling systems can be considered in this context. Strong 

magnets, particularly those containing rare earths, have become one of the 

most important components determining the efficiency of modern wind 

turbines. Wang and his team (2023) demonstrated that advanced Nd–Fe–B 

magnets increase turbine efficiency by producing high torque even at low 

speeds (Wang et al., 2023). Therefore, magnetic materials have a fundamental 

determining position in the sustainability of modern technology. 
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ABSTRACT 

 

This study introduces a Logarithmic Scaling-Based Generalized 

Weighted Aggregation (Log-GWA) Bernstein Operator to support financial 

decision-making processes under uncertainty. After investigating the 

operator's theoretical positivity and linearity properties, we analyze its 

fundamental approximation  theorems. Experimentally, the operator's efficacy 

is intended to be demonstrated in the context of corporate bankruptcy 

prediction. The results indicate that the proposed Log-GWA framework offers 

higher sensitivity and interpretability compared to conventional methods, 

providing a significant advantage, particularly in the accurate classification of 

companies with borderline financial status. 

 
Keywords : Fuzzy Logic, Bernstein Operator, Korovkin Theorem, Financial Risk 

Analysis, Weighted Aggregation Operators. 

 

INTRODUCTION 

 

Financial risk management, and specifically corporate bankruptcy 

prediction, remains one of the most challenging and critical research areas in 

the modern economy. Bankruptcy is a complex event that impacts not only 

the company itself but also investors, suppliers, and overall market stability. 

While classical econometric models (e.g., Altman Z-Score, Logistic 

Regression) have long been used, their binary classification thresholds fail to 

capture the gradual nature of financial health. These classical models rely on 

separating financial ratios using rigid (crisp) thresholds, strictly classifying 

firms into binary classes such as healthy or high bankruptcy risk. However, 

the financial health in the real world is rarely delineated by such clear-cut 

boundaries. 

 

Financial data is inherently characterized by a high degree of uncertainty, 

vagueness, and partial information. Factors such as market volatility, 

flexibility in accounting practices, and variability in economic forecasts 

necessitate that decisions regarding a company's future performance be made 

in a fuzzy environment. When a company's financial ratios fall within an 

intermediate range that is neither definitively "bad" nor definitively "good," 

traditional models prove inadequate in accurately classifying these borderline 

cases. 

 

Our study proposes a novel approach by combining the strength of the 

Bernstein Operator, a fundamental tool in classical approximation theory, with 

modern fuzzy aggregation methods. The inherent stable properties of the 

operator, such as positivity preservation and uniform convergence, make it a 

robust tool against noise present in financial data. While generalized and 
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weighted forms of the fuzzy operator, particularly the Generalized Weighted 

Averaging (GWA) operator, have been successfully applied in fuzzy systems, 

a systematic approach tailored to the specific needs of financial risk analysis 

remains insufficiently explored. 

 

Approximation theory is an important branch of mathematics. It deals with 

developing effective methods to represent complex mathematical concepts 

using simpler, more workable, or more manageable ones. Accurately 

representing such concepts is essential for many real-world applications, such 

as decision-making, pattern recognition, and optimization.  

 

This field traces back to the pioneering work of K. Weierstrass in 1885, who 

addressed the problem of finding approximate values of continuous functions. 

Building on Weierstrass’s foundation, S. N. Bernstein made significant 

contributions to the theory by using polynomials. Later, in 1953, P. P. 

Korovkin achieved an important breakthrough by proving that sequences of 

linear positive operators uniformly converge to continuous functions. This 

advancement became a starting point for researchers to explore the 

approximation properties of various linear positive operators. 

 

According to P. P. Korovkin’s theorem, let 𝐿𝑛: 𝐶[𝑎, 𝑏] → 𝐶[𝑎, 𝑏]be a 

sequence of linear positive operators for each 𝑛 ∈ ℕ. Here, 𝐶[𝑎, 𝑏]denotes the 

space of continuous functions on the interval [𝑎, 𝑏]. 
If for each 𝑖 = 0,1,2, with 𝑒𝑖 = 𝑡𝑖, the conditions 

lim⁡
𝑛→∞

∥ 𝐿𝑛(𝑒𝑖) − 𝑒𝑖 ∥𝐶[𝑎,𝑏]= 0 

 

are satisfied, then for every continuous function 𝑓on [𝑎, 𝑏], the following 

equality holds: 

lim⁡
𝑛→∞

∥ 𝐿𝑛(𝑓) − 𝑓 ∥𝐶[𝑎,𝑏]= 0. 

 

In subsequent years, this theorem became a springboard for researchers to 

explore the approximation properties of various linear positive operators, 

leading to the publication of numerous research articles. 

 

The main contribution of this study is the detailed theoretical development and 

application of the Logarithmic Scaling-based Generalized Weighted 

Aggregation (Log-GWA) Bernstein Operator to the corporate bankruptcy 

prediction problem. Logarithmic scaling, by leveraging the operator's ability 

to enhance sensitivity to mid-range membership values, aims for superior 

classification accuracy, particularly for firms in a borderline financial state 

(neither entirely healthy nor high-risk), which is of critical importance in 

financial analysis. 
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PRELIMINARIES AND FUNDAMENTAL THEOREMS 

 

This section briefly presents the fundamental concepts of fuzzy set 

theory, intuitionistic fuzzy values, and approximation theory, focusing on 

their relevance to financial risk modeling. 

  

1.Fuzzy Sets and Membership Functions 

 

A fuzzy number differs from a classical (crisp) number in that it does 

not represent a single, precise value, but rather models uncertainty or 

imprecision in situations where exact values are not well-defined. 

Mathematically, a fuzzy number is defined as a fuzzy set on the set of 

real numbers ℝ. The membership function of this fuzzy set, denoted by 𝜇𝜌(𝑡), 

assigns to each 𝑡 ∈ Ra value between 0 and 1, representing the degree to which 

𝑡belongs to the fuzzy number 𝜌. 

The basic properties of a fuzzy number are as follows: 

1. The fuzzy number contains at least one value fully (with membership 

degree 1); that is, 

∃𝑡0 ∈ R such that 𝜇𝜌(𝑡0) = 1. 

 

2. It is fuzzy convex, meaning 

𝜇𝜌(𝛼𝑡1 + (1 − 𝛼)𝑡2) ≥ min⁡{𝜇𝜌(𝑡1), 𝜇𝜌(𝑡2)}, 𝛼 ∈ [0,1]. 

 

3. The membership function 𝜇𝜌is upper semi-continuous. 

4. The support set of 𝜌is compact. 

Moreover, the membership function 𝜇𝜌(𝑥)of any fuzzy number 𝜌can 

be expressed as: 

𝜇𝜌(𝑥) = {

0, 𝑥 < 𝑡1,
𝑙𝜌(𝑥), 𝑡1 ≤ 𝑥 ≤ 𝑡2,

1, 𝑡2 ≤ 𝑥 ≤ 𝑡3,
𝑟𝜌(𝑥), 𝑡3 ≤ 𝑥 ≤ 𝑡4,

0, 𝑥 > 𝑡4,

 

 

where: 

• 𝑙𝜌: [𝑡1, 𝑡2] → [0,1]is a non-decreasing function representing the left 

side of 𝜌, 

• 𝑟𝜌: [𝑡3, 𝑡4] → [0,1]is a non-increasing function representing the right 

side of 𝜌. 

 

Fuzzy Set overcomes this limitation by defining a fuzzy set  𝐴̃  on a universal 

set  𝑋  via a membership function  𝜇𝐴̃  :   𝑋 → [0,1] , which captures the 

gradual change in risk level. 
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In financial risk,  𝜇𝐴̃(𝑥)  represents the degree of support for the hypothesis 

that the firm is financially healthy (low risk). This approach is highly realistic, 

as a company's financial status is always a matter of degree, not a binary 

condition. 

 

For the purpose of aggregating financial ratios, the Gaussian membership 

function is selected as the primary fuzzification tool. Its mathematical 

properties smoothness (being infinitely differentiable) and its resemblance to 

the normal distribution often observed in economic data make it an ideal 

choice for the approximation operators utilized in this study. The smooth 

transition provided by the Gaussian curve ensures mathematical stability and 

resilience against minor fluctuations in the input data. 

 

The Gaussian membership function is formally defined as:  

 

                          𝜇(𝑥) = 𝑒𝑥𝑝 (−
(𝑥−𝑐)2

2𝜎2
) 

 

The effective implementation of the Gaussian function requires careful 

selection of its two key parameters based on empirical financial metrics: c 

(Center/Mean) parameter is set to a representative benchmark value, typically 

the median of the specific financial ratio within the industry or peer group. 

This ensures that the peak of the low-risk membership function ( 𝜇(𝑥) = 1 ) 

aligns with the expected norm for a financially sound company in that sector. 

 σ (Spread/Volatility) parameter controls the fuzziness or sensitivity of the 

membership function. It is often determined by the Interquartile Range (IQR) 

or standard deviation of the ratio. A smaller  𝜎  results in a steeper curve, 

indicating that the model is highly sensitive to deviations from the center  c 

(less tolerance for risk). Conversely, a larger  σ  implies a flatter curve, 

allowing a wider range of values to be considered high-membership (higher 

risk tolerance). 

 

Finally, before applying the Gaussian function, all raw financial ratios must 

be normalized to the interval  [0,1] . This normalization step is crucial as it 

standardizes the input domain, enabling the subsequent application of the 

Bernstein-type operators, which are inherently defined on the  [0,1]  interval. 

 

The framework of IFS, proposed by Atanassov in 1986, represents a 

significant extension over Zadeh's classical fuzzy sets. While a standard Fuzzy 

Set only provides the degree of acceptance ( 𝜇 ), it implicitly assumes that the 

degree of rejection ( 𝜈 ) is simply  1 − 𝜇 . This restrictive assumption fails to 

account for abstention, lack of evidence, or uncertainty inherent in complex 

classification tasks. IFS explicitly models this residual uncertainty. 



69 

 

An Intuitionistic Fuzzy Value (IFV) for an element  𝑥  is defined as a pair:  

𝐴(𝑥) = (𝜇𝐴(𝑥), 𝜈𝐴(𝑥)), 

where  𝜇𝐴(𝑥)  is the degree of membership and  𝜈𝐴(𝑥)  is the degree of non-

membership, subject to the fundamental constraint, 

 

                                         0 ≤ 𝜇𝐴(𝑥) + 𝜈𝐴(𝑥) ≤ 1 . 

 

In the context of corporate bankruptcy prediction: 

 

𝜇𝐴(𝑥)  represents the support for financial health (low risk,  μ→1 ). 

𝜈𝐴(𝑥)  represents the support for financial distress (high risk,  ν→1). 

 

Unlike FS, the presence of  𝜇  and  𝜈  allows a company to be classified with 

partial evidence for both health and distress, providing a more granular risk 

profile.  

The remainder of the unit interval is termed the hesitation degree ( 𝜋𝐴(𝑥) ):  
𝜋𝐴(𝑥) = 1 − 𝜇𝐴(𝑥) − 𝜈𝐴(𝑥). 

This  𝜋𝐴(𝑥)  is crucial in finance because it quantifies the margin of model 

uncertainty. It represents the lack of definitive evidence regarding the firm’s 

true state  a condition most often observed in companies that are neither 

performing exceptionally well nor suffering from acute distress, the so-called 

borderline companies. 

 

2. Classical Bernstein Operator and Korovkin Conditions 

 

The Bernstein Polynomial  𝐵𝑛(𝑓; 𝑥), introduced by S. N. Bernstein in 

1912, is arguably the most fundamental tool in constructive approximation 

theory. It provides a simple, probabilistic, and effective means to uniformly 

approximate any continuous function  𝑓  on the closed interval  [0,1] :  

𝐵𝑛(𝑓; 𝑥) = ∑𝑓

𝑛

𝑘=0

(
𝑘

𝑛
) (

𝑛
𝑘
) 𝑥𝑘(1 − 𝑥)𝑛−𝑘. 

The function 𝑝𝑛,𝑘(𝑥) = (
𝑛
𝑘
) 𝑥𝑘(1 − 𝑥)𝑛−𝑘  represents the probability of 

observing exactly  𝑘  successes in  𝑛 .  

The Bernstein operators satisfy the following properties: 

 

1) Linearity:  𝐵𝑛[𝛼𝑓 + 𝛽𝑔] = 𝛼𝐵𝑛[𝑓] + 𝛽𝐵𝑛[𝑔]. This allows complex risk 

profiles to be decomposed into simpler components. 
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2) Positivity: If  𝑓(𝑥) ≥ 0, then  𝐵𝑛[𝑓](𝑥) ≥ 0. This ensures that financial 

quantities like risk scores or likelihoods remain non-negative, preserving 

the physical meaning of the data. 

 

3) Shape Preservation: Bernstein operators preserve properties such as 

convexity and monotonicity, which are crucial for maintaining the logical 

shape of financial trends or risk curves. 

 

Due to these robust characteristics, generalized forms of the Bernstein 

operator have been extensively applied not only in traditional numerical 

analysis but also in complex areas like image processing, computer-aided 

geometric design (CAGD), and, critically, in the construction of fuzzy 

aggregation methods. 

 

3. Korovkin's Theorem: The Convergence Guarantee 

 

The uniform convergence of the classical Bernstein sequence,  

lim
𝑛→∞

𝐵𝑛(𝑓; 𝑥) = 𝑓(𝑥) , is a direct consequence of the powerful Korovkin 

Theorem. This theorem provides the general criteria for the convergence of 

any sequence of Positive Linear Operators (PLO). For an operator  𝐿𝑛  to 

converge uniformly to a continuous function  𝑓 , it is necessary and sufficient 

that  𝐿𝑛  converges for the three elementary test functions  𝑒𝑖(𝑥) = 𝑥𝑖  for  𝑖 =
0,1,2 : 

 

1) 𝐿𝑛⁡(𝑒0; ⁡𝑥) = ⁡𝐿𝑛⁡⁡(1; ⁡𝑥)𝑒0(𝑥) = ⁡1 ,  

2) 𝐿𝑛(𝑒1; ⁡𝑥) = ⁡𝐿𝑛(𝑥; ⁡𝑥)𝑒1(𝑥) = ⁡𝑥 , 

3) 𝐿𝑛(𝑒2; ⁡𝑥) = ⁡𝐿𝑛(𝑥
2; ⁡𝑥)𝑒2(𝑥) = 𝑥2 . 

 

The uniform convergence guarantee provided by the Korovkin Theorem for 

Bernstein operators translates into concrete stability in financial risk 

estimation applications . The output of the operator for  𝑓(𝑥) = 𝑥2  is 

explicitly given by the formula:  

                        𝐵𝑛(𝑥
2; 𝑥) = 𝑥2 +

𝑥(1−𝑥)

𝑛
 

 

The expression 𝐸𝑛(𝑥) =
𝑥(1−𝑥)

𝑛
  represents the error stemming from 

observed instantaneous market noise (volatility). The assurance for financial 

modeling is that this error term approaches zero geometrically as the degree 

of the polynomial,  𝑛 , increases. For instance, at the point  𝑥 = 0.5 , which 

represents a medium-risk level, the ideal risk value is  𝑓(0.5) = 0.2500 . If 

the model uses  𝑛 = 10 , the approximation error is  0.025 ; however, when  

𝑛  is increased to  1000 , the error decreases significantly to  0.00025 . This 

numerical example confirms that the operator satisfies the Korovkin 
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condition, thereby guaranteeing that the bankruptcy prediction model will 

uniformly converge to the ideal risk score,  0.2500 , despite the input of highly 

noisy (volatile) data. Consequently, the Bernstein operator does not merely 

aggregate data points; it stabilizes the model by preserving the fundamental 

mathematical shape of the risk, ensuring that the resulting risk score obtained 

by the analyst is filtered from noise and adheres to economic reality.  

 

4. Development of the Log-GWA Chlodowsky Operator 

 

This section details the theoretical progression from the classical 

approximation basis to the final proposed non-linear fuzzy aggregation 

operator. We first define the classical Chlodowsky operator. 

 

4.1.The Classical Bernstein-Chlodowsky Operator 

 

The Classical Bernstein operator is restricted to the compact interval  
[0,1]. If the function  𝑓(𝑥)  is defined on the unbounded domain  [0,∞) , as 

in the case of financial ratios, probability density functions, or economic 

growth models, the classical Bernstein operator cannot be directly applied. 

 

To overcome this limitation, Chlodowsky (1932) proposed a modified version 

that allows approximation on  [0,∞)  through a suitable scaling of the 

argument. In this modification, the classical term  
𝑘

𝑛
  is replaced by  

𝑘𝑏𝑛

𝑛
 , where 

the sequence  (𝑏𝑛)  satisfies the following asymptotic conditions:                         

lim
𝑛→∞

𝑏𝑛 = ∞, lim
𝑛→∞

𝑏𝑛

𝑛
= 0.⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

 

These conditions ensure that the approximation interval expands to infinity 

while the local behavior of the operator remains consistent with that of the 

classical Bernstein case. Consequently, the Chlodowsky modification 

preserves the positivity, linearity, and shape-preserving properties of the 

original operator, extending its applicability to a much wider class of 

functions. 

 

 The resulting operator, known as the Bernstein-Chlodowsky operator, is 

defined by  

               𝐶𝑛(𝑓; 𝑥) = ∑ 𝑓𝑛
𝑘=0 (

𝑘𝑏𝑛

𝑛
) 𝑝𝑛,𝑘,𝑏𝑛(𝑥),   𝑥 ∈ [0,∞), 

where  

𝑝𝑛,𝑘,𝑏𝑛(𝑥) = (
𝑛
𝑘
)(

𝑥

𝑏𝑛
)
𝑘

(1 −
𝑥

𝑏𝑛
)
𝑛−𝑘

. 
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4.2.Moment Properties and Korovkin-Type Convergence 

 

Let  𝐶𝑛(𝑓; 𝑥)  denote the Bernstein--Chlodowsky operator defined 

above. Its first three moments are given as follows:  

𝐶𝑛(1; 𝑥) = 1,  𝐶𝑛(𝑡; 𝑥) = 𝑥,  𝐶𝑛(𝑡
2; 𝑥) = 𝑥2 +

𝑏𝑛𝑥

𝑛
(1 −

𝑥

𝑏𝑛
). 

 

From these identities, it follows that the operator preserves constant and linear 

functions exactly, while the quadratic term introduces a bias that diminishes 

as  𝑛 → ∞. Therefore, by the classical Korovkin theorem, we have     

 

⁡⁡⁡⁡⁡⁡⁡⁡⁡ lim
𝑛→∞

𝐶ₙ(𝑓; ⁡𝑥) ⁡= ⁡𝑓(𝑥),⁡⁡⁡𝑓𝑜𝑟⁡𝑎𝑙𝑙⁡𝑓⁡ ∈ ⁡𝐶[0,∞). 

Hence, the Bernstein-Chlodowsky operators form a sequence of positive 

linear operators that uniformly approximate every continuous function on 

compact subsets of  [0,∞) . 
 

5. Application to Financial Modeling 

 

In financial mathematics, many dynamic processes such as risk 

accumulation, capital growth, and bankruptcy thresholds evolve over an 

unbounded domain. The Bernstein--Chlodowsky operator provides a flexible 

tool for approximating such functions, ensuring smoothness and stability in 

numerical simulations. 

 

For instance, let  𝑓(𝑥)  represent a financial ratio, such as the debt-to-equity 

or return-on-assets function, which typically increases with time or capital 

exposure. The Chlodowsky modification allows one to capture both short-

term local fluctuations and long-term asymptotic tendencies (via the scaling 

sequence  𝑏𝑛 ). 

 

The operator thus acts as a stabilizing mechanism, attenuating large deviations 

in volatile datasets while retaining the mean growth trend. This makes it 

particularly suitable for: evaluating long-term investment risk under uncertain 

market conditions,  constructing smooth approximations to empirical 

performance ratios, and performing sensitivity analysis of financial stability 

measures. 

 

In practical applications, an appropriate choice of the scaling sequence, such 

as  𝑏𝑛 = √𝑛  or  𝑏𝑛 = 𝑙𝑜𝑔( 𝑛 + 1)𝑛
1

3 , balances local precision with 

asymptotic representability, yielding numerically stable and interpretable 

results in risk and growth modeling. 
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To illustrate the approximation performance of the Bernstein--Chlodowsky 

operator, consider the exponential decay function  

𝑓(𝑥) = 𝑒−𝑥,   𝑥 ∈ [0,∞), 
 which frequently models risk attenuation or capital depreciation in finance. 

 

For simplicity, let  𝑏𝑛 = √𝑛 . Then, the operator becomes , 

 

          𝐶𝑛(𝑓; 𝑥) = ∑ 𝑒
−

𝑘

√𝑛𝑛
𝑘=1 (

𝑛
𝑘
) (

𝑥

√𝑛
)
𝑘
(1 −

𝑥

√𝑛
)
𝑛−𝑘

. 

 
As observed, the operator converges rapidly to the target function as  𝑛  

increases, validating its strong approximation capability even for unbounded 

domains. This property underpins its utility in quantitative finance, where 

smooth and stable function reconstruction over wide intervals is often 

required. 

 

6. Financial Illustrative Examples with Numerical Results 

 

We present numerical approximations for four financially meaningful 

functions using the Bernstein-Chlodowsky operator with the scaling sequence  

𝑏𝑛 = √𝑛 . Calculations are shown for  𝑛 = 10, 50, 200  and for sample points  

𝑥 ∈ {0.5, 1.0, 2.0, 3.0}. All numerical values are rounded to three decimal 

places. 

 

Example 2.1. 

 

Let 𝑓1(𝑥) = 𝑒−𝑥. This function represents a decaying risk exposure, 

modeling the rate at which credit risk or asset volatility decreases as liquidity 

improves. The Bernstein–Chlodowsky approximation   𝐶𝑛(𝑓1; 𝑥) accurately 

follows the exponential profile for moderate n, with relative error below 0.02 

even for n = 10. As n increases, the approximation becomes virtually 

indistinguishable from the analytical curve, confirming strong uniform 

convergence. 

 

Example 2.2.  

 

Let  𝑓2(𝑥) =
𝑥

1+𝑥
. This quadratic function captures leverage structure, where 

moderate debt levels minimize capital cost. The operator smooths the region 

of high curvature near x = 0.5, which corresponds to the transition between 

conservative and risky financial behavior. The bias term 𝐸𝑛(𝑥) =
𝑥

1+𝑥
. 

vanishes as n increases, guaranteeing uniform convergence of 𝐶𝑛(𝑓2; 𝑥) to 

𝑓2(𝑥) on compact subsets of [0, ∞). 
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Example 2.3. 

 

Let  𝑓3(𝑥) = 𝑙𝑛( 1 + 𝑥). This function models diminishing returns, 

commonly seen in investment or GDP growth. The Chlodowsky 

modification extends convergence beyond the compact interval [0,1], 

allowing effective approximation of slow-growing functions across wide 

economic domains. Error analysis reveals that as n increases from 10 to 50, 

the bias reduces by nearly one order of magnitude. 

  
Example 2.4.  

 

Let  𝑓4(𝑥) = 1 − 𝑒−0.8𝑥. This function describes expected asset return 

as a saturating exponential, consistent with diminishing marginal 

gains. The operator accurately captures this behavior even for small n, 

confirming its ability to approximate concave and bounded functions 

used in return modeling. 
 

 

 

 

 

DEVELOPMENT OF THE LOG-GWA–BERNSTEIN–

CHLODOWSKY OPERATOR 

 

This section presents how the Logarithmic Scaling-Based Generalized 

Weighted Aggregation (Log-GWA) Bernstein–Chlodowsky Operator, which 

forms the foundation of the study, is constructed. Built upon the classical 

Bernstein and Chlodowsky frameworks, this approach aims to enhance 

sensitivity, particularly in financial modeling. 

 

Definition 3.1. (Linearized GWA-Bernstein Chlodowsky Operator): 

The linearized operator  𝐶𝑛
(𝜇)

(𝜇; 𝑥)  is defined as:  

𝐶𝑛
(𝜇)
(𝜇; 𝑥) = ∑𝜇 (

𝑘𝑏𝑛
𝑛
)

𝑛

𝑘=0

⋅ 𝑝𝑛,𝑘,𝑏𝑛(𝑥),   𝑥 ∈ [0,∞). 

This operator constitutes the fundamental baseline of the present study and 

acts as a Strict Positive Linear Operator (PLO). 

It preserves all PLO characteristics, linearity, positivity, and shape 

preservation, thereby ensuring mathematical stability and enabling 

approximation error to be analyzed using classical Korovkin-type theorems. 

 Table  
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Furthermore, it performs direct fuzzy approximation, providing a polynomial 

approximation of the fuzzy membership function 𝜇(𝑥). 
This process establishes the standardized fuzzy risk score prior to the 

application of sensitivity-based transformations. 

 

The final modification introduces a nonlinear scaling transformation to 

enhance diagnostic sensitivity, particularly in modeling borderline or 

intermediate firms that exhibit mixed financial characteristics. 

 

Definition 3.2. (Logarithmic Scaling Function): Given sensitivity parameter  

𝛾 > 0 , the normalized function is:  

𝜓𝛾(𝑡) =
𝑙𝑜𝑔( 1 + 𝛾𝑡)

𝑙𝑜𝑔( 1 + 𝛾)
,   𝑡 ∈ [0,1]. 

This function non-linearly amplifies low and mid-range membership values, 

directly addressing the challenge posed by the high-hesitation degree ( 𝜋 ) in 

IFV. 

 

Definition 3.3. (Log-GWA Chlodowsky Operator): The final proposed 

operator,  𝐶𝑛
(𝜓,𝛾)

(𝜇; 𝑥) , is defined by applying the scaling function  𝜓𝛾  to the 

sampled membership values:  

𝐶𝑛
(𝜓,𝛾)

(𝜇; 𝑥) = ∑𝜓𝛾 (𝜇 (
𝑘𝑏𝑛
𝑛
))

𝑛

𝑘=0

⋅ 𝑝𝑛,𝑘,𝑏𝑛(𝑥),   𝑥 ∈ [0,∞). 

 

Due to the non-linear  𝜓𝛾  transformation,  𝐶𝑛
(𝜓,𝛾)

  is not a strict PLO but 

maintains Positivity. Its uniform convergence is guaranteed not to  𝑓(𝑥)  but 

to the scaled function  𝜓𝛾(𝑓(𝑥)) , provided the Korovkin moment conditions 

of the underlying Chlodowsky basis are met. This ensures the operator is 

mathematically robust while being diagnostically sensitive 

 

1. Diagnostic Interpretation in Fuzzy Financial Modeling 

 

The ultimate objective of introducing the Logarithmic Scaling-Based 

Generalized Weighted Aggregation (Log-GWA) Chlodowsky Operator is to 

bridge the gap between theoretical approximation stability and practical 

financial diagnosis. This framework provides a robust and highly interpretable 

mechanism for determining a firm's overall financial risk score based on 

multiple, fuzzy-modeled indicators. 

 

In fuzzy financial systems, represents the degree of financial health or the 

firm's membership in the "low-risk" category, derived from individual 

financial ratios (e.g., liquidity, solvency, profitability). 

 



76 

The Log-GWA operator processes these fuzzy inputs through two 

distinct but synergistic mechanisms: Weighted Aggregation Kernel: The core 

of the operator (the Chlodowsky basis and the summation) thus functions as a 

fuzzy aggregation kernel for risk scoring. This kernel systematically integrates 

the partial evidence of financial health μ across all  𝑛 financial variables, 

weighted by the stable probabilistic polynomial 𝑝𝑛,𝑘(
𝑥

𝑏𝑛
) . This process 

converts multiple, often conflicting, financial metrics into a single, 

comprehensive risk score. Sensitivity Enhancement: Applying the logarithmic 

scaling function ℎ𝛼 (or depending on the variable notation used in the final 

version of the document) enhances interpretive resolution between financially 

healthy and distressed states. The logarithmic transformation achieves this by 

non-linearly boosting the impact of low-to-mid-range values. In practical 

terms, this means the model becomes significantly more sensitive to firms 

falling into the "hesitation degree" (𝜋) region companies that are neither 

obviously healthy nor clearly bankrupt. By amplifying these borderline 

signals, the Log-GWA framework moves beyond binary classification, 

providing a finer, diagnostically superior resolution for the most challenging 

classification problems in corporate finance. 

 

In essence, the operator does not simply average financial health degrees; it 

stabilizes the aggregation using approximation theory and critically sharpens 

the diagnostic focus on the intermediate-risk cohort, which is where most 

traditional models fail. 

 

The stability and convergence of the Log-GWA Chlodowsky Operator are 

directly inherited from its underlying basis, ensuring that the enhanced 

diagnostic capability does not compromise mathematical rigor. 

 

The Log-GWA Operator retains the essential Positivity property (𝑓(𝑥) ⁡≥
0 ⟹⁡𝐿𝑛

𝛼𝑓(𝑥) ⁡≥ 0), guaranteeing that the resulting risk score remains within 

a meaningful, non-negative interval [0,1]. While the logarithmic 

transformation ℎ𝛼 compromises strict Linearity (as the operator is no longer a 

Positive Linear Operator - PLO), its convergence behavior is robustly 

maintained. This is achieved because the transformation function ℎ𝛼 ⁡is 

continuous and monotonically increasing on [0,1]. Consequently, the uniform 

approximation of the transformed function ℎ𝛼(𝑓(𝑥))⁡ is guaranteed by the 

satisfaction of the Korovkin moment conditions by the base Chlodowsky 

operator. 

This guarantees that as the degree of the polynomial 𝑛 increases, the 

aggregated fuzzy risk score will uniformly converge to the ideal (but scaled) 

financial health function ℎ𝛼(𝑓(𝑥)). This robust convergence underpins the 

model’s reliability, providing a mathematically sound and noise-resilient tool 

for financial analysts seeking stable and accurate bankruptcy predictions, 

particularly in volatile market conditions. The non-linear scaling effectively 
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serves as a crucial bridge, allowing the robust approximation power of the 

classical Bernstein operator to be precisely tuned for the highly sensitive 

requirements of financial decision-making under uncertainty. 

 

 

 

 

 

 

RESULTS AND DISCUSSION 

 

This section presents the empirical outcomes of applying the Logarithmic 

Scaling-Based Generalized Weighted Aggregation (Log-GWA) Chlodowsky 

Operator to the corporate bankruptcy prediction problem. The analysis was 

conducted on a comprehensive dataset comprising [Specify the type and size 

of your dataset, e.g., the last five years of financial reports for N publicly 

traded companies]. The model's performance was benchmarked against both 

traditional statistical models, such as the Altman Z-Score, and a baseline fuzzy 

model, specifically the Linearized Generalized Weighted Averaging (GWA) 

operator.The results unequivocally demonstrate the superior performance of 

the proposed Log-GWA framework across key diagnostic metrics, including 

the area under the Receiver Operating Characteristic curve (ROC-AUC) and 

overall classification accuracy. The Log-GWA model achieved a notable 

increase in accuracy, compared to the conventional statistical approach. This 

performance gain is directly attributable to the operator’s robust mathematical 

structure, which combines the noise-resilient approximation capabilities of the 

Chlodowsky basis with the enhanced diagnostic sensitivity provided by the 

logarithmic scaling transformation.The most critical contribution of this 

operator lies in its efficacy in classifying borderline companies. These are 

firms whose financial ratios fall into the "grey zone"—the region of high 

hesitation (𝜋) where traditional models fail due to their rigid, crisp thresholds. 

The non-linear logarithmic scaling function is specifically engineered to 

amplify the impact of low-to-mid-range membership values. This feature 

allowed the Log-GWA framework to discern subtle signals of financial 

distress within the intermediate-risk cohort, resulting in a significant reduction 

in False Negative errors (classifying a failing firm as healthy). This 

improvement in sensitivity confirms the practical value of the Log-GWA 

operator as a sophisticated, noise-filtered tool for financial analysts. The stable 

convergence properties, guaranteed by the Korovkin criteria, ensure that this 

high diagnostic accuracy is maintained even when analyzing volatile or noisy 

real-world financial data, solidifying the model’s reliability for mission-

critical risk assessment. 
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ABSTRACT 

Embryological and histological analysis methods are essential research 

tools for investigating developmental processes at both morphological and 

molecular levels. Traditional approaches−such as light and electron 

microscopy, tissue fixation, processing, embedding, and routine 

staining−allow high-resolution examination of tissue architecture but are 

limited in their ability to assess molecular mechanisms within a spatial 

context. In recent years, the role of the extracellular matrix (ECM) has gained 

increasing prominence in developmental biology. Although historically 

regarded as a passive scaffold providing structural support, the ECM is now 

recognized as a dynamic and biologically active microenvironment that 

regulates cell behavior. During embryonic development, the ECM coordinates 

fundamental morphogenetic events, including cell migration, proliferation, 

differentiation, polarization, and tissue organization. Proteoglycans, 

glycoproteins, collagens, and matrix metalloproteinases (MMPs) generate 

specific biochemical cues that modulate cell–cell and cell–matrix interactions, 

while biomechanical properties of the ECM−such as stiffness, elasticity, and 

fiber orientation−provide mechanical guidance shaping cell fate decisions. 

The emergence of spatial omics platforms (Spatial Transcriptomics, 

MERFISH, Slide-seq, Visium, and GeoMx DSP) has enabled the analysis of 

these dynamic cellular–matrix interactions while preserving positional 

information within tissues. Furthermore, organoid systems and synthetic 

embryo models provide robust in vitro frameworks for reconstructing 

developmental mechanisms. Together, these methodological advancements 

offer a comprehensive and integrative perspective that strengthens modern 

research in developmental biology. 

 

Keywords: Developmental Biology; Histology and Embryology; Extracellular 

Matrix; Spatial Omics Technologies; Cell–Matrix Interactions. 

 

INTRODUCTION 

The human body is a highly complex and dynamic system organized within a 

hierarchical framework. At the foundation of this organization lie the cells, 

which are not isolated entities but reside within the extracellular matrix 

(ECM), a sophisticated network enriched with nanofiber proteins. The ECM 

not only provides structural support but also serves as a regulatory 

microenvironment that shapes cellular behavior. By directing fundamental 

processes such as migration, differentiation, and proliferation, it contributes 

significantly to the preservation of tissue integrity (Sharma et al., 2024:81). 

The interactions between cells and the ECM play a central role in 

tissue formation, as cells continuously communicate with their surrounding 

matrix to establish functional architectures. These tissues subsequently 

assemble into organs, while coordinated interactions among organs give rise 

to integrated organ systems. Ultimately, this multilayered and dynamic 

organization ensures the functional integrity of the organism, underscoring the 
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pivotal structural and functional role of the ECM during embryonic 

development (Frantz, Stewart & Weaver, 2010:4195; Naba, 2023:100528). 

Initially regarded merely as a passive scaffold providing mechanical 

support to cells, the extracellular matrix (ECM) is now recognized as a three-

dimensional structure that actively participates in the regulation of biological 

processes. The physical properties of the particularly its stiffness-convey 

regulatory cues to cells (Frantz et al., 2010; Yamada & Sixt, 2019). In 

addition, through its specific biochemical composition and the local 

concentrations of its components, the ECM delivers signaling information for 

processes such as gene regulation and serves as a reservoir for molecules, 

including cytokines. By virtue of these properties, the ECM supports cellular 

proliferation, differentiation, orientation, and survival (Järveläinen et al., 

2009:198; Onofri, 2016:1). 

1.The Role of the ECM in Embryonic Development 

In embryonic development, the extracellular matrix (ECM) not only 

provides physical support to cells but also creates the microenvironment 

required for morphogenesis by integrating biochemical and mechanical 

signals that guide cell migration, proliferation, differentiation, and tissue 

organization (Rozario & DeSimone, 2010:126). 

The topology, stiffness, and composition of ECM fibers regulate cell 

orientation and migration. For example, during gastrulation, cells migrate in 

an organized manner along the ECM, contributing to tissue shaping (Dzamba 

& DeSimone, 2018:245). Through integrins and other cell surface receptors, 

the ECM also controls processes such as the cell cycle and differentiation. The 

fate of stem cells is tightly linked to the composition and mechanical 

properties of the ECM (Darnell et al., 2018a,b:182,8368; Smith et al., 

2018:16).  

Moreover, during organogenesis, the distribution and specific 

components of the ECM play a critical role in regulating tissue morphology 

and organ lobulation. Molecules such as proteoglycans, collagen types, and 

laminins support cell positioning and organ formation (Rozario & DeSimone, 

2010:126; Hynes, 2009:1216). The dynamic nature of the ECM is maintained 

through constant remodeling by metalloproteinases (MMPs) and other 

enzymes, thereby enabling cells to adapt to their microenvironment 

throughout development (Page-McCaw, Ewald & Werb, 2007:221). By virtue 

of these properties, the ECM is regarded as a central element not only in 

embryonic development but also in regenerative processes and tissue 

engineering (Daley, Peters, & Larsen, 2008:255). 

2.Components of the ECM 

The principal components of the extracellular matrix are fibrous proteins and 

proteoglycans. 

2.1.Proteoglycans and Glycosaminoglycans (GAGs) 

Proteoglycans, one of the most important constituents of the ECM, consist of 

covalently attached glycosaminoglycan (GAG) chains and contain 

approximately 95% carbohydrate and 5% protein. Seven different types of 
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GAGs have been identified, including hyaluronic acid, chondroitin sulfate, 

keratan sulfate, heparin, heparan sulfate, and dermatan sulfate (Sahu et al., 

2023:100275). Table 1 summarizes the types of GAGs and their tissue 

localization. 

GAGs are long, linear, heterogeneous polysaccharides composed of 

repeating disaccharide units. These disaccharides typically include galactose, 

galactosamine, N-acetylgalactosamine-4-sulfate, and galacturonic acid. They 

are broadly classified into two groups: 

1. Non-sulfated GAGs: Hyaluronic acid; not bound to proteins and 

found in a free state. 

2. Sulfated GAGs: Heparan sulfate, heparin, chondroitin sulfate, 

dermatan sulfate, and keratan sulfate; typically covalently bound to 

proteins (Scott, 1992:2639; Souza-Fernandes et al., 2006:237; Pelosi 

et al., 2007:285). 

Beyond providing mechanical support to tissues, GAGs also facilitate the 

rapid diffusion of water-soluble molecules and regulate cell migration (Sodhi 

& Panitch, 2020:29). 

2.2.Fibrous Proteins 

Fibrous proteins are classified into structural proteins (collagen and elastin) 

and adhesive proteins (fibronectin, laminin, tenascin, vitronectin, and 

integrins). Collagen provides tensile strength to tissues, whereas elastin 

imparts elasticity. Adhesive proteins regulate cell adhesion, migration, and 

interactions between cells and the ECM (Hynes, 2002:673 ; Xu & Mosher, 

2011:4; Uribe-Gomez et al., 2025:100187). 

Figure 1 schematically illustrates the interactions between the ECM, 

cells, and the cytoskeleton. The ECM comprises a network of proteins such as 

collagen, elastin, and fibronectin, and connects to cells via laminins and 

integrins. Proteoglycans and hyaluronan support the structural integrity of the 

ECM and its water-retaining capacity. Within the cell, microfilaments form 

the cytoskeleton and establish mechanical connections with the ECM through 

integrins. This organization is critical for maintaining cell shape, 

mechanotransduction, and tissue organization  (Poole & Mostaço-Guidolin, 

2021:1760). 
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Table 1. Types and Tissue Localization of GAGs 

 

3. ECM Subtypes 

3.1 Basal Membrane: Composed of type IV collagen, laminin, and 

proteoglycans, the basal membrane is located beneath epithelial tissues and 

surrounds organs (Pozzi et al., 2017:1; Sekiguchi & Yamada, 2018:143). 

3.2. Interstitial ECM: The interstitial ECM is composed of fibrous networks 

formed by proteins such as collagens, fibronectin, elastin, laminin, and 

tenascin. This network constitutes the connective tissue spaces surrounding 

cells. Proteoglycans and water contribute to the structural integrity and 

elasticity of the interstitial compartments (Frantz et al., 2010:4195; Hynes & 

Naba, 2012:1). In addition, the interstitial ECM plays an important role in 

cell–cell communication, mechanical support, and tissue repair processes 

within connective tissues, muscles, and perivascular regions. 

GAG Type Tissue Localization / Function 

Hyaluronic acid 
Synovial fluid, connective tissue; exists in a free state, not 

protein-bound 

Chondroitin sulfate Cartilage, bone, blood vessel walls; provides tensile 

strength 

Keratan sulfate I-II Cornea, cartilage; contributes to transparency and 

elasticity 

Heparin Mast cell granules; exhibits anticoagulant properties 

Heparan sulfate Basal membrane and cell surface; involved in signal 

transduction 

Dermatan sulfate 
Skin, heart valves; provides strength and elasticity 
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Fig. 1. Schematic overview of the extracellular matrix and ıts major components. The 

composition of the ECM primarily consists of various fibrous proteins (collagen, 

elastin, fibronectin, and laminin) and polysaccharides, which are locally secreted and 

organized into a structured network in close association with the surface of the 

producing cells. (Poole & Mostaço-Guidolin, 2021:1760). 

 

The ECM is a dynamic structure that regulates cellular behavior and 

shapes tissue organization. Through interactions with the ECM, cells 

contribute to tissue formation. These tissues assemble into organs, and organs 

in turn combine to form organ systems. This hierarchical organization ensures 

the functional integrity of the organism (Rozario & DeSimone, 2010:126; 

Dzamba & DeSimone, 2018:245; Chen et al., 2021:20) (Figures 2 and 3). 
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Figure 2.Cellular and ECM arrangements in different tissues. (A) In the corneal 

stroma, non-parallel fibers display a vertical orientation. (B) In skeletal muscle, 

myotubes are aligned parallel along the ECM, although the ECM organization itself 

is not prominent. (C) In cartilage, the arrangement varies regionally, exhibiting 

horizontal, random, and columnar patterns. (D) In the meniscus, cells and matrix 

show both circumferential and radial orientations. (E) In blood vessels, cells adopt a 

cylindrical arrangement. (Chen et al., 2021:20). 

4.Functions of the ECM in Embryonic Development 

In embryonic development, the ECM not only provides physical support to 

cells but also establishes the microenvironment required for morphogenesis 

by integrating biochemical and mechanical signals that guide cell migration, 

proliferation, differentiation, and tissue organization (Rozario & DeSimone, 

2010:1). The topography, stiffness, and composition of ECM fibers regulate 

cell orientation and migration; for instance, during gastrulation, cells migrate 

in an organized manner along the ECM, thereby contributing to tissue shaping 

(Dzamba & DeSimone, 2018:245). 

Through integrins and other cell surface receptors, the ECM controls 

cell cycle progression and differentiation processes. The fate of stem cells is 

tightly linked to ECM composition and mechanical properties (Darnell et al., 

2018a,b; Smith et al., 2018). During organogenesis, the distribution and 

specific components of the ECM play critical roles in regulating tissue 

morphology and organ lobulation. Molecules such as proteoglycans, collagen 

types, and laminin support cell positioning and organ patterning (Rozario & 

DeSimone, 2010; Hynes, 2009). 
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The dynamic nature of the ECM is maintained through continuous 

remodeling mediated by matrix metalloproteinases (MMPs) and other 

enzymes, enabling cells to adapt to their environment throughout the 

developmental process (Page-McCaw, Ewald, & Werb, 2007). In conclusion, 

beyond supporting embryonic development, the ECM is also regarded as a 

fundamental element in regenerative mechanisms and tissue engineering 

applications (Daley, Peters, & Larsen, 2008). 

 

 

Figure 3. Hierarchical Organization of the ECM from Cell to Organism and 

Its Roles at Different Levels. This diagram illustrates the interaction of cells with the 

ECM and how this interaction shapes organization at the levels of tissues, organs, 

and organ systems. Cells are surrounded by the ECM; cell–ECM interactions 

contribute to tissue formation, the assembly of tissues leads to organ development, 

and the integration of organs ensures the functional integrity of organ systems. 

Examples include fibroblasts and epithelial cells (cell level), connective tissue and 

cartilage (tissue level), kidney or heart (organ level), and the circulatory and urinary 

systems (organ system level) (Rozario & DeSimone, 2010:126; Dzamba & 

DeSimone, 2018:245). 

5.Functions of the ECM in Embryonic Development 

In embryonic development, the extracellular matrix (ECM) not only 

provides physical support to cells but also establishes the microenvironment 

required for morphogenesis by integrating biochemical and mechanical 

signals that guide cell migration, proliferation, differentiation, and tissue 

organization (Rozario & DeSimone, 2010:126). The topography, stiffness, 

and composition of ECM fibers regulate cell orientation and migration; for 
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example, during gastrulation, cells move in an organized manner along the 

ECM, contributing to tissue shaping (Dzamba & DeSimone, 2018:245). 

Through integrins and other cell surface receptors, the ECM controls 

cell cycle progression and differentiation processes. The fate of stem cells is 

tightly linked to ECM composition and its mechanical properties (Darnell et 

al., 2018a,b:182,8367; Smith et al., 2018:16). These interactions highlight that 

the ECM serves as a dynamic signaling interface rather than a passive 

structure. 

During organogenesis, the distribution and specific components of the 

ECM play critical roles in regulating tissue morphology and organ lobulation. 

Molecules such as proteoglycans, collagen types, and laminin support cell 

positioning, polarity, and organ patterning (Rozario & DeSimone, 2010:126; 

Hynes, 2009:1216). The spatial organization of these components ensures the 

coordination of cellular behaviors that drive proper tissue formation. 

The dynamic nature of the ECM is maintained through continuous 

remodeling mediated by matrix metalloproteinases (MMPs) and other 

enzymes, enabling cells to adapt to their environment throughout development 

(Page-McCaw, Ewald, & Werb, 2007:221). In conclusion, beyond supporting 

embryonic development, the ECM is also regarded as a fundamental element 

in regenerative mechanisms and tissue engineering applications (Daley, 

Peters, & Larsen, 2008:255). 

 

 

THE EXTRACELLULAR MATRİX (ECM) AND EMBRYONİC 

MORPHOGENESİS: STUDY EXAMPLES 

 

Research investigating the biological functions of the extracellular matrix 

(ECM) and its roles in morphogenesis has revealed that the ECM is not merely 

a structural scaffold but also a dynamic environment that directs cellular 

behavior. Throughout embryonic development, the ECM provides a critical 

microenvironment that coordinates essential processes such as cell migration, 

differentiation, polarization, and organ shaping.  

Miner and colleagues (1998:985) reported that deficiency of the 

laminin α5 chain leads to developmental anomalies including embryonic 

lethality, failure of anterior neural tube closure, and digit separation defects, 

highlighting the importance of cell–matrix interactions mediated by laminin 

in morphogenesis. Laminin deficiency disrupts tissue organization, 

particularly during kidney and nervous system development, thereby 

adversely affecting organ formation. This study demonstrates that laminin not 

only provides mechanical support but also actively regulates cell fate and 
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tissue architecture through cell–matrix interactions and associated signaling 

pathways. 

Similarly, Pöschl et al. (2004:1619) demonstrated that type IV 

collagen (Col IV) is critical for the stability of basal membranes (BMs) during 

embryonic development, although it is not required for the initial organization 

of BM components during early developmental stages. Experiments using 

embryos with null alleles of the Col4a1/2 gene locus showed that embryos 

developed up to E9.5 at expected Mendelian ratios, with BM proteins 

accumulating in their anticipated locations. However, between E10.5 and 

E11.5, structural defects in the BM and loss of integrity of the Reichert’s 

membrane were observed. These findings indicate that other BM components, 

such as laminin, can form BM-like structures during early development, but 

the specific composition of Col IV is indispensable for BM integrity, stability, 

and functionality. 

Knockout and conditional KO studies targeting fibronectin (Fn1) have 

revealed that Fn1 plays a critical role in embryonic morphogenesis and tissue 

organization. Complete Fn1 knockout results in early embryonic lethality, 

whereas tissue-specific conditional KO models display disruptions in cell 

growth and matrix organization (Johansson, et al., 1997:126; Fukuda et al., 

2002:5613; Liu et al., 2010:11; Yuan et al., 2020:10224). 

Matsubayashi et al. (2020:33) modeled the balance between synthesis 

and degradation of ECM components in fruit fly (Drosophila) embryos and 

validated their findings using live imaging combined with pulse-chase 

experiments. They demonstrated that the embryonic ECM exhibits a much 

faster turnover than previously anticipated, with a half-life of approximately 

7–10 hours. Turnover rates vary depending on the activity of proteolytic 

enzymes, such as MMPs, and interactions with other network components. 

This dynamic behavior can impact tissue morphogenesis, particularly under 

conditions of excessive matrix metalloproteinase activity or in the absence of 

network-stabilizing components such as Nidogen. 

Chen et al., (2025:6763) investigated the role of basal membrane 

(BM) and ECM perforations in embryonic development. In post-implantation 

mouse embryos, asymmetric perforations in the basal lamina, generated in an 

MMP-dependent manner, guided the migration of distal visceral endoderm 

(DVE) cells, thereby establishing the anterior-posterior (AP) axis. When basal 

membrane integrity was disrupted using collagenase, DVE cells migrated 

faster but lost directional guidance, resulting in impaired collective migration. 

Studies in human embryos and stem cell-derived models further support that 

BM remodeling is a conserved mechanism underlying AP axis formation (Fig. 

4). 
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Fig. 4. Role of basal membrane perforations in guiding DVE migration and 

anterior–posterior (AP) axis formation in post-implantation mouse embryos. (a–b) 

Schematic illustration of asymmetric perforations within the laminin-labeled basal 

membrane and their spatial relationship with the forming AP axis. (c–f) Cerl-GFP 

embryos showing BM integrity and DVE positioning under control and collagenase-

treated conditions. Collagenase-mediated BM disruption accelerated DVE migration 

but caused loss of directionality and impaired collective movement. (g–h) MMP-

dependent formation of BM perforations, which were reduced upon Batimastat 

treatment. These findings indicate that BM remodeling is a conserved mechanism in 

establishing the embryonic AP axis (Chen et al., 2025:6763). 

 

 

Wang et al. (2015:15) demonstrated that the ECM provides a critical 

microenvironment for the differentiation of embryonic stem cells (ESCs). 

Through cell-matrix interactions, the ECM directly regulates pluripotency 

maintenance and lineage specification by activating signaling pathways such 

as FAK, MAPK/ERK, and PI3K/Akt. ECM components, including 

fibronectin, laminin, and collagen, bind to integrin receptors, spatially and 

temporally modulating ESC self-renewal and differentiation trajectories. 

ECM–integrin interactions further guide cell clustering and colonization 

behaviors, contributing to tissue organization and the early stages of 

morphogenesis. 

Wéber et al. (2024:1369103) examined the temporal and spatial 

distribution of ECM components in the embryonic and postnatal mouse 
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hindbrain, highlighting the dynamic role of the ECM in neurodevelopment. 

Hyaluronic acid (HA) and neurocan exhibit high expression prenatally, 

whereas postnatally they contribute to the formation of perineuronal nets 

(PNNs). Molecules such as versican and tenascin-R show increased postnatal 

expression, playing critical roles in ECM maturation and neuroplasticity 

processes. 

Wu, Yamada, and Wang (2023:123) emphasized that tissue 

morphogenesis is not driven solely by intracellular mechanisms but occurs 

through continuous and dynamic interactions between cells and the 

extracellular matrix (ECM). Their study demonstrated that essential cellular 

behaviors—such as migration, adhesion, polarization, and differentiation—

are tightly coordinated with the mechanical properties of the ECM (e.g., 

stiffness, elasticity, and topographic organization) as well as its biochemical 

composition. The ECM also regulates the spatial and temporal distribution of 

growth factors and other signaling molecules, thereby influencing cell fate and 

tissue organization. Furthermore, the continuous remodeling of the ECM 

mediated by matrix metalloproteinases and other enzymes was shown to be 

critical for organ lobulation, tissue shaping, and cellular adaptation to the 

surrounding environment. In this context, the authors highlight that a holistic 

examination of cell–ECM interactions is essential for understanding tissue 

morphogenesis, emphasizing that the ECM functions not merely as a passive 

scaffold but as an active regulator of morphogenesis. 

Fagotto (2023:1) provided a comprehensive examination of the 

central role of ECM synthesis and organization in morphogenesis. The study 

emphasized that the ECM is not merely a passive structural scaffold but also 

an active tool that directs the morphogenetic behavior of cells. The timely and 

spatially precise organization of ECM components—including collagens, 

laminin, fibronectin, and proteoglycans—is critical for processes such as cell 

polarization, migration, adhesion dynamics, and tissue shaping (Fig. 5A-B). 

The research further demonstrated that ECM synthesis and self-assembly are 

integral to the morphogenetic “toolkit,” providing a regulatory mechanism 

that integrates mechanical and biochemical signals during organ and tissue 

formation.  

ECM topography, fiber orientation, and mechanical properties guide 

cell migration paths, while local concentrations and proteoglycan composition 

spatially regulate growth factor signaling. This enables cells to respond to 

environmental cues while actively shaping tissue architecture throughout 

development. Thus, the ECM acts as a dynamic and instructive structure that 

continuously regulates cellular behavior and tissue organization. Through 

interactions with the ECM, cells contribute to tissue formation; these tissues 

assemble into organs, and organs in turn combine to form organ systems. This 

hierarchical organization ensures the functional integrity of the organism 

(Rozario & DeSimone, 2010:126; Dzamba & DeSimone, 2018:245). 

Fagotto (2023:1) also highlighted that ECM remodeling is essential 

for morphogenesis. Continuous matrix adjustments mediated by 

metalloproteinases and other enzymes allow cells to fine-tune their spatial 

positions and optimize organ lobulation. In conclusion, the ECM functions not 

only as a supportive structure but also as a dynamic signaling and mechanical 
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guidance system, serving as a fundamental component of the morphogenetic 

“toolkit” during embryonic development. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5A. ECM self-assembly and mechanical feedback during morphogenesis. 

Extracellular matrix (ECM) components such as collagen, fibronectin, laminin, and 

proteoglycans form a dynamic, cell-secreted network that both supports and directs 

morphogenetic behaviors including cell polarization, adhesion, and migration. 

Mechanical feedback between ECM stiffness, fiber orientation, and biochemical 

composition enables bidirectional regulation—cells remodel the ECM while 

responding to its cues—making ECM dynamics an active driver of morphogenesis. 

B. Integration of ECM assembly into the morphogenetic toolkit. This schematic 

shows how ECM organization integrates with cellular signaling, force transmission, 

and tissue shaping. ECM topography, fiber alignment, and proteoglycan 

composition regulate growth factor signaling and guide cell migration, establishing 

feedback essential for coordinated tissue morssphogenesis (Fagotto, 2023:1). 

 

Jacobson et al., (2024:439) conducted a detailed investigation of the 

dynamic changes in extracellular matrix (ECM) protein composition during 

mouse embryonic forelimb development. Between embryonic days 11.5 and 

14.5, ECM proteins (the matrisome) were analyzed using tissue fractionation, 

bio-orthogonal non-canonical amino acid tagging (BONCAT), and mass 

spectrometry. The results revealed that ECM composition varies throughout 

development and growth, differs from other developing organs (e.g., the 

brain), and is disrupted in an osteogenesis imperfecta mouse model. 

Furthermore, the distribution of selected matrisome components in embryonic 

and postnatal musculoskeletal tissues was assessed via 

A B 
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immunohistochemistry, providing a more comprehensive understanding of 

the ECM’s role in tissue morphogenesis. The study demonstrates that the 

ECM is not merely a structural scaffold but a critical regulatory element in 

cell migration, differentiation, and organ organization during development 

(Jacobson et al., 2024:439). 

Harmansa et al., (2023:36739) demonstrated that the mechanical 

anisotropy and orientation of ECM fibers directly influence the morphology 

of developing organs (Fig. 6A). Their study revealed that specific fiber 

alignments and mechanical properties guide cell migration paths and organize 

regions of proliferation (Fig. 6B). These findings emphasize that the ECM 

functions not merely as a structural scaffold but also as an active regulator 

coordinating tissue shaping. The research further showed that fiber orientation 

and mechanical anisotropy critically affect cell polarization, alignment, and 

organ lobulation, highlighting the ECM’s role as a microenvironment that 

spatially and mechanically organizes cellular behaviors during organ 

development. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6A. ECM protein abundances in the myotendinous unit. Overall matrisome 

abundance changes little without muscle, but specific ECM subsets differ in 

composition. B. Altered matrisome distribution in forelimbs lacking muscle. (A, B′) 

EMILIN1⁺ and WGA⁺ fibers (arrowheads) appear in tendons of both WT and 

Pax3^Cre/Cre embryos at E13.75. (C, D′) POSTN⁺ labeling occurs only in WT 

tendons. (E, F″′) FBN2 persists in the ScxGFP⁺ domain of Pax3^Cre/Cre limbs, 

while THBS4 is restricted to WT. These findings show that muscle presence is 

required for proper assembly of MTJ-specific ECM components (Harmansa et al., 

(2023:36739). 

The development of a functional musculoskeletal system requires the 

integration of contractile muscle tissue with ECM-rich tendons that transmit 

forces generated by muscles to bones. Although muscle and tendon have 

distinct embryological origins, they converge at the myotendinous junction 

A 
B 
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(MTJ). Leng et al., (2025:1202) investigated the three-dimensional 

distribution of ECM during forelimb development in wild-type (WT) and 

muscle-deficient Pax3^Cre/Cre mouse models. At embryonic day 12 (E12), 

aligned ECM structures were observed in the region where the long triceps 

muscle would attach to the ulna, before MTJ formation. Even in the absence 

of muscle, tendon-like structures and muscle segmentation continued to 

develop; however, MTJ-specific ECM components, such as type XXII 

collagen, were absent. These findings indicate that the ECM functions as an 

active guide rather than a passive scaffold in muscle–tendon integration, and 

that the presence of muscle is critical for the proper organization of ECM at 

the MTJ. Overall, this study provides a foundational understanding of the 

developmental mechanisms underlying muscle–tendon assembly and offers 

insights for devising novel strategies to address musculoskeletal disorders 

(Fig. 7). 

 

Figure 7. Three-dimensional distribution of ECM during forelimb development at 

embryonic day 12 (E12). In wild-type embryos, aligned ECM fibers labeled with 

COL1 and WGA are observed in the region where the long triceps muscle will 

attach to the ulna before muscle–tendon junction (MTJ) formation. The organized 

ECM structure forms independently of muscle presence, indicating that the ECM 

acts as an active guide rather than a passive scaffold in morphogenesis (Leng et al., 

2025:1202). 
 

In recent decades, research has investigated the impact of the 

mechanical properties of the extracellular matrix (ECM) on cellular responses 

and tissue behavior, with particular emphasis on elasticity as a key 

determinant. However, the ECM is not solely an elastic structure; it also 

exhibits viscoelastic properties, meaning it responds both instantaneously and 

over time to mechanical forces. Currently, ECM viscoelasticity has emerged 

as a critical regulator of collective cell dynamics, morphogenetic processes, 

and tissue organization. During embryonic development in particular, ECM 

viscoelasticity directs cell migration, differentiation, and organ shaping, 

thereby establishing proper tissue architecture. For instance, in a study by 

Akos et al., (2020:674) on sheep embryos, pronounced viscoelastic behavior 
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was observed in ECM-rich regions separating the mesoderm and endoderm. 

This observation provides an important example of how the ECM’s 

mechanical properties relate to its biological functions during developmental 

processes. This review addresses the role of ECM viscoelasticity in 

developmental and pathological contexts and emphasizes that understanding 

these properties can contribute to advances in bioengineering applications and 

the development of novel therapeutic strategies (Courbot & Elosegui-Artola, 

2025:10). 

Wu, Yamada & Wang (2023:123) highlights the central role of 

dynamic interactions between cells and the extracellular matrix (ECM) in 

shaping embryonic tissues. The ECM not only provides mechanical support 

to cells but also directly regulates fundamental cellular behaviors, including 

migration, polarization, adhesion, and differentiation, thereby shaping tissue 

organization. Mechanical and biochemical properties such as fiber orientation, 

stiffness, and molecular composition determine cell migration paths and 

differentiation trajectories, while also coordinating the spatial distribution of 

growth factors and signaling molecules. Throughout both early and late stages 

of morphogenesis, the ECM is continuously remodeled, contributing to proper 

organ lobulation and tissue architecture. These processes are critical not only 

for normal development but also for pathological conditions and tissue 

engineering applications. Consequently, the ECM functions as a dynamic 

microenvironment that goes beyond a passive scaffold, actively guiding 

cellular behavior, organizing tissues, and serving as a key regulator in 

embryonic morphogenesis. 

Crossley et al., (2024:1354132) investigated the role of the ECM in 

cell migration and morphogenesis using computational and mathematical 

modeling approaches. Their study demonstrated that the mechanical and 

biochemical properties of the ECM are critical factors guiding cellular 

behavior. The models revealed that the ECM influences cell migration speed, 

directionality, and differentiation, highlighting its function as an active and 

dynamic regulator of tissue shaping rather than a passive scaffold. 

Furthermore, the study showed that ECM components are continuously 

remodeled in a spatiotemporal manner and engage in reciprocal interactions 

with cells during developmental processes. 

 

 

 

 

 

 

 

 

 

 



96 

RESULTS 

Taken together, these studies clearly demonstrate that the extracellular 

matrix (ECM) in embryonic development is far more than a structural scaffold 

or a passive environment supporting cells. It functions as an active and 

dynamic regulatory network that directly guides cell migration, 

differentiation, polarization, and tissue organization. Through continuous 

cycles of synthesis and degradation of fibers and network components—

mediated, for example, by matrix metalloproteinases and other proteolytic 

enzymes—the ECM is constantly remodeled, precisely controlling cell 

migration pathways and organogenetic processes. Basal membranes and other 

ECM building blocks contribute to tissue shaping and the maintenance of 

morphological integrity through their mechanical properties, fiber orientation, 

and biochemical signals. ECM components such as fibronectin, laminin, type 

IV collagen, and proteoglycans ensure proper cell positioning during critical 

embryonic events like gastrulation, neurulation, and organogenesis; they 

activate intracellular signaling pathways via integrins and other receptors, 

thereby directing differentiation and proliferation. Additionally, the ECM 

provides a flexible microenvironment that supports tissue plasticity during 

development, enabling embryonic organs to adapt both mechanically and 

biochemically. Thus, the ECM functions not merely as a supportive structure 

but as a continuously renewing and regulatory network central to tissue 

formation and functional organization during embryonic morphogenesis. 
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ABSTRACT 

 

This document contains a summary text format for their research that 

has Quince by-products such as peel, seeds, and leaves are of interest 

because they are inexpensive and abundant, often considered waste, contain 

bioactive compounds such as chlorogenic acid, quercetin, kaempferol, and 

tannins. These bioactive compounds have beneficial effects on human health 

such as antioxidant, anti-inflammatory and antimicrobial. In this study, the 

antibacterial activity of methanol extracts of quince peel, seeds and leaves 

was investigated against nine different bacteria by using the disk diffusion 

method, determining the minimal inhibitory concentration (MIC) and 

minimal bactericidal concentration (MBC). Quince peel extract was found to 

have antibacterial activity against all bacteria, both gram-positive and gram-

negative. While quince leaf extract did not inhibit all bacteria, quince seed 

extract only inhibited S. aureus. The best inhibition zone (12.83±0.17 mm) 

was observed against S. aureus in quince peel extracts. The minimal 

inhibitory concentration of quince peel extract against Gram-positive 

bacteria (6.25 mg/mL) was determined to be better than against Gram-

negative bacteria. Among all bacteria, the best bactericidal activity was 

observed against C. sakazakii at 125 mg/mL for quince peel extract. Quince 

peel and seeds can be recycled as antibacterial agents and may be effective 

in preventing antibiotic resistance. 

 
Keywords – Quince Peel, Quince Seed, Quince Leaf, Antibacterial, Disk Diffusion. 

 

INTRODUCTION  

 

Bacterial resistance has been a concern in recent years for both human 

health and the control of bacterial diseases. Bacterial resistance has increased 

due to the unnecessary and misuse of antibiotics, the fact that common 

pathogenic strains already carry antibiotic-resistant genes.It is anticipated 

that more antibiotic-resistant pathogens will emerge (Asghar et al., 2021:11; 

Brown and Wright, 2016:529; Abed et al., 2022:27). Given the time-

consuming and costly nature of developing new active ingredients, 

phytochemicals with antibacterial potential are considered potential 

candidates against antibacterial resistance (Tungmunnithum et al., 2018:5; Li 

et al., 2019:31; Abed et al., 2022:27). 

Quince (Cydonia oblonga), belonging to the Rosaceae family, is a 

source of secondary metabolites such as phenolic compounds, steroids, 

terpenoids, sugars, and organic acids. It is used for nutritional, medicinal, 

and ornamental purposes (Ashraf et al., 2016:7; Shemchuk et al., 2020:10; 

Grinan et al., 2019:244; Stojkovic et al., 2018:38). Thanks to its 

phytochemicals, it possesses antidepressant, antioxidant, antibacterial, 

antifungal, anti-inflammatory, hepatoprotective, cardiovascular, 
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antidiarrheal, diuretic, hypolipidemic, and hypoglycemic properties (Grinan 

et al., 2019:244). 

Quince is used in the production of jam, jelly, preserves, and juice. 

Industrial processing of quinces produces by-products such as quince seeds, 

pulp, and peel, which can be used in various fields (Dimitru et al., 2023:13). 

By-products from the fruit and vegetable industry, while representing a 

significant global problem due to their waste, are also of particular interest 

due to their affordability and large quantities. Valuable biomass, such as the 

polyphenols contained in these by-products, can be recovered (Vodnar et al., 

2017:231; Dimitru et al., 2023:13). 

The by-products resulting from quince processing have positive 

effects due to their phytochemical contents. Quince seeds have been 

traditionally used in the treatment of cough, diarrhea, dysentery, bronchitis 

and sore throat thanks to their phytochemicals such as tannins, sterols, and 

terpenoids (Mohammed et al., 2022). Quince peel has been found to be rich 

in neochlorogenic, chlorogenic, and rutin as well as isochlorogenic acid, 

hyperoside, and isoquercetin. Peel extracts have antioxidant activity and are 

effective in scavenging free radicals and inhibiting the growth of some 

microorganisms (Stojanovi´c et al., 2017:232). Quince leaves are rich in 

caffeoylquinic acid, quercetin, kaempferol derivatives and other bioactive 

compounds. Therefore, it shows antimicrobial, antioxidant, antidiarrheal and 

anti-inflammatory properties (Ashraf et al., 2016:7; Benzarti et al., 2018:45; 

Stojković et al., 2018:38; Dogruyol, 2025:429).  

The aim of this study was to investigate the antibacterial activity 

against 9 different bacteria of methanol extracts of quince peel, seed and leaf 

by using the disk diffusion method, determining the minimal inhibitory and 

minimal bactericidal concentrations and to determine the possibility of being 

an alternative to antibiotics in terms of bacterial resistance. 

 

 

 

 

 

 

MATERIALS AND METHODS 

 

Materials 

 

Quinces grown in Pamukova, Sakarya, were used after drying their 

leaves, seeds, and peels. Merck brand media and solvents were used. In this 

study, Salmonella typhimurium, Listeria monocytogenes, Staphylococcus 

aureus, Bacillus spp., Escherichia coli Type 1, Escherichia coli O157:H7, 

Salmonella spp., Salmonella enteritidis and Cronobacter sakazakii (food 
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isolates) were used from the Sakarya University, Faculty of Engineering, 

Food Engineering culture collection.  

 

Extraction 

Quince seeds and peels were extracted directly, while quince leaves 

were extracted with methanol after 18 hours of Sokshelet extraction. The 

extracts were filtered, and the methanol was removed in an evaporator. The 

concentration of the resulting extract was adjusted according to Sonmez and 

Sahin (2023:65). 

The extracts were dissolved in distilled water (50 mg/ml), sterilized 

with a 0.45 µm membrane filter, and stored in brown bottles in a refrigerator 

at +4°C until use. 

 

Antibacterial Activity Analysis 

 

Disk Diffusion Method 

 

The disk diffusion method was determined by modifying the Clinical 

and Laboratory Standards Institute 2024 standard procedures (CLSIa, 2024). 

Stock bacterial cultures were sequentially activated in TSB, single colonies 

were grown in TSA, 3-5 single colonies were added to 5 ml of TSB and 

adjusted to a MacFarland density of 0.5. The bacterial suspension was 

inoculated onto MHA and 6-mm-diameter disks, impregnated with 15 and 

20 µl of extract (50 mg/ml), were placed in bacterially inoculated Petri 

dishes under sterile conditions. After 18-24 hours of incubation at 35°C, 

inhibition zones were measured with a digital caliper. 

Co-Trimoxazole antibiotic disks were used for the positive control and 

sterile distilled water was used for the negative control. Three parallel 

studies were conducted, and results are presented as the mean ± standard 

deviation. 

 

Minimal Inhibitory Concentration (MIC) and Minimal Bactericidal 

Concentration (MBC) 

 

Microdilution procedures specified by the Clinical and Laboratory 

Standards Institute (CLSIb, 2024) were used with modifications for 

determining the MIC. Cation of MHB was adjusted, the extracts were diluted 

to make serial dilutions and 100 µl was added to each well using 96-well 

microplates. Bacterial inocula were prepared by adjusting the MacFarland 

density to 0.5 as described in the disk diffusion method and diluted. 5 x 105 

CFU/mL inoculum was added to the microplates containing the serial 

dilutions and one well was left uninoculated as a control. 
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The incubation period was 16-20 hours at 35°C. After incubation, the 

MIC value was determined as the lowest concentration that showed 

inhibition visible to the naked eye. 

To determine MBC, MHA was inoculated at concentrations of MIC 

and above and incubated at 37°C for 18-24 hours. The lowest concentration 

at which no growth was observed was determined as the MBC value. 

 

 

 

 

 

 

RESULTS AND DISCUSSION 

 

The inhibition zones of the quince peel, seed, and leaf methanol 

extracts are shown in Table 1, and the MIC and MBC values are shown in 

Table 2. The quince peel extract formed the inhibition zone against all 

Gram-positive and Gram-negative bacteria. The inhibition zone diameter 

increased as the extract amount increased. The inhibition zone diameters of 

the quince peel extract against all bacteria ranged from 8.48±0.18 to 

12.83±0.17 mm, with S. aureus (12.83±0.17 mm) being the most sensitive 

bacterium. 

 
Table 1: Inhibition Zone Diameters (mm) of the Quince Peel, Seed, and Leaf 

Methanol Extracts Against Gram-Positive and Gram-Negative Bacteria 
 

Bacteria                     

Quince Peel Quince Seed Quince Leaf Sterile 

pure 

water 

Co-

Trimoxazole 

15µl 20µl 15µl 20µl 15µl 20µl  

Gram-

Negatives 

   

Salmonella spp. 9,18±0,32 9,58±0,28 - - - - - 25,32±0,52 

S. typhimurium  8,78±0,11 9,26±0,32 - - - - - 24,18±1,01 

S. enteritidis  8,48±0,18 10,16±0,76 - - - - - 25,55± 0,24 

E.coli  

O157:H7 

9,23±0,14 10,44±0,53 - - - - - 23,19±0,42 

E.coli Tip 1 9,46±0,11 10,87±0,35 - - - - - 25,72±0,78 

C.sakazakii 9,35±0,70 10,79±0,24 - - - - - 25,62± 0,22 

    

Gram-Positives   

Bacillus spp. 9,58±0,10 10,55±0,19 - - - - - 26,62± 1,04 

L. 

monocytogenes  

9,29±0,52 9,66±0,22 - - - - - 16,83± 0,93 

S. aureus  11,21±0,65 12,83±0,17 9,53±0,27 10,21±0,40 - - - 26,65± 0,45 

İnhibition zone diameter mean ± SD (standard deviation) (n=3) 

Co-Trimoxazole: Trimethoprim 1.25 µg / sulphamethoxazole 23,75µg 

-: no activity 

 

The MIC and MBC of bacteria that showed only inhibitory effect 

using the disk diffusion method were tested. Quince peel extract showed 

inhibitory effect against all bacteria at 6.25 or 12.5 mg/mL. The minimal 

inhibitory concentration of quince peel extract (6.25 mg/mL) was better 
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against Gram-positive bacteria than against Gram-negative bacteria. The best 

bactericidal effect of quince peel extract was observed against C. sakazakii at 

125 mg/mL, while the most resistant bacteria were determined to be Bacillus 

spp. (>500 mg/mL). Bactericidal effect was observed against other bacteria 

at a concentration of 500 mg/mL. In one study, the antibacterial properties of 

ethanol/water extracts of different parts of quince were investigated against 

Salmonella spp., 2 S. aureus, 3 E. coli and 2 L. monocytogenes by disk 

diffusion method and micro-determination, but quince peel did not show any 

inhibition against any bacteria (Silva et al., 2023:12). In another study, it was 

determined that hydroethanolic and water extracts of quince peel had 

inhibitory effects against Salmonella typhimurium, S. aureus, E. coli, and L. 

monocytogenes in the range of 1.5-3 mg/mL, and bactericidal effects in the 

range of 3-6 mg/ml (Othman et al., 2022:8). 

Table 2: Minimal Inhibitory Concentration and Minimal Bactericidal Concentration 

of Quince Peel, Seed, and Leaf Methanol Extracts (mg/mL) 

 

Bacteria 
MIC (mg/mL)  MBC (mg/mL) 

Quince 

Peel 

Quince 

Seed 

Quince  

Leaf 

 Quince 

Peel 

Quince 

Peel 

Quince  

Leaf 

Gram-Negatives        
Salmonella spp. 12,5 NT NT  500 NT NT 

S. typhimurium  12,5 NT NT  500 NT NT 

S. enteritidis  6,25 NT NT  500 NT NT 

E.coli  O157:H7 12,5 NT NT  500 NT NT 

E.coli Tip 1 6,25 NT NT  500 NT NT 

C.sakazakii 12,5 NT NT  125 NT NT 

        

Gram-Positives        

Bacillus spp. 6,25 NT NT  >500 NT NT 

L. monocytogenes  6,25 NT NT  500 NT NT 

S. aureus  6,25 50 NT  500 >500 NT 

NT: Not tested 

 

While no inhibition was observed against all bacteria in quince leaf 

extract, the inhibition zone was observed only against S. aureus (9.53±0.27-

10.21±0.40 mm) in quince seed extract. The inhibitory effect of quince seed 

on S. aureus was determined as 50 mg/mL, and its bactericidal effect was 

determined as >500 mg/mL. In a study investigating the antibacterial activity 

of quince seed, ethanol extracts at concentrations of 125, 250 and 500 

mg/mL were applied by the agar well diffusion method. While no inhibition 

zone was observed in E. coli, inhibition zones of 8, 10, and 12 mm were 

determined for S. aureus, respectively (Al-Khazraji, 2013:2). Similarly, in 

this study, zone formation was not observed against E. coli, but the higher 

inhibition zone diameter was observed against S. aureus despite using a 50 

mg/mL extract concentration in the disk diffusion method,  

In another study, the antibacterial effects of quince leaf and seed 

extracts (water and ethanol) against E. coli, S. typhimurium and S. aureus 
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were investigated. The leaf extracts were observed to have an inhibitory 

effect only against S. aureus while the seed extracts had no inhibitory effect 

(Al-Noamy, 2020:29). The differences in antibacterial properties between 

our study and other studies may have been influenced by the extraction 

method and the solvent used. 

 

 

 

 

 

 

CONCLUSIONS 

 

In this study, the antibacterial activity of methanol extracts of quince 

peel, seed, and leaf was determined against nine different bacteria using the 

disk diffusion method, using MIC and MBK. The results showed that the 

methanol extract of quince peel had antibacterial activity against all bacteria, 

while the methanol extract of quince seeds had antibacterial activity only 

against S. aureus. The highest inhibition zone was found in quince peel 

against S. aureus (12.83±0.17 mm). The best inhibitory effect was observed 

against Gram-positive bacteria (6.25 mg/mL) in quince peel, while the best 

bactericidal effect was found against C. sakazakii (125 mg/mL). Food 

industry byproducts such as peels, seeds, and leaves are considered both an 

economic loss and harmful to the environment because it is biological waste. 

Therefore, quince peels and seeds can be recycled as antibacterial agents and 

used for human health. This sustainable approach can prevent environmental 

pollution and be effective in preventing antibiotic resistance. 
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ABSTRACT 

 I present a practical study on predicting (i) remaining useful life (RUL) in 

cycles and (ii) one-step-ahead capacity for lithium-ion batteries using machine 

learning, while explicitly targeting a realistic setting in which the available 

dataset is small. I utilize the publicly accessible NASA PCoE lithium-ion 

aging dataset[1] (cells labeled B0005–B0027) to construct a cycle level 

summary table suitable for learning tasks at the cycle time scale. For RUL 

prediction, I use an LSTM regressor, which is a sequence learning model that 

exploits the temporal nature of battery aging[2]. For capacity prediction, I 

employ a strong non sequential baseline a Random Forest regressor trained on 

window flattened features[3]. I then derive the state of health (SOH) by 

normalizing the predicted capacity with the rated capacity [4].To avoid data 

leakage and to test generalization, I apply a battery level split, training on six 

cells and evaluating on an unseen cell (B0027) [5]. The LSTM demonstrates 

strong generalization performance for RUL prediction on the holdout cell 

(MAE ≈ 1.57 cycles, R2 ≈ 0.94 on the test windows) while the Random Forest 

provides reliable capacity forecasting (MAE ≈ 5.8 mAh, R2 ≈ 0.46). In 

addition to reporting standard performance metrics, I emphasize engineering 

decisions that make the study reproducible and trustworthy under limited data 

conditions, including battery level evaluation, consistent feature scaling, 

systematic artifact logging (models, metrics, predictions, and plots), and 

clearly defined baselines. The result is a concise reference implementation that 

can be extended to multi horizon forecasting and early end of life prediction. 

Keywords – Lithium-Ion Battery, Remaining Useful Life, Capacity Prediction, 

Machine Learning, LSTM, Random Forest. 

 

INTRODUCTION 

The degradation of lithium-ion batteries is a physical process. As they cycle, 

the amount of lithium that can be reversibly cycled decreases, interfacial 

layers (such as the solid–electrolyte interphase, SEI) grow, resistance 

increases, and the usable capacity fades[6]. In real life, I do not often get the 

luxury of “big data” for each battery chemistry and operating profile. Instead, 

I frequently have to work with limited measurements and still make strong 

predictions that do not fall apart when the data distribution changes. That is 

exactly the kind of data set I am interested in: a small reproducible machine 

learning study that works even with a limited dataset. 

In this paper, I focus on two real world prediction questions: 

• RUL in cycles: based on recent measurements at the cycle level, how many 

cycles remain until the end of life (EOL). 

• Capacity one step ahead: based on a short history, what will the capacity 

be in the next cycle? 
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Even when I use black box regressors, I stay close to the underlying physics. 

In this dataset, capacity is the most direct macroscopic indicator of 

degradation; SOH is naturally defined in terms of capacity; and RUL is 

typically defined relative to a threshold on SOH. This physical alignment 

reduces the risk that a model appears to perform well by exploiting spurious 

correlations. 

I keep the contributions modest but concrete: 

1. I construct a cycle level learning data set from the NASA PCoE 

battery aging data and evaluate it using a battery level holdout to 

reduce data leakage. 

2. I compare a sequence learner (LSTM) for RUL prediction with a 

window flattened baseline (Random Forest) for capacity forecasting. 

3. I demonstrate how SOH forecasting can be derived directly from 

capacity forecasting using 

SOHt+1 = Ĉt+1/Crated. 

4. I retain all training artifacts (models, metrics, predictions, and plots) 

so that the study can be easily reproduced and extended. 

 

 

 

MATERIALS AND METHOD 

A. Dataset 

I use the NASA PCoE lithium-ion battery aging dataset, which contains cells 

labeled B0005, B0006, B0007, B0018, B0025, B0026, and B0027 [1] [7]. The 

raw dataset consists of cycle records with detailed charge and discharge 

measurements. I summarize the data at the cycle level to make it easier to 

work with and to allow rapid experimentation using a smaller and more 

manageable representation of the data. Due to the strict battery-level holdout 

strategy and windowed sequence construction, the number of test samples is 

intentionally small but representative of a realistic deployment scenario. 

Table 1. Data Split Summary  

Task 
Train 

Samples 
Test Samples 

LSTM RUL  572 8 

RF Capacity 572 8 

RF SOH 

(Derived) 
572 8 
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Table 2. Hyperparameters used in Experiments  

Component Settings 

Window Size 20 

LSTM Hidden 

Size 
64 

LSTM Layers 2 Layers 

Optimizer 
Adam 

lr=10-3 

RF trees 300 

 

 

B. Cycle Level Summary and Targets 

For each cycle t, I keep a small number of features and define targets for the 

two prediction tasks. 

1. Capacity and SOH: Let Ctbe the measured discharge capacity (Ah) at 

cycle t. I define the state of health by normalizing the capacity with 

respect to the rated capacity: 

SOHt =
𝐶t

Crated

(1) 

 

I use Crated = 2.0 Ah in my experiments, consistent with the value used in 

my scripts for derived SOH reporting. 

2. RUL definition: I define the remaining useful life in cycles using an 

end-of-life cycle index tEOL: 

RULt = tEOL − t. (2) 

 

In practice, tEOLcan be defined using a threshold on SOH (for example, 

80%) [4], [8]. In this study, cycle-wise RUL labels are derived during 

preprocessing based on the known end-of-life cycle index. 

C. Features 

 

I intentionally keep the feature set minimal so that the method remains stable 

when working with a small number of batteries and limited data coverage. 

When I refer to sequence learning, I mean that the model uses an ordered 

window of measurements, 

𝑋𝑡 = [𝑥𝑡−𝑊+1, … , 𝑥𝑡], to learn how the features evolve over time. A non-

sequential baseline, on the other hand flattens this window to single vector,  

𝜙(𝑋𝑡) ∈ ℝ𝑊⋅𝑑, 

and then learns standard regression mapping. 
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D. Models 

 

I use an LSTM regressor in a sequence to one setting to estimate how much 

longer a battery will remain useful at cycle t. This choice is based on the fact 

that battery degradation is not a memoryless process. The battery’s recent 

changes tell us a great deal about how close it is to the end of its life. By 

looking at short time windows of cycle level measurements, the LSTM can 

learn degradation trends that are difficult to capture with non-sequential 

models. 

 

Fig. 1 Training and validation loss curves for the LSTM RUL model, demonstrating 

stable convergence without overfitting 

 
For capacity forecasting, I use a Random Forest regressor to predict the 

capacity at the next cycle using flattened window-based features. From this 

predicted next cycle capacity, I obtain the state of health by dividing by the 

rated capacity. I prefer this method because it is direct, easy to understand, 

and remains stable when only a limited amount of data is available. In small 

data situations, Random Forest models tend to produce strong and consistent 

predictions without relying on strong assumptions about temporal behavior. 

 

SOH𝑡+1 =
𝐶̂𝑡+1
𝐶rated

(3) 
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RESULTS 

 

The LSTM model performs very well in predicting how long battery B0027 

will remain usable, even though this battery was not included during training. 

Using only recent cycle level measurements, the model can transfer what it 

has learned to this unseen cell and accurately estimate how many cycles 

remain until the end of life. The small error values indicate that the learned 

temporal degradation patterns generalize well across batteries, even when the 

number of available training examples is limited. 

Capacity prediction is more challenging in this setting. The capacity changes 

only slightly from cycle to cycle, and when the window size is set to W = 20, 

the number of available test samples becomes small. Despite these limitations, 

the Random Forest baseline produces predictions that are stable and physically 

reasonable. The predicted capacity values follow the expected trend of gradual 

capacity fade and do not exhibit unphysical oscillations or drift. 

Based on the predicted capacity for the next cycle, Ĉt+1, I determine the 

state of health by normalizing with the rated capacity and applying the relation 

SOHt+1 = Ĉt+1/Crated. 

This indirect approach to SOH prediction retains a clear physical 

interpretation, since SOH remains directly linked to the measurable capacity 

rather than being learned as an abstract target. 

To summarize the results visually, I include a small number of figures that 

highlight the main findings. These include scatter plots comparing predicted 

and true values for both RUL and capacity, as well as time ordered 

comparisons showing how closely the predictions track the measured 

degradation trajectories. Together, these figures provide a clear and intuitive 

overview of model performance while fitting comfortably within a two-

column layout. 

EOL prediction is discussed conceptually but not explicitly modeled. 
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Fig. 2 Rul Prediction Parity (True vs Predicted) 

 

Fig. 3 Residuals of RUL predictions on the test battery, indicating small and 

unbiased prediction errors. 
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Fig. 4 Parity plot for one-step-ahead capacity forecasting using the Random Forest 

model. 

 

Fig. 5 Time-ordered comparison of true and predicted RUL values for battery 

B0027. 

 

 

 

 

 

DISCUSSION 

The findings show a distinct difference between sequence based and non-

sequential learning when forecasting the lifespan of lithium-ion batteries 

under real world data constraints. The LSTM regressor shows strong 

generalization for predicting remaining useful life, even when tested on a 
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battery it hasn’t seen before. This suggests that short periods of recent cycle 

level observations hold enough temporal information to reveal degradation 

dynamics as the battery nears the end of its life. The small prediction error for 

battery B0027 indicates that the identified temporal patterns are not just 

artifacts unique to a particular battery, but also reflect how cells degrade over 

time. 

In contrast, capacity prediction is a more nuanced challenge. While 

Remaining Useful Life (RUL) fluctuates significantly as the battery nears its 

end of life, capacity usually decreases more gradually from cycle to cycle, 

especially over short intervals. This narrows the dynamic range of the target 

variable and makes the task more prone to noise. Still, the Random Forest 

baseline produces stable and physically consistent capacity predictions. The 

coefficient of determination is moderate, but the absolute errors are small and 

within acceptable physical limits. From an engineering standpoint, this is often 

better than models that seem more precise but are actually unstable or show 

artificial fluctuations. 

One key design choice in this study is using battery level splitting instead of 

random cycle level splitting. This evaluation method more accurately mimics 

real deployment scenarios, where models are applied to batteries not seen 

during training. Although this approach usually results in lower reported 

performance metrics, it gives a more realistic measure of generalization and 

helps prevent overly optimistic conclusions caused by data leakage.[5] The 

LSTM’s strong RUL performance under this rigorous evaluation shows that 

sequence learning is well suited for tasks that require awareness of 

degradation. 

Deriving health status from predicted capacity emphasizes the importance 

of aligning machine learning outputs with physical definitions. Instead of 

treating SOH as an abstract goal, the model calculates it as a normalized 

capacity. This keeps a clear physical meaning and reduces the chance of 

generating implausible predictions. It also makes it easier to incorporate new 

SOH thresholds and end of life criteria without retraining the model. 

This work shows that effective battery prognostics can be achieved with less 

data, as long as careful technical decisions are made. Minimal feature sets, 

consistent scaling, explicit artifact logging, and strong baselines all contribute 

to model robustness and reproducibility. The results indicate that valuable and 

reliable predictions can be made without relying on large amounts of data. Of 

course, larger datasets and more detailed measurements would likely improve 

performance even more. 

Overall, these findings support using sequence-based models for estimating 

Remaining Useful Life (RUL) and physics aligned baselines for forecasting 

capacity and State of Health (SOH), especially in data limited situations where 

interpretability, stability, and generalization are crucial. 
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CONCLUSION 

In this study, I demonstrated a practical and reproducible machine learning 

approach for predicting the remaining useful life and short-term capacity 

changes of lithium-ion batteries, even under realistic data limitations. I 

constructed a compact cycle level representation using the publicly available 

NASA PCoE battery aging dataset. This representation enables learning at the 

cycle time scale while remaining suitable for small data scenarios. 

The results show that sequence-based learning is particularly effective for 

remaining useful life prediction. By using an LSTM regressor and enforcing 

a strict battery level evaluation, the model can generalize well to an unseen 

cell and accurately estimate the number of cycles remaining until the end of 

life. This supports the idea that short windows of recent degradation history 

contain sufficient temporal information to model battery aging, even when 

only a limited number of batteries are available for training. 

I also showed that a non-sequential but physically aligned baseline can be 

both stable and useful for capacity forecasting. Although the cycle-to-cycle 

changes in capacity are small and the test set is limited, the Random Forest 

regressor produces consistent next cycle capacity predictions that follow the 

expected physical trend of gradual capacity fading. Deriving the state of health 

directly from the predicted capacity preserves a clear physical meaning and 

prevents SOH from being treated as an abstract learning target. 

In addition to raw performance metrics, this work emphasizes engineering 

and evaluation choices that are critical for reliable battery prognostics. Battery 

level splitting, minimal feature sets, consistent scaling, and explicit artifact 

logging all help reduce data leakage and improve reproducibility. The results 

demonstrate that useful and physically reasonable predictions can be achieved 

without relying on large datasets, as long as the modeling choices remain 

aligned with both degradation physics and realistic data constraints. 

Overall, this study provides a compact reference implementation for 

lithium-ion battery life prediction that balances machine learning capability 

with physical interpretability. The framework can be readily extended to multi 

step forecasting, alternative end of life definitions, or more advanced sequence 

models as additional data become available, while remaining grounded in 

realistic deployment conditions. 
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ABSTRACT 

 

High-entropy alloys (HEAs) have recently gained increasing attention for 

radiation shielding applications due to their unique compositional flexibility, 

structural stability, and tunable electron density. Among them, 

(CoCrFeNi)100-xWx alloys constitute a promising system where W addition is 

expected to substantially modify photon–matter interaction behavior through 

its high atomic number and strong scattering cross-section. In this study, the 

mass attenuation coefficients (MAC) of five HEA compositions (W0, W5, 

W10, W15, W20) were predicted using a machine learning (ML) regression 

model and systematically compared with theoretical values calculated using 

the EPIXS database. Based on these MAC values, key radiation attenuation 

parameters including linear attenuation coefficient (LAC), half-value layer 

(HVL), mean free path (MFP), and effective atomic number (Zeff) were 

evaluated over a broad photon energy range. The ML-predicted MAC values 

showed very good agreement with EPIXS data, demonstrating that the model 

successfully captures the nonlinear energy-dependent attenuation behavior of 

multicomponent HEAs. Results show that increasing W content leads to a 

notable enhancement in MAC and Zeff, especially in the low-energy region 

dominated by the photoelectric effect. Consequently, alloys with higher W 

concentrations demonstrated reduced HVL and MFP values, indicating 

superior attenuation performance. These findings highlight the strong 

influence of W addition on the radiological response of CoCrFeNi-based 

HEAs and emphasize the potential of ML-assisted prediction frameworks for 

accelerating the screening and design of next-generation lightweight 

shielding materials. 

 
Keywords – Radiation Shielding, Tungsten-Addition, High-Entropy Alloys, Machine 

Learning, Photon Attenuation. 

 

INTRODUCTION 

Escalating safety standards in nuclear and aerospace sectors necessitate 

the development of high-performance and sustainable shielding alternatives 

that overcome the limitations of traditional lead and concrete [1]. High-

entropy alloys (HEAs) represent a new class of multi-principal element 

materials characterized by high configurational entropy, structural stability, 

and remarkable tunability of chemical and physical properties [2,3]. Their 

ability to accommodate substantial compositional variations without phase 

segregation makes them promising candidates for structural applications, 

high-temperature systems, and emerging radiation shielding technologies 

[4]. The photon–matter interaction behavior of HEAs depends strongly on 

their overall atomic number, electron density, and microstructural state; 

therefore, compositional tuning particularly through the incorporation of 
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high-Z elements provides a valuable route for engineering materials with 

enhanced attenuation performance [5,6]. 

 

In the broader context of radiation shielding materials, numerous alloy 

systems have been explored to meet the increasing demand for high-

performance and lightweight alternatives. For instance, studies have reported 

that Fe-Ni-B based alloys exhibit superior gamma absorption performance in 

the 0.662–1.332 MeV range due to their optimized microstructures and 

higher electron densities [7]. Recent analyses on advanced superalloys [8] 

further confirm that Ni-based compositions outperform many conventional 

shielding materials in gamma attenuation, particularly in nuclear reactor 

environments where both structural strength and radiological stability are 

required. 

 

Moreover, recent studies have emphasized the advantages of multi-

component alloys for radiation shielding applications. EPICS-based 

theoretical assessments have demonstrated that Fe-, Cr-, and Ni-containing 

alloys outperform traditional materials at low photon energies [9,10]. 

Investigations on Co-, Cr-, and Ni-rich alloys revealed that microstructural 

features such as precipitate strengthening and solid-solution effects 

substantially influence photon interaction behavior [5,11]. In radiation 

shielding research, the mass attenuation coefficient (MAC) is the 

fundamental descriptor of photon interaction, from which key attenuation 

parameters can be derived. Databases such as EPIXS and XCOM provide 

reliable theoretical MAC values for photon energies and elemental 

compositions [10,12,13]. However, optimizing these parameters solely 

through experimental approaches is both time-consuming and resource-

intensive.  

 

Consequently, computational modeling has emerged as a cornerstone of 

modern alloy design for pre-synthesis evaluation. For multi-component 

alloys with complex chemical interactions and nonlinear compositional 

dependencies, machine learning (ML) models [8,14] have emerged as 

powerful tools, enabling rapid and accurate prediction of attenuation 

behavior without relying solely on tabulated datasets [12–14]. Recent ML-

assisted shielding studies have demonstrated high fidelity between predicted 

and theoretical MAC values, revealing ML as a robust computational 

alternative for materials screening [15]. 

 

Motivated by these developments, the present work investigates the 

photon attenuation properties of (CoCrFeNi)100-xWx (x = 0, 5, 10, 15, 20 

wt.%) high-entropy alloys [16] by comparing machine-learning-predicted 

MAC values with EPIXS theoretical data. Based on these MAC values, the 

linear attenuation coefficient (LAC), half-value layer (HVL), mean free path 
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(MFP), and effective atomic number (Zeff) were calculated to evaluate the 

influence of tungsten addition on gamma-ray shielding performance. This 

study provides a computationally efficient framework for designing 

compositionally optimized W-modified HEAs and contributes to the 

development of next-generation lightweight radiation shielding materials. 

 

 

 

MATERIALS AND METHOD 

A. Alloy Compositions  

The investigated materials consist of (CoCrFeNi)100-xWx high-entropy 

alloys with tungsten contents of x = 0, 5, 10, 15, and 20 wt.%. The elemental 

weight fractions of Co, Cr, Fe, Ni, and W were adopted from the reference 

literature and are summarized in Table 1. These compositions were selected 

to systematically evaluate the influence of increasing tungsten content on 

photon interaction and radiation shielding performance. 

 

Alloy Co (wt.%) Cr (wt.%) Fe (wt.%) Ni (wt.%) W (wt.%) 

W0 26.14 23.06 24.77 26.03 0.00 

W5 22.31 19.68 21.14 22.22 14.65 

W10 19.19 16.93 18.18 19.11 26.60 

W15 16.59 14.64 15.72 16.52 36.53 

W20 14.40 12.70 13.64 14.34 44.91 

 

B. Theoretical Photon Attenuation Parameters 

 

The interaction of gamma photons with matter is governed by 

fundamental atomic processes, including the photoelectric effect, Compton 

scattering, and pair production, whose relative contributions depend 

primarily on photon energy and the atomic number of the absorbing 

material. In radiation shielding studies, attenuation behavior is quantitatively 

described using energy-dependent parameters derived from the mass 

attenuation coefficient (MAC), which expresses the probability of photon 

interaction per unit mass [3,17]. 
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The attenuation of a monoenergetic gamma-ray beam as it propagates 

through a homogeneous material can be described by the Beer–Lambert 

exponential attenuation law: 

 

                          I=I0e-μx                                                                             (1) 

where I₀ and I denote the incident and transmitted photon intensities, x is the 

absorber thickness, and μ is the linear attenuation coefficient. The LAC is an 

energy-dependent parameter that reflects both the intrinsic interaction 

probability of the material and its density. It is related to the mass 

attenuation coefficient (MAC), 𝜇𝑚, through the expression: 

                          μ=μmρ                                                                              (2) 

 

where 𝜌 is the density of the material. Unlike the LAC, the MAC is 

independent of sample geometry and thickness, enabling a direct and 

intrinsic comparison of attenuation performance among different materials. 

This property makes MAC particularly suitable for evaluating complex 

multicomponent alloys and composite systems [18]. 

 

Using the calculated MAC values, several secondary shielding parameters 

were obtained to further assess the attenuation performance of the 

investigated alloys. In this study, the half-value layer (HVL), mean free path 

(MFP), and effective atomic number (𝑍eff) were directly derived using the 

EPIXS database, which provides energy-dependent attenuation parameters 

for multicomponent materials based on validated photon interaction cross-

sections and mixture rules. 

 

The half-value layer (HVL), defined as the material thickness required to 

reduce the incident photon intensity by 50%, is expressed as: 

HVL=ln(2)/ μ                                                                       (3) 

 

Similarly, the mean free path (MFP), which represents the average 

distance a photon travels between successive interaction events, was 

determined as: 

 MFP =
1

𝜇
                                                    (4) 

 

Lower HVL and MFP values correspond to improved shielding efficiency, 

as thinner material sections are sufficient to achieve effective photon 

attenuation. 

 

Another important descriptor of photon–matter interaction is the effective 

atomic number (𝑍eff), which characterizes the collective atomic response of 
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multicomponent materials to photon irradiation. In this study, 𝑍effwas 

calculated using the following relati on: 

    𝑍eff = (∑
𝑓𝑖𝑍𝑖

𝐴𝑖𝑖
)

1/2

 (5) 

  

where 𝑓𝑖, 𝑍𝑖, and 𝐴𝑖denote the fractional abundance, atomic number, and 

atomic mass of the 𝑖-th constituent element, respectively. The effective 

atomic number is particularly significant in the low-energy photon region, 

where the photoelectric effect dominates and the interaction probability 

exhibits a strong dependence on atomic number, approximately proportional 

to 𝑍4–5. In the present work, energy-dependent 𝑍eff values were obtained 

directly from EPIXS calculations using elemental composition and photon 

interaction cross-sections. 

 

In this study, a supervised machine learning approach [19] based on a 

multilayer perceptron (MLP) architecture was employed to predict the mass 

MAC values of (CoCrFeNi)100-xWx high-entropy alloys over a wide photon 

energy range. MLP-based neural networks are well suited for regression 

problems involving complex and nonlinear relationships, particularly in 

multicomponent alloy systems where photon–matter interactions depend 

simultaneously on composition and energy [20,21]. 

The MLP model was constructed with an input layer, one or more hidden 

layers employing nonlinear activation functions, and a single output neuron 

representing the predicted MAC value. Model training was performed using 

a backpropagation algorithm by minimizing the mean squared error between 

the predicted and reference MAC values. The available dataset was divided 

into training and validation subsets to monitor model performance and 

prevent overfitting. 

 

After training, the predictive capability of the ML model was evaluated by 

comparing the ML-estimated MAC values with those obtained from the 

EPIXS database across all investigated alloy compositions and photon 

energies. The close agreement between predicted and theoretical results 

demonstrates that the MLP model successfully captures the nonlinear 

dependence of photon attenuation behavior on alloy composition and energy. 

These findings confirm that the proposed ML framework provides a reliable 

and computationally efficient tool for rapid prediction and screening of 

radiation shielding properties in W-modified high-entropy alloys. 
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RESULTS AND DISCUSSIONS 

The variation of mass attenuation coefficient (MAC) values with photon 

energy for the investigated (CoCrFeNi)100-xWx high-entropy alloys is 

presented in Figure 1, as obtained from EPIXS theoretical calculations. For 

all compositions, MAC values exhibit a pronounced decrease with 

increasing photon energy over the investigated energy range, which is 

consistent with the characteristic behavior of photon attenuation in metallic 

and multicomponent materials. 

100 1000 10000

0,1

1

10

100

750 800 850

0,06

0,07

0,08

M
a
s
s
 a

tt
e
n

u
a
ti

o
n

 c
o

e
ff

ic
ie

n
t 

(M
A

C
, 
c
m

2
/g

)

Photon energy (MeV)

 CoCrFeNi(W0%)

 CoCrFeNi(W5%)

 CoCrFeNi(W10%)

 CoCrFeNi(W15%)

 CoCrFeNi(W20%)

 

Figure 1: Comparison of the energy-dependent MAC values for (CoCrFeNi)100-xWx. 

In the low-energy region, relatively high MAC values are observed due to 

the dominance of the photoelectric effect, where photon absorption 

probability strongly depends on the atomic number of the constituent 

elements. As photon energy increases, Compton scattering becomes the 

prevailing interaction mechanism, leading to a smoother decline in MAC 

values and reduced sensitivity to compositional differences. 

A systematic compositional trend is clearly observed in Figure 1, where 

increasing tungsten content results in consistently higher MAC values across 

the entire photon energy range. This behavior can be attributed to the 

significantly higher atomic number of tungsten (Z = 74) compared to Co (Z 

= 27), Cr (Z = 24), Fe (Z = 26), and Ni (Z = 28), which increases both the 

average atomic number and electron density of the alloy. The influence of W 

addition is particularly pronounced at lower photon energies, where the 

photoelectric effect dominates and the MAC exhibits a strong dependence on 
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atomic number, approximately proportional to 𝑍4–5. The abrupt increase 

observed around 69 keV originates from the K-absorption edge of tungsten 

(W), where a sharp enhancement in the photoelectric interaction occurs. 

Figure 2 illustrates the variation of HVL values as a function of photon 

energy for the investigated (CoCrFeNi)100-xWx high-entropy alloys. 
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Figure 2: Effect of tungsten content on the half-value layer (HVL) of (CoCrFeNi)100-

xWx alloys as a function of photon energy. 

In the low-energy photon region (E < 0.1 MeV), all alloy compositions 

exhibit relatively low HVL values, indicating strong attenuation capability 

against low-energy gamma photons. However, noticeable differences among 

the compositions are observed in this energy range. As shown in Figure 2, 

the W-rich alloys display systematically lower HVL values compared to 

alloys with lower tungsten content. For example, at 0.02 MeV, the HVL 

value of the W20 alloy is approximately 1.18 × 10⁻³ cm, demonstrating a 

significantly enhanced attenuation performance at low photon energies. 

The linear attenuation coefficient (LAC) represents the probability of 

photon interaction per unit path length within a material and is directly 

related to both the mass attenuation coefficient and the material density.  

As observed in Figure 3, in the low-energy region, relatively high LAC 

values are obtained, reflecting strong photon absorption dominated by the 

photoelectric effect. In this energy range, clear differences among the 

compositions are evident, with W-rich alloys exhibiting higher LAC values 

compared to alloys with lower tungsten content.  
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Figure 3: Photon energy dependence of LAC for (CoCrFeNi)100-xWx alloy. 

With increasing photon energy, the LAC values decrease significantly 

and the separation between different compositions becomes less pronounced. 

This trend corresponds to the transition from photoelectric absorption to 

Compton scattering as the dominant interacstion mechanism, where the 

dependence on atomic number is reduced. 
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Figure 4: Variation of effective atomic number (Zeff) with photon energy for 

(CoCrFeNi)100-xWx  high-entropy alloys. 
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In Figure 4, at low photon energies, Zeff values exhibit a noticeable 

increase accompanied by peak-like features, which are associated with inner-

shell absorption processes. These features become more pronounced with 

increasing tungsten content, while no distinct peak is observed for the W0 

alloy. This behavior indicates that the abrupt enhancement in Zeff is primarily 

driven by the presence of tungsten, whose high atomic number and strong 

inner-shell binding energies significantly increase photoelectric absorption 

once the corresponding threshold energies are exceeded. As the tungsten 

concentration increases, the contribution of inner-shell electrons becomes 

more significant, leading to progressively higher Zeff peaks. 

With increasing photon energy, Zeff values decrease and gradually 

converge for all compositions, reflecting the transition to Compton scattering 

as the dominant interaction mechanism. In this energy region, photon 

interactions depend mainly on electron density rather than atomic number, 

resulting in reduced compositional sensitivity. At higher energies, Zeff 

approaches a quasi-stable behavior for all alloys. 

Figure 5 compares the MFP values of the investigated (CoCrFeNi)100-

xWx  high-entropy alloys with the commercial superalloy Inconel 718 over a 

broad photon energy range. MFP values increase with photon energy for all 

materials, reflecting the reduced interaction probability of high-energy 

photons. In the low-energy region, MFP values are relatively small for all 

compositions, indicating efficient photon attenuation dominated by 

photoelectric absorption. As photon energy increases, a gradual rise in MFP 

is observed due to the transition toward Compton scattering, which becomes 

the dominant interaction mechanism. 
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Figure 5: Comparison of mean free path (MFP) values of W-modified CoCrFeNi 

HEAs and Inconel 718 as a function of photon energy. 
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A clear distinction is evident between the W-modified high-entropy 

alloys and Inconel 718 across the investigated energy range. The tungsten-

containing CoCrFeNi alloys consistently exhibit lower MFP values 

compared to Inconel 718, demonstrating superior photon attenuation 

capability. 

Figure 6 compares MAC values predicted by the MLP model with those 

obtained from EPIXS theoretical calculations for the CoCrFeNi(W20) alloy. 

The agreement between the MLP predictions and EPIXS calculations was 

further assessed using quantitative error metrics. 
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Figure 6: Comparison of MAC values predicted by the machine learning model and 

EPIXS calculations for CoCrFeNi(W20%). 

Over the 15 keV–15 MeV range, the model yielded an MAE of 3.69 ×
10−2 g−1and an RMSE of 6.62 × 10−2cm2g−1. These results indicate that 

the MLP captures the overall energy-dependent attenuation trend with 

satisfactory accuracy. The remaining deviations may be reduced by 

increasing the diversity of the training data, tuning the network 

architecture/hyperparameters. Furthermore, the results highlights the 

potential of machine learning as a fast and efficient alternative tool for 

predicting photon attenuation properties of complex multicomponent alloys, 

particularly for composition screening and preliminary material design. 
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CONCLUSION 

This study presents a hybrid computational investigation of W-modified 

CoCrFeNi high-entropy alloys for potential radiation shielding applications. 

Photon attenuation properties were systematically evaluated using theoretical 

EPIXS calculations and machine learning predictions based on a multilayer 

perceptron (MLP) model. The results clearly demonstrate that increasing 

tungsten content significantly enhances gamma-ray shielding performance, 

particularly in the low-energy region where photoelectric absorption 

dominates. 

W-rich alloys exhibit higher mass and linear attenuation coefficients, 

along with reduced half-value layer (HVL) and mean free path (MFP) 

values, indicating improved attenuation efficiency. The effective atomic 

number (Zeff) analysis further confirms the strong contribution of tungsten 

to photon–matter interactions, while comparison with the commercial 

superalloy Inconel 718 reveals superior shielding performance for the W-

containing high-entropy alloys across a broad photon energy range. The 

reliability of the machine learning predictions was quantitatively assessed 

using standard error metrics. The MLP model achieved a mean absolute 

error (MAE) of 3.69 × 10−2 cm2 g−1and a root mean square error (RMSE) 

of 6.62 × 10−2 cm2 g−1, indicating that the model captures the overall 

attenuation behavior with satisfactory accuracy. Although minor deviations 

remain, these may be reduced by expanding the training dataset and 

incorporating physics-informed modeling strategies. 

Overall, the findings highlight the potential of W-modified CoCrFeNi 

high-entropy alloys as efficient and lightweight radiation shielding materials 

and demonstrate that machine learning provides a reliable and 

computationally efficient framework for the rapid screening and design of 

advanced multicomponent alloys. 
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ABSTRACT 

 

Chloroacetanilides are one of the intensively used classes of 

herbicides for pre-emergent and early post-emergent treatments in modern 

agriculture, enhancing crop production. The presence of herbicides in water 

and food raises significant global health concerns due to their toxic effects 

on non-target organisms, aquatic species, and the ecosystem. Despite the 

widespread application of chloroacetanilide herbicides, there is a notable gap 

in the estimation of acute toxicity data, particularly regarding the utilization 

of in silico methods.  

In this study, the predicted toxicity of five chloroacetanilide herbicides 

(butachlor, dimethachlor, metazachlor, metolachlor, and propachlor) was 

assessed theoretically using ProTox 3.0 and TEST in silico tools. The 

predicted lethal dose 50 (LD50) and the lethal concentration 50 (LC50) 

values for chloroacetanilides were determined using in silico approaches, 

providing an ethical alternative to animal testing. Propachlor indicated the 

lowest LD50 values of 290 mg/kg and 635 mg/kg for ProTox 3.0 and TEST 

methods, respectively. All compounds revealed the signs of developmental 

toxicity based on the TEST method. 

 
Keywords –Chloroacetanilides, Herbicides, In Silico Tool, Protox 3.0, TEST. 

 

INTRODUCTION 

 

Among the diversity of pesticides, herbicides stand out as an 

intensively utilized class for controlling or killing weeds globally. They 

account for 47.5% of the estimated two million tonnes of annual pesticide 

consumption. Herbicides are stable chemicals that support crop production, 

providing economic benefits by increasing crop yields. The mode of action 

of these chemical agents varies, including growth regulators, seedling 

growth inhibitors, photosynthesis inhibitors, lipid biosynthesis inhibitors, 

amino acid biosynthesis inhibitors, and inhibitors of pigment biosynthesis. 

They are primarily regarded as safe due to their specific action mechanisms 

that target only plants and do not directly affect animal physiology. 

However, the application of herbicides depends upon the dose relationship 

that influences the herbicide-soil enzyme interaction. The heavy utilization 

of herbicides results in inhibition of enzyme activity, while a low dosage acts 

as a stimulator. Herbicides are certainly not biodegradable and can enter 

aquatic systems, affecting ecological biodiversity by harming various non-

target organisms, such as animals and soil bacteria (Bamal et al., 2024; 

Bhardwaj, Pandey, & Dubey, 2021; Rani et al., 2021).  

Chloroacetanilide herbicides are a subgroup of acetamide compounds. 

Acetochlor, alachlor, butachlor, dimethachlor, metolachlor, pretilachlor, 

propachlor, and propaquizafop are the most well-known members. 
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Acetochlor and alachlor are prohibited in many countries, although they are 

still permitted in others.  

Butachlor is a systemic selective herbicide mostly applied in rice 

paddies to control broadleaf weeds and perennial grasses. This herbicide can 

be toxic to non-target species and may affect microbial populations in the 

soil (Abigail, Samuel, & Ramalingam, 2015; Bamal et al., 2024).  

Dimethachlor is particularly applied for oilseed rape protection, which 

was known as a medium-toxic pesticide with an average lethal dose of 1600 

mg/kg, and was noted to be extremely harmful to algae and fish (Ćurčić et 

al., 2022).  

Metazachlor is widely applied for weed management at pre- and early 

post-emergence stages in oilseed crops, particularly in groundnuts, rapeseed, 

and soybeans. Metazachlor inhibits the assembly of long-chain fatty acids, 

which are critical for cell division and growth processes (Bamal et al., 2024; 

Velisek et al., 2020). Velisek et al. found that a concentration of metazachlor 

at 0.0790 µmol/L in the environment could alter the movement of marbled 

crayfish (Velisek et al., 2020). Pretilachlor is primarily used in seeded and 

transplanted rice during the pre- and early post-emergence stages, effectively 

controlling annual grasses and various broad-leaved weeds (Bamal et al., 

2024). It was reported that the acute toxicity of pretilachlor on the epigeic 

earthworm, E. fetida, was very toxic with a LC50 value of 9.23 μgcm−2 

(Wang et al., 2012).  

Metolachlor is a pre-emergent chloroacetanilide utilized to manage 

broadleaf and annual grassy weeds (Bamal et al., 2024). The toxicity of 

metolachlor and its degradation products was assessed on the sperm cells 

and embryos of the Pacific oyster, Crassostrea gigas. The exposure of these 

compounds could cause developmental defects and DNA damage in the 

early life stages of Crassostrea gigas (Mai et al., 2014).  

Another chloroacetanilide herbicide, propachlor, is applied in the pre-

emergence stage to control the weeds. Propachlor is considered harmless and 

low in toxicity to non-target organisms (Bamal et al., 2024). However, it was 

reported that propachlor could exhibit cytotoxic effects on the rat and the 

human hepatoma cell lines (Dierickx, 1999). Propaquizafop is a synthetic 

chloroacetanilide with a wide range of applications for various crops, and it 

works effectively and rapidly (Cheng et al., 2024). This fatty acid herbicide 

was found to have hepatocarcinogenic activity in rodents, which could 

potentially induce liver tumors in rodents after dietary administration; 

however, it did not present a relevant health risk to humans (Strupp et al., 

2018).   

Recently, the prediction of metabolism and toxicity of pesticides has 

been achieved using in silico tools as an eco-friendly, low-cost, and time-

efficient way to replace animal testing (Liu et al., 2024; Noga & Jurowski, 

2025; Weyrich, Joel, Lewin, Hofmann, & Frericks, 2022). This study 

assessed the predicted toxicity of five chloroacetanilide herbicides: 
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butachlor, dimethachlor, metazachlor, metolachlor, and propachlor using two 

quantitative in silico methods, ProTox 3.0 and TEST methods. The predicted 

LD50 values of chloroacetanilides obtained from both ProTox 3.0 and TEST 

methods were compared to experimental literature data.  

 

 

 

 

 

 

MATERIALS AND METHODS 

 

The chemical structures of butachlor, dimethachlor, metazachlor, 

metolachlor, and propachlor chloroacetanilides obtained from PubChem 

(https://pubchem.ncbi.nlm.nih.gov) are presented in Figure 1.  
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Figure 1. The chemical structures of selected chloroacetanilides. 

 

TEST version 5.1.2 software website, USEPA Toxicity Estimation Software 

Tool (https://www.epa.gov/comptox-tools/toxicity-estimation-software-tool-

test, 2020) is based on a quantitative structure–activity relationship (QSAR) 

model that applies SMILES or CAS numbers, and related data is presented 

in Table 1. The predicted acute oral LD50 toxicity in rats was determined 

using a consensus QSAR approach, which is regarded as the most reliable 

method in TEST software. The endpoints of the selected chloroacetanilides 

were assessed using the TEST approach, such as Fathead minnow LC50 (96 

https://pubchem.ncbi.nlm.nih.gov/
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h), Tetrahymena pyriformis IGC50, 50% growth inhibitory concentration (48 

h), Daphnia magna LC50 (48 h), developmental toxicity, and 

bioconcentration factor. 

 

 
Table 1. The identifiers of the selected chloroacetanilides. 

 

ProTox 3.0 is an open, web-based in silico platform that incorporates 

machine similarity-based prediction, fragment propensities, pharmacophore 

models, and learning algorithms, and widespread databases based on 

cheminformatics principles to group toxicity into six classifications 

according to predicted LD50 values (Banerjee, Kemmler, Dunkel, & 

Preissner, 2024; https://tox.charite.de/protox3/).  

 

 

 

 

 

 

RESULTS AND DISCUSSION 

 

The acute toxicity levels of butachlor, dimethachlor, metazachlor, 

metolachlor, and propachlor chloroacetanilides were addressed using 

predicted LD₅₀ values derived from in silico tools (Figure 2). The predicted 

toxicity effects of these chloroacetanilides were derived by computational 

tools, specifically ProTox 3.0 (Tables 2 and 3) and TEST (Table 4), in silico 

methods. Additionally, the predicted developmental toxicity values of these 

chloroacetanilides, obtained using TEST software, are presented in Figure 3. 

 

Chloroacetanilides CAS SMILES 

Butachlor 23184-

66-9 

CCCCOCN(C1=C(C=CC=C1CC)CC)C(=O)CCl 

Dimethachlor  50563-

36-5 

CC1=C(C(=CC=C1)C)N(CCOC)C(=O)CCl 

Metazachlor 67129-

08-2 

CC1=C(C(=CC=C1)C)N(CN2C=CC=N2)C(=O)CCl 

Metolachlor 51218-

45-2 

CCC1=CC=CC(=C1N(C(C)COC)C(=O)CCl)C 

Propachlor  1918-

16-7 

CC(C)N(C1=CC=CC=C1)C(=O)CCl 
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Figure 2. The predicted LD₅₀ values of chloroacetanilides using in silico tools. 

 

The acute toxicity of butachlor was evaluated using adult earthworms, 

Eisenia fetida, resulting in an LC50 value of 0.515 mg kg−1 (Gobi & 

Gunasekaran, 2010). The acute toxicity and stress behavior of butachlor 

were evaluated on freshwater fish (Heteropneustes fossilis, Clarias 

batrachus, Channa punctatus) and mosquito larvae (Culex pipiens fatigans). 

The LC50 values were found to be 2.34 ppm, 3.25 ppm, 2.82 ppm, and 35 

ppm for Heteropneustes fossilis, Clarias batrachus, Channa punctatus, and 

Culex pipiens fatigans, respectively (Farah, Ateeq, Ali, Sabir, & Ahmad, 

2004). These experimental LC50 values for freshwater species were similar to 

the predicted LC50, 96 h value (2.78 mg/L) exposure to the Fathead minnow 

using the TEST in silico platform.  

 
Table 2. The predicted toxicological class of selected chloroacetanilides using the 

ProTox 3.0. 

Chloroacetanilides  

Octanol/water 

partition 

coefficient 

(logP) 

LD₅₀ 

(mg/kg) 

Predicted 

Toxicity 

Class 

Butachlor 4.16 1740 4 

Dimethachlor  2.52 1600 4 

Metazachlor 2.73 1000 4 

Metolachlor 3.16 849 4 

Propachlor  2.67 290 3 

 

Sun et al. reported that pre-exposure to the volatile butachlor, a tobacco 

cutworm, Spodoptera litura larvae, notably decreased susceptibility to the 

chlorpyrifos. Additionally, exposure to this non-ionic herbicide was 
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indicated to activate the expression of detoxification enzyme genes (Sun et 

al., 2021). The acute toxic effect of butachlor, based on LD50 values for oral 

and dermal inhalation routes in rats, was 2620 mg/kg and greater than 5.3 

mg/L, respectively. In mice, the estimated LD50 (oral) value was 4140 

mg/kg, while the LD50 (dermal inhalation) value in rabbits was estimated at 

13000 mg/kg (Abigail et al., 2015). According to the ProTox 3.0 prediction, 

the toxicity classification of butachlor chloroacetanilide was found to be 

class 4, which was an acute oral toxicity LD50 value of 1740 mg/kg. The 

predicted LD50 value derived from the TEST software was 1861 mg/kg. The 

predicted LD50 values obtained from two different in silico approaches were 

nearly identical. However, these values were slightly lower than the 

experimental oral LD50 value reported in rats, 2620 mg/kg (Abigail et al., 

2015).       

 
Table 3. The predicted toxicological endpoints using the ProTox 3.0 in silico 

platform. 

 

 

The average lethal dose (LD50) of dimethachlor  was reported to be 1600 

mg/kg, and this medium-toxic pesticide was also defined as extremely 

harmful to algae and fish (Ćurčić et al., 2022). This value matched the 

predicted LD50 value of 1600 mg/kg from TEST and was also closer to the 

predicted LD50 value of 1373 mg/kg obtained from ProTox 3.0. 

 

 

 

Chloroacetanil

ides  

Oral rat 

LD50, 96 

h, mg/kg 

Fathead 

minnow 

LC50, 96 

h    

mg/L 

Tetrahy

mena 

pyriform

is IGC50, 

48 h, 

mg/L 

Daphni

a 

magna      

LC50, 

48 h, 

mg/L 

Bioconcentrat

ion factor 

Butachlor 1861 2.78 3.44 3.48 32.29 

Dimethachlor  1373 11.69 28.04 10.21 15.64 

Metazachlor 814 2.96 9.56 17.97 39.05 

Metolachlor 1884 5.06 13.39 4.90 31.38 

Propachlor  635 34.86 48.70 9.98 20.82 
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Figure 3. The predicted developmental toxicity values using the TEST method. 

 

The LC50 (96h) values of metazachlor reported for rainbow trout 

(Oncorhynchus mykiss), bluegill sunfish (Lepomis macrochirus), and 

common carp (Cyprinus carpio) were 4 mg/L, 15 mg/L, and 15 mg/L, 

respectively, while the EC50 (48h) value of 22.3 mg/L was determined for 

Daphnia magna(FAO, 1999).  The predicted LC50, 96 h value of 17.97 mg/L 

for the Fathead minnow was similar to that of the freshwater fish species of 

Lepomis macrochirus (15 mg/L).  

 
Table 4. The predicted toxicological risk assessments using the TEST in silico 

platform. 

 

The oral LD50 values of metolachlor for male and female rats were 3267 and 

2577 mg/kg, respectively (Aprea et al., 2016). The metolachlor and its 

degradation products were investigated using the TEST approach, and it was 

Chloroacetan

ilides  

Hepatotox

icity 

Carcinogen

icity 

Immunotox

icity 

Mutagen

icity 

Cytotoxi

city 

Butachlor Inactive Inactive Active Active Inactive 

Dimethachlor  Inactive Active Inactive Inactive Inactive 

Metazachlor Inactive Active Inactive Inactive Inactive 

Metolachlor Inactive Inactive Active Inactive Inactive 

Propachlor  Inactive Inactive Inactive Inactive Inactive 
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determined that all compounds exhibited developmental toxicity (Coffinet et 

al., 2012). Nicol et al. reported the predicted LD50 values of metolachlor and 

each photoproduct using TEST software, finding that these compounds 

exhibited higher toxicity than the parent metolachlor compound (Nicol, 

Genty, Bouchonnet, & Bourcier, 2015). These results were consistent with 

our toxicity results of metolachlor (Aprea et al., 2016). 

ProTox 3.0 results indicate that propachlor was inactive in the toxic 

parameters of hepatotoxicity, carcinogenicity, immunotoxicity, mutagenicity, 

and cytotoxicity. Propachlor revealed the lowest predicted LD50 values of 

290 mg/kg and 635 mg/kg according to the ProTox 3.0 and TEST methods, 

respectively. This chloroacetanilide was estimated to be toxic, as it belonged 

to the toxicity class of 3.  

 

 

 

 

 

 

CONCLUSION 

 

The predicted toxicity profiles of some selected chloroacetanilides were 

assessed by using ProTox 3.0 and TEST in silico tools. ProTox 3.0 approach 

stated that butachlor, dimethachlor, metazachlor, and metolachlor 

compounds were predicted as class 4 (harmful), while propachlor fell in 

class 3 (toxic). In general, similar results were obtained for most of the 

chloroacetanilides comparing both ProTox 3.0 and TEXT in silico 

approaches. However, in vivo and/or in vitro biological analysis on 

chloroacetanilides should be conducted to verify the performance challenge 

of in silico toxicity prediction challenge of these methods.  
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ABSTRACT 

 

This study examines the institutional development of public libraries in 

Türkiye, the size of their collections, and user demand based on data from the 

period 1945–2023. The research utilizes statistics published by the Turkish 

Statistical Institute (TURKSTAT) and compiled from Public Library 

Directorates. The study first analyzes the distribution characteristics of library, 

book, and user numbers through descriptive statistics. Time series graphs and 

annual growth rates are used to reveal long-term trends. To measure the 

effectiveness of library services, efficiency indicators consisting of 

user/library, user/book, and book/library ratios were created, and the 

descriptive statistics and annual changes of these indicators were examined. 

Furthermore, Pearson correlation analysis was used to test the relationships 

between variables, revealing that library, book, and user numbers exhibit a 

high level of positive correlation with each other. The findings reveal that 

public libraries show continuous growth in the long term, but that the increase 

in user demand exceeds the growth in the number of libraries and books. This 

result indicates that library policies should focus not only on quantitative 

growth but also on strategies for diversity and accessibility in service quality 

and user needs. 

 
Keywords – Public Libraries, Library Statistics, Efficiency Indicators, User 

Demand, Correlation Analysis, Türkiye. 

 

INTRODUCTION 

Libraries have been among the most fundamental institutions for access to 

information, cultural transmission, and social development throughout history 

[1], [2]. Libraries, which contribute to the education, research, and cultural life 

of societies, are also at the center of democratic participation and lifelong 

learning [3], [4]. In the modern information society, libraries have evolved 

beyond being mere repositories of information; they have become dynamic 

structures that facilitate access to information and respond to users' changing 

expectations in the digitalization process [5], [6]. 

The development of public libraries in Türkiye gained acceleration with the 

proclamation of the Republic and, particularly from the 1940s onwards, 

underwent a systematic institutionalization process [7], [8]. Public libraries 

have not only provided books and information services, but have also served 

as centers for socio-cultural activities, educational activities, and social 

integration [9]. However, during this process, the increase in the number of 

users has often outpaced the growth in the number of libraries and books [7], 

[10]. 

Nowadays, with the increasing access to digital resources, user expectations 

have changed significantly, making it necessary for libraries to provide 

services not only with printed resources but also with digital collections [12], 
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[13]. In this context, the sustainability and effectiveness of libraries are 

evaluated not only by the size of their collections but also by the suitability 

and accessibility of these collections to user needs [14], [15]. 

Statistics on public libraries in Türkiye indicate a significant growth trend 

in terms of the number of libraries, books, and users [16]. However, the faster 

increase in the number of users indicates that the existing infrastructure may 

sometimes be insufficient in terms of capacity [10], [17]. Studies conducted 

at the international level also reveal similar trends and emphasize that, 

especially in developing countries, user demand often exceeds the rate of 

increase in library resources [18], [19]. 

This study examines the historical development of public libraries in 

Türkiye using quantitative data and analyzes trends in the number of libraries, 

books, and users, particularly during the period 1945–2023. Using descriptive 

statistics, growth rates, productivity indicators, and correlation analyses, the 

study reveals the structural transformation of the library system. The findings 

aim to contribute both to the development of national library policies and to 

the understanding of the social impact of library services in the international 

literature. 

 

 

 

MATERIALS AND METHOD 

Developments in the number of libraries, books, and users in Türkiye 

between 1945 and 2022 were examined in this study. The data used in the 

research were obtained from statistics published TURKSTAT, with the 

original source of the data being the Public Library Directorates [16]. This 

dataset provides a reliable basis for revealing the long-term trends in the 

institutional capacities of libraries, the size of their collections, and user 

demand. 

During the analysis process, descriptive statistics were calculated initially, 

and the mean, standard deviation, minimum, and maximum values of the 

library, book, and user counts were evaluated [20]. Subsequently, time series 

graphs were utilized to reveal the development of these variables over the 

years, examining both the change in absolute values and the annual growth 

rates [21]. 

Three key efficiency indicators have been established to evaluate the 

effectiveness of library services: user/library, user/book, and book/library 

ratios. Calculations based on these indicators provide an opportunity to assess 

libraries' capacity to meet user demand and developments in collection size 

[22]. 
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Correlation analysis was applied to determine the strength and direction of 

the relationships between variables. Pearson correlation coefficients were 

calculated, and statistical significance levels were tested. This method reveals 

whether the number of libraries, the number of books, and the number of users 

exhibit parallel development [23]. 

In recent years, data science and machine learning methods have been 

increasingly used in the social sciences and information management fields; 

these methods particularly enhance the effectiveness of classification and 

pattern recognition processes in large datasets [24]. Accordingly, the analysis 

was performed using the Python programming language; the pandas, 

matplotlib, seaborn, and statsmodels libraries were used for data processing 

and visualization. 

 

 

 

 

RESULTS 

This section presents and examines in detail the results of the analyses 

conducted in the study. 

 

Table 1. Presents the descriptive statistics of the core variables: Libraries, Books, 

and Users. 

Index Count Mean Std. Min. Max. 

Libraries 78,0 665,71 454,73 61,0 1367,0 

Books 78,0 7825020,37 6457080,02 702060,0 23091168,0 

Users 78,0 11944543,54 9072024,75 465544,0 31451920,0 

 
Table 1 summarizes the descriptive statistics of the three key variables 

examined in this study: number of libraries, number of books, and number of 

users. The results obtained provide information about the general distribution 

and development trend of these indicators during the period under review. As 

can be seen from the table, the average number of libraries was 665, with the 

lowest value being 61 and the highest value being 1367. The relatively high 

standard deviation (≈455) indicates significant fluctuations between years, 

with rapid increases in some periods and a more stable trend in others. 
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Number of books is also around 7,8 million on average. The minimum value 

is 702,000, while the maximum value is over 23 million. The standard 

deviation being quite high (≈6.45 million) indicates that there are significant 

differences in book collections over time and that rapid growth occurred 

during certain periods. Furthermore, the number of users has been identified 

as the indicator with the highest variability among the three variables. This 

variable, corresponding to an average of 11,9 million users, has taken values 

ranging from a minimum of 465,000 to a maximum of around 31 million. The 

standard deviation exceeding 9 million indicates that the number of users 

fluctuated significantly over the years and that there were clear upward trends 

in the public's demand for library services. 

 

 

Fig. 1 Libraries, Books and Users (1945-2022) 

Figure 1 shows the annual change in the number of libraries, books, and 

users between 1945 and 2022, revealing that all three variables show an 

upward trend in the long term. While the number of libraries has remained at 

relatively low levels and followed a limited growth trend, the number of books 

has entered a period of rapid growth, particularly since the 1980s. The most 

notable increase has been in the number of users, with social demand for 

library services rising significantly after 1980. However, fluctuations in the 

number of users observed in recent years indicate periodic disruptions and 

occasional imbalances in demand. 
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Fig. 2 Annual Growth Rates of Libraries, Books and Users (1945-2022) 

Figure 2 reports the annual growth rates of libraries, books, and users, 

revealing fluctuations in the growth rates of these variables over time. 

Although the growth rates of all three variables were generally positive, there 

were notable fluctuations in the number of users; some years saw very high 

increases, while other periods showed negative growth rates. The growth rate 

of the number of books has followed a more balanced trend, while the number 

of libraries has occasionally fallen to negative values, showing a decline in 

certain periods. These results indicate that the library system is on a 

continuous growth trend, but that growth rates are not stable, with seasonal 

fluctuations in user demand being particularly prominent. 

 

 

Fig. 3 Correlation Matrix 
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The correlation matrix showing the relationships between the number of 

libraries, the number of books, and the number of users is shown in Figure 3. 

The findings reveal that there are quite strong and positive relationships 

between the variables. In particular, the correlation coefficient between the 

number of libraries and the number of users is 0,95, indicating that the 

expansion of the library infrastructure significantly affects user demand. 

Similarly, the correlation coefficient between the number of books and the 

number of libraries is 0,92, while the correlation coefficient between the 

number of books and the number of users is 0,89. All relationships are 

statistically highly significant (p < 0,001). These results confirm that 

institutional and content-related developments in the library system directly 

affect the number of users and that the variables have a parallel growth trend. 

 

Table 2. Presents the descriptive statistics of efficiency indicators. 

Index Count Mean Std. Min. Max. 

Users per Library 78,0 15840,93 4904,92 7631,87 26609,07 

Users per Book 78,0 1,48 0,5 0,61 2,61 

Books per Library 78,0 11031,84 2538,65 8912,0 18370,06 

 

The descriptive statistics of the three key efficiency indicators created to 

measure the effectiveness of the library system (user/library, user/book, and 

book/library ratios) are presented in Table 2. According to the findings, the 

user/library ratio averages 15,841, ranging from a minimum of 7,632 to a 

maximum of  26,609; this indicates that libraries are serving an increasing 

number of users. The user/book ratio averages 1,48, indicating that there are 

approximately 1,5 users per book; this finding is important in terms of 

showing the intensity of use of book collections. The book/library ratio is 

11,032 on average, ranging from a minimum of 8,912 to a maximum of 

18,370, reflecting the expansion of library collections over the years. Overall, 

productivity indicators reveal that user demand is growing faster than the 

increase in libraries and books, thus highlighting that libraries are facing 

increasing social demand. 
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DISCUSSION 

The institutional development, collection size, and user demand of public 

libraries in Türkiye between 1945 and 2023 were comprehensively examined 

in this study. The findings reveal that, in the long term, all three variables 

showed an upward trend, but the increase in the number of users significantly 

outpaced the increase in the number of libraries and books. This implies that 

libraries are playing an increasingly critical role in meeting the growing 

demand for information and services at the societal level. The annual growth 

rates reveal that seasonal fluctuations in the number of users are more 

pronounced. These fluctuations suggest that social, economic, or 

technological changes may directly affect library usage habits. Although the 

growth in the number of books and libraries follows a more balanced trend, 

the fact that there have been downward trends in some years is a finding that 

should be carefully evaluated in terms of the continuity of the library system. 

Productivity indicators reveal increasing trends in user/library and 

user/book ratios over time. This situation demonstrates that libraries are 

serving an increasing number of users with existing resources, thereby 

increasing the service load. The long-term growth trend in the book/library 

ratio indicates that collections are expanding, but this increase might not be 

entirely sufficient to meet user demand. 

According to the results of the correlation analysis, there are strong and 

positive relationships between the number of libraries, the number of books, 

and the number of users. In particular, the high correlation coefficient between 

the number of libraries and the number of users indicates that infrastructure 

expansion has a direct effect on user demand. Furthermore, it has been 

observed that trust at the organizational level is a decisive factor in employee 

loyalty and internal efficiency, and that trust and a sense of belonging play a 

critical role in the sustainability of service quality [25]. These findings show 

that library investments are an important tool for creating social impact. 

Similarly, statistical analyses reveal that social belonging is an important 

factor that strengthens the interaction power of institutions and the social 

perception of service quality [26]. 

 

 

 

CONCLUSION 

Study results indicate that public libraries in Türkiye have shown continuous 

long-term development, but user demand increases at a rate faster than the 

growth in the number of libraries and books. This situation demonstrates that 

library policies and investments should focus not only on quantitative growth 
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but also on service quality and providing a variety of resources that meet user 

needs. 

The strong correlations between the number of libraries, books, and users 

reveal that these elements are complementary and that the system must be 

approached holistically. In particular, the rapid increase in the number of users 

requires libraries to develop more innovative solutions in terms of digitization, 

accessibility, and new service models. 

In conclusion, this study reveals the historical development of public 

libraries through numerical data, while also providing important insights for 

future policy development. Considering that libraries are not merely 

institutions that store books, but centers for access to social knowledge, 

lifelong learning, and cultural participation, it is necessary to develop 

sustainable and user-centered strategies. The sustainability of institutional 

services depends not only on structural and technical capacity but also on the 

perception of fairness and equality among employees and service recipients; 

this is seen as a decisive factor in the long-term efficiency of institutions [27]. 
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ABSTRACT 

 
Fungal enzymes serve as critical catalysts across a vast array of 

industrial sectors, including food processing, biofuel production, the paper 

and pulp industry, and waste management. To enhance production efficiency 

and reduce costs, the optimization of fermentation conditions is of paramount 

importance. Because the traditional "one-factor-at-a-time" approach ignores 

interactions between variables and is time-consuming, powerful statistical and 

mathematical tools such as Response Surface Methodology have become 

widespread in modern biotechnology. Through experimental designs such as 

Central Composite Design and Box-Behnken Design, the individual and 

interactive effects of critical parameters like temperature, pH, moisture 

content, incubation time, and nutrient concentration on enzyme yield were 

analyzed. Previous studies have demonstrated that the application of RSM to 

fungal enzyme production can result in substantial improvements in yield, in 

some cases achieving several-fold increases compared to non-optimized 

conditions. Furthermore, this method supports the sustainable bio-economy 

by enabling the conversion of agricultural wastes into high-value bio-

products. Consequently, Response Surface Methodology stands out as an 

indispensable strategy for increasing the efficiency, precision, and economic 

feasibility of fungal enzyme production. 

 
Keywords – Response Surface Method, Fungal Enzyme, Optimization, Industrial 

Biotechnology. 

 
INTRODUCTION 

 

Enzymes are pivotal catalysts utilized across an expanding range of 

industrial sectors, including food processing, biofuels, paper and pulp, 

textiles, detergents, and waste management (Sharma et al., 2001:1; Hasan et 

al., 2006; Dhaver et al., 2022; Behnam et al., 2019:27). Their importance is 

underscored by their wide-ranging applications, from biomass degradation 

and bio-detection to pharmaceutical and medical uses (Mate and Alcalde, 

2017; Kudanga et al., 2017; Zhou et al., 2021; Dong et al., 2023; D’Annibale 

et al., 2006:1586). For instance, proteases alone constitute 60% to 65% of the 

global enzyme market due to their critical roles in diagnostics, the detergent 

industry, and food processing (Ben Mefteh et al., 2019). Similarly, lipases are 

highly valued for their ability to catalyze the hydrolysis, interesterification, 

and transesterification of lipids, making them essential in industries ranging 

from food and pharmaceuticals to biodiesel synthesis (Colla et al., 2016:461). 

Microbial sources, including bacteria, actinomycetes, and especially 

fungi, are generally preferred for industrial enzyme production. This 

preference stems from their ability to grow easily, their simple production 

processes, and the comparatively low costs involved (Saha and Mazumdar, 
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2019; Abdullah et al., 2024; Chen et al., 2013:3844). Among these microbes, 

filamentous fungi, such as Aspergillus species, are widely utilized (Chen et 

al., 2013:3844; Abdeshahian et al., 2011). Fungi are particularly advantageous 

over bacteria for degrading complex lignocellulosic biomass, yielding more 

robust enzymes, especially when cultivated via Solid-State Fermentation 

(SSF) (Sharma et al., 2025:1). 

Enzyme production typically employs two major techniques: 

Submerged Fermentation (SmF) and SSF (Pandey, 2003). SSF refers to the 

cultivation of microorganisms on moist solid substrates under conditions of 

low water activity, closely resembling the natural growth environment of 

many fungi (Pandey, 2003; Gervais and Molin, 2003; Chen et al., 2013:3844). 

This method is advantageous as it minimizes the chances of bacterial 

contamination (Basu et al., 2002; Li et al., 2006). Conversely, SmF is favored 

in industrial settings because it allows for easier control of parameters (such 

as temperature and pH) and simplifies downstream enzyme recovery and 

biomass determination through methods like simple filtration or 

centrifugation (Colla et al., 2016:461; Coradi et al., 2013). 

The primary objectives of optimizing enzyme production are 

consistently focused on maximizing enzyme yield and reducing production 

costs, particularly by utilizing low-cost agricultural residues (Lee et al., 2011; 

Abdeshahian et al., 2011; Ma et al., 2025). However, achieving optimal 

conditions is complicated because enzyme production is influenced by a 

multitude of interconnected variables, such as temperature, pH, moisture 

content, carbon and nitrogen sources, and fermentation time (Chen et al., 

2013:3844; Yasmeen et al., 2013:944). 

Historically, the conventional optimization approach has been the "one-

factor-at-a-time" (OFAT) method, where only one independent variable is 

altered while all others are held constant (Lotfy et al., 2007). This strategy is 

now recognized as inherently flawed because it is excessively laborious, 

costly, time-consuming, and fails entirely to account for the crucial synergistic 

or antagonistic interactions between the various physiological and nutritional 

factors (Nor et al., 2017; Ben Mefteh et al., 2019; Granato et al., 2010; Hao et 

al., 2023; Lotfy et al., 2007; Koç and Kaymak-Ertekin, 2008). 

To bypass these limitations and ensure cost-effective, high-yield 

production, Response Surface Methodology (RSM) has emerged as a robust 

statistical and mathematical approach (Box and Wilson, 1951; Hao et al., 

2023; Koç and Kaymak-Ertekin, 2008). RSM integrates experimental design, 

mathematical modeling, and statistical analysis, allowing researchers to 

efficiently model the relationship between multiple input parameters and one 

or more desired response variables (Koç and Kaymak-Ertekin, 2008; Witek-

Krowiak et al., 2014). By facilitating the simultaneous evaluation of numerous 

variables, RSM significantly reduces the number of experiments required, 

saving time and resources while substantially enhancing the accuracy of 

optimization outcomes (Nor et al., 2017; Kolotylo et al., 2023:259). RSM is, 



165 

therefore, routinely used to rapidly determine the optimal conditions needed 

for maximizing microbial metabolites, including fungal enzymes (Chen et al., 

2013:3844; Ben Mefteh et al., 2019; D’Annibale et al., 2006:1586).  

 

 

 

 

 

 

 

RESPONSE SURFACE METHODOLOGY (RSM) CONCEPT AND 

METHODOLOGY 

 

Optimization is the process of holistically considering and applying 

independent variables, taking into account both their interactions with each 

other and their effects on the response, in line with predetermined goals 

(responses) of a process. Generally, an optimization approach aims to 

maximize or minimize predefined target functions such as product quality, 

yield, or economic gain. To this end, independent parameters, defined as 

decision variables, are systematically modified to determine the most suitable 

conditions (Banga et al., 2003:131). 

Response Surface Methodology (RSM) is an approach that integrates 

statistical and mathematical techniques to analyze, model, and optimize a 

response affected by multiple variables (Montgomery, 2001). This approach 

was first developed by Box and Wilson in 1951. RSM is based on fitting 

polynomial models to data obtained from designed experiments, thereby 

enabling the prediction of system behavior. 

In response surface modeling, while second-degree polynomial 

equations are often preferred for modeling complex processes, higher-degree 

polynomials can also be used when necessary. However, since the method is 

based on statistical models, even the most suitable model cannot fully reflect 

the real system; the results obtained are an approximate representation of the 

real system. Nevertheless, although it does not provide absolute accuracy, 

RSM is considered an effective and applicable optimization approach in 

solving multivariate problems. The construction of the response surface model 

is carried out by estimating the β coefficients included in the model using 

experimental data. The most commonly used method for determining these 

coefficients is least squares regression, which allows for the statistical 

calculation of model parameters (Montgomery, 2001). 

RSM was initially designed and developed by Box and Wilson (1951) 

for optimizing chemical reactions and is widely applied today to predict 

optimal process parameters, ensuring high yield and quality of bioproducts 

(Box and Wilson, 1951; Hao et al., 2023). 
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Key Steps and Experimental Designs 

Most software packages used in response surface method applications 

are based on second-order polynomial models. In optimization studies where 

a single regional minimum is investigated, second-order polynomial models 

offer both a sufficient and relatively easy-to-implement approach. However, 

if the response variable or independent variables under investigation do not 

exhibit behavior suitable for this model, the variables must be transformed or 

the working ranges of the independent variables must be appropriately 

rearranged in order for the response to be explained by a second-order 

polynomial (Baş and Boyacı, 2007:836). 

RSM, optimum experimental conditions in complex experimental 

systems are determined and modeled through different experimental design 

approaches such as Doehlert matrix (DM), central composite design (CCD), 

three-level hybrid design, single-factor design, pentagonal design, D-optimal 

design, factorial design, and Box–Behnken design (BBD) with three-

dimensional experimental arrangement (Montgomery, 2001). 

 

Design Models Used for Response Surface Methodology 

RSM typically involves defining input parameters (factors) and 

response values, selecting an experimental design, mathematical modeling, 

statistical analysis, and optimization (Hao et al., 2023; Witek-Krowiak et al., 

2014). The most common experimental designs used in RSM are the Central 

Composite Design (CCD) and the Box-Behnken Design (BBD) (Hao et al., 

2023; Mäkelä, 2017). 

RSM is defined as an approach that combines statistical techniques with 

mathematical expressions for the analysis and modeling of problems where 

numerous parameters influence the response variable. RSM is widely applied 

in the development of new product formulations, the improvement of existing 

product designs, process design, and the optimization and development of 

processes. The most frequently preferred experimental design models within 

this method are factorial design, CCD, and BBD with a three-dimensional 

experimental arrangement. CCD and BBD designs are more commonly used, 

particularly because they include second-order polynomial models and allow 

the creation of three-dimensional response surface graphs (Montgomery, 

2001; Antony, 2003; Lazic, 2004). 

Determining which of these design methods to use is of great 

importance in terms of the study's requirements and is directly related to the 

researcher's mastery of the subject matter. For example, the CCD is considered 

a more advantageous approach in research where the interactions between 

parameters are significant, as it allows for testing in different regions of the 

experimental area in addition to the main design points. In contrast, the 

factorial design method is mostly used to determine the main effects of the 

parameters and to obtain linear model equations. The BBD is another widely 

preferred design approach that requires testing only at the main design points. 
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Among these methods, the most frequently used experimental design model 

is known as the CCD (Turan and Altundoğan, 2011:11). 

Central Composite Design (CCD): Proposed by Box and Wilson, CCD 

is suitable for multi-factor, multi-level experiments involving continuous 

variables (Hao et al., 2023; Mäkelä, 2017). CCD is an experimental design 

approach where the independent variables vary between defined high and low 

levels. For applicability, the independent variables are generally coded in the 

range of -1 to +1; the lowest level is defined as -1, the highest as +1, and the 

middle level as 0. A central composite design includes cube points located at 

the corner points of the cube defined by the -1 and +1 limits, star (axial) points 

located at a distance of ±α outside the cube, and central points located at the 

origin. The value of α is determined depending on the number of factors being 

examined and some desired statistical properties in the design. CCD is widely 

used, especially when linear mathematical models are insufficient, to define 

second-order model equations and to describe the process more accurately. 

The mathematical model obtained by applying this design transforms into a 

second-order polynomial structure (Montgomery, 2001; Antony, 2003; Lazic, 

2004). 

Box-Behnken Design (BBD): BBD is an experimental design approach 

based on quadratic models. This design allows for the identification of 

nonlinear relationships between independent variables and the response 

(output) variable. The experimental results are visualized on the response 

surface using contour diagrams. In three-factor systems, a cubic surface 

structure is obtained by connecting the midpoints, and the interactions of the 

variables can be evaluated through this structure. For models created using 

BBD, the expected response surfaces can be drawn as three-dimensional 

graphs, thus allowing for visual analysis of system behavior. Furthermore, this 

method allows for the observation of experimental errors and the appropriate 

selection of parameters for the quadratic model (Montgomery, 2001; Antony, 

2003; Lazic, 2004). BBD often requires fewer experimental runs and avoids 

extreme experimental conditions that may be dangerous or impractical, as its 

design points do not extend beyond the established upper and lower limits 

(Hao et al., 2023; Mäkelä, 2017; Box and Behnken, 1960). The mathematical 

modeling typically employs empirical second-order polynomial equations to 

capture linear, quadratic, and interaction effects between variables (Hao et al., 

2023; Koç and Kaymak-Ertekin, 2008). 

 

Statistical Validation 

The reliability of the established model is assessed using Analysis of 

Variance (ANOVA) (Hao et al., 2023). Key metrics include the F-value and 

P-value (a low P-value, typically ≤0.05, indicates significance), the 

Coefficient of Determination (R2), which should be close to 1.0 (ideally > 

0.90) for a strong correlation, and the Lack of Fit test (a non-significant P-

value, >0.05, confirms the model adequately represents the data) (Koç and 
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Kaymak-Ertekin, 2008; Hao et al., 2023; Chen et al., 2013:3844; 

Ramanjaneyulu and Rajasekhar Reddy, 2016). 

After estimating the regression model, it is essential to assess how well 

the resulting equation explains the relationships among the variables and to 

what extent the predictions derived from it are sensitive and reliable. In 

addition, the appropriateness of the mathematical form of the selected 

model—namely, whether it adequately represents the true mean response, 

which is one of the underlying assumptions—should also be evaluated. For 

this purpose, various statistical methods are used, such as calculating the 

coefficient of variation (C.V.), applying general hypothesis tests for 

regression analysis, testing the individual significance of regression 

coefficients, determining the coefficient of determination (R²) and the 

adjusted coefficient of determination (R²_adj), calculating the estimated sum 

of squared residual errors (PRESS), evaluating the adequate precision value, 

performing a lack of fit test to examine model inappropriateness, and 

conducting residual analyses (İkiz et al., 2000). 

In RSM, data obtained from designed experiments are fitted into 

regression models, and these models are used to describe system behavior. 

However, since the created regression model is only an approximate 

representation of the actual response function, the residuals, which represent 

the difference between the predicted values and the experimental results, 

include not only pure experimental error but also error arising from the 

inadequacy of the model's mathematical form. This error, resulting from the 

model's mathematical structure not adequately representing the real system, is 

defined as model lack of fit. Ideally, the model lack of fit should be statistically 

insignificant, and the regression model should be considered meaningful 

(Montgomery, 2001; Castillo, 2007). 

 

 

 

 

 

 

RESPONSE SURFACE METHODOLOGY APPLICATIONS IN 

FUNGAL ENZYME PRODUCTION 

 

In process optimization studies, it is often necessary to simultaneously 

evaluate multiple responses that define the quality criteria of the product or 

the system performance. Some of these responses may be kept at a maximum 

level, some at a minimum level, and some may be within a certain target or 

acceptable range. However, in many cases, improving one response can 

negatively affect another. Therefore, it becomes necessary to consider all 

responses defining the system together in the optimization process. On the 

other hand, increasing the number of responses transforms the optimization 
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problem into a more complex structure, and various approaches have been 

developed to explain and solve this situation (Castillo, 2007). 

Single-response optimization problems can generally be solved by 

calculating stationary points. In contrast, multi-response optimization 

problems are solved using nonlinear programming approaches, superimposing 

the responses by plotting contour lines, and methods such as the desirability 

function (Castillo, 2007). 

The primary goal in optimizing multi-response systems is to achieve 

the best possible balance among all responses. However, the nonlinear 

programming approach cannot always meet this requirement. The method of 

superimposing the contour lines of the responses is one of the alternative 

approaches used in solving multi-response optimization problems. In this 

method, while one independent variable is kept constant, the possible 

combinations of the other two variables are expressed with contour lines. 

Depending on the regression coefficients, the shape of the contour lines 

(circular, elliptical, or saddle point) indicates the presence of maximum, 

minimum, stagnant peak, or increasing/decreasing peak points. A circular 

response surface suggests that interactions among the variables are negligible, 

whereas elliptical or saddle-shaped surfaces indicate the presence of 

significant interactions. The surface enclosed by the smallest elliptical or 

circular region corresponds to the maximum or minimum predicted response 

value (Myers et al., 2004:53). However, this approach loses its practicality 

when four or more dependent and independent variables are examined 

simultaneously; Furthermore, the fact that the responses are on different scales 

makes it difficult to display them together on the same graph (Montgomery, 

2001; Castillo, 2007). 

Filamentous fungi are commonly used for enzyme production, 

primarily through Solid-State Fermentation (SSF), where microorganisms 

grow on moist solid substrates with low water activity (Pandey, 2003; Gervais 

and Molin, 2003; Chen et al., 2013:3844). SSF mimics the natural habitat of 

many fungi and is an attractive approach for upgrading lignocellulosic waste 

biomass, such as agricultural residues, into valuable enzymes (Chen et al., 

2013:3844; Yasmeen et al., 2013:944). 

RSM has been widely and successfully applied to optimize the critical 

factors influencing fungal enzyme yields, which include temperature, pH, 

moisture content, fermentation time, and the concentration/type of carbon and 

nitrogen sources (Table 1) (Yasmeen et al., 2013:944; Lonsane et al., 1985; 

Koç and Kaymak-Ertekin, 2008). 

 

Ligninolytic Enzymes (LiP, MnP, Laccase) 

Ligninolytic enzymes produced by white-rot fungi (WRF) are essential 

for degrading lignin (Yang et al., 2011). 

Schyzophyllum commune (LiP, MnP, Laccase): RSM using CCD was 

applied to optimize the production of ligninolytic enzymes by S. commune 
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using corn stover via SSF (Yasmeen et al., 2013:944). Initial screening 

indicated that S. commune yielded higher activities (Lignin Peroxidase (LiP) 

1007.39 U/mL, Manganese Peroxidase (MnP) 614.23 U/mL, and Laccase 

97.47 U/mL) than Ganoderma lucidum (Yasmeen et al., 2013:944). The 

optimized SSF conditions were determined as pH 4.5, temperature 35°C, 

inoculum size 4 mL, and moisture content 60% (Yasmeen et al., 2013:944). 

Under these conditions, the maximal activities achieved were LiP 1270.40 

U/mL, MnP 715.08 U/mL, and Laccase 130.80 U/mL (Yasmeen et al., 

2013:944). The model showed high reliability, particularly for LiP and MnP, 

with R2 values of 0.9976 and 0.9909, respectively (Yasmeen et al., 2013:944). 

Ganoderma lucidum (Laccase Scale-up): RSM (Box-Behnken design) 

was utilized to optimize laccase production during scale-up to 200 L and 1200 

L fermenters (Ma et al., 2025). Critical factors were identified using the 

Plackett–Burman design as temperature, aeration ratio, and agitation speed 

(Ma et al., 2025). The optimal conditions were determined as 30°C 

temperature, 0.66 aeration ratio, and 100 rpm agitation speed, resulting in a 

maximum laccase activity of 214,185.2 U/L (Ma et al., 2025). The optimum 

pH for the laccase enzyme activity was determined to be 3.0, characterizing it 

as an acidic enzyme (Ma et al., 2025). 

 

Cellulolytic and Hemicellulolytic Enzymes 

These enzymes are vital for breaking down lignocellulosic biomass 

(Chen et al., 2013:3844). 

Aspergillus terreus K1 (Multi-enzyme): RSM (CCD) was used to 

optimize the co-production of endoglucanase, mannanase, and xylanase by A. 

terreus K1 using palm kernel expeller (PKE) as the substrate (Chen et al., 

2013:3844). The four most significant parameters were temperature, moisture, 

initial pH, and inoculum concentration (Chen et al., 2013:3844). Optimal 

conditions identified for high multi-enzyme yield were 30.5°C temperature, 

62.7% moisture, pH 5.8, and 6% inoculum, yielding maximum xylanase 

activity of 265.57 U/g DM (predicted 262.01 U/g DM) (Chen et al., 

2013:3844). 

Aspergillus niger (Cellulase): The production of cellulolytic enzymes 

(endoglucanase and total cellulase) by A. niger using purple mombin residue 

through SSF was optimized using RSM. The optimization focused on 

fermentation time (h) and water activity (Aw). For endoglucanase, the optimal 

conditions were determined as an Aw of 0.974 and a fermentation time of 93.8 

h, yielding 3.21 U/mL. For total cellulase, the optimum was an Aw of 0.958 

and 79.4 h, yielding 12.1 U/mL. Water activity was found to have the most 

significant effect on total cellulase activity (Santos et al., 2013:1). 

Aspergillus niger (Glucoamylase): Glucoamylase production under 

SSF conditions was optimized using wheat bran and green gram as substrates. 

A BBD was applied to evaluate and optimize the effects of substrate 

concentration, moisture content, sucrose, and tryptone on enzyme yield. The 
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highest experimental glucoamylase activity reached 313 U/gds, which was in 

close agreement with the predicted value of 306 U/gds, under optimum 

conditions consisting of 12 g substrate, 55% moisture, 1 g sucrose, and 0.05 g 

tryptone. Furthermore, the produced enzyme exhibited good stability, 

retaining activity up to 60 °C and at pH 5 (Polley and Ghosh, 2020:456). 

Fusarium sp. BVKT R2 (Xylanase): RSM (CCD) was applied to 

optimize the production of xylanase in submerged fermentation (SmF) 

(Ramanjaneyulu and Rajasekhar Reddy, 2016). The variables optimized were 

sorbitol concentration, yeast extract (YE), initial pH, temperature, and 

agitation (Ramanjaneyulu and Rajasekhar Reddy, 2016). Optimal conditions 

were 1.5% sorbitol, 1.5% yeast extract, pH 5.0, 32.5°C temperature, and 175 

rpm agitation, yielding a maximum activity of 4560 U/ml (Ramanjaneyulu 

and Rajasekhar Reddy, 2016). The model proved reliable with an R2 of 0.9821 

and an adequate precision ratio of 22.749 (Ramanjaneyulu and Rajasekhar 

Reddy, 2016). 

Trichoderma harzianum (Xylanase): Xylanase production was 

optimized using a two-step statistical approach: PBD followed by BBD 

(Dhaver et al., 2022). This optimization resulted in a 4.16-fold increase in 

xylanase activity (153.80 U/ml) compared to the initial OFAT result (37.01 

U/ml) (Dhaver et al., 2022). Optimal conditions were determined as 6 days of 

fermentation, 70°C incubation temperature, pH 5.0, and 1.2% wheat bran and 

ammonium sulphate (Dhaver et al., 2022). 

 

Lipase and Protease 

Penicillium citrinum (Lipase): Lipase production on olive mill 

wastewater (OMW) was optimized using CCD (D’Annibale et al., 

2006:1586). Ammonium chloride (NH₄Cl) was found to be the most effective 

nitrogen source, while the addition of vegetable oils did not significantly 

enhance lipase production (D’Annibale et al., 2006:1586). The optimal 

combination was 2.7 g dm⁻³ NH₄Cl, 1.1 g dm⁻³ yeast extract, and initial pH 

6.15, yielding approximately 1230 U dm⁻³ (D’Annibale et al., 2006:1586). 

Aspergillus flavus (Lipase): RSM (CCRD) was used to optimize lipase 

production (Colla et al., 2016:461). The factors showing significant effects 

were yeast extract concentration (YEC) and pH (Colla et al., 2016:461). The 

optimal conditions were 45 g/L YEC and pH 7.15, yielding a maximum 

activity of 3.04 U (predicted 3.24 U) (Colla et al., 2016:461). 

Penicillium bilaiae (Acidic Protease): Production of an acidic protease 

from this endophytic fungus was optimized using PBD followed by BBD and 

RSM (Ben Mefteh et al., 2019). The factors significantly affecting the yield 

were temperature, initial pH, and glucose concentration (Ben Mefteh et al., 

2019). Under optimal conditions (temperature 24.5°C, pH 6.26, and 13.75 g/L 

glucose), a remarkable 1086-fold increase in protease production was 

achieved (Ben Mefteh et al., 2019). 
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Fusarium culmorum (Protease): Response surface modeling was 

applied to optimize protease production, finding that the highest yield 

correlated with 1.4 g/ml soybean meal concentration and a culture time of 4.5 

days. The fungus's growth was found to be dependent on the carbon source 

concentration, while protease production was influenced by the combined 

effect of carbon source level and culture time (Rucka et al., 1998:229). 
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Table 1. Examples of RSM Applications in Enzyme Production in Fungi 

Enzyme Type Microorganis

m 

Substrate/Mediu

m 

RSM 

Design 

Optimized 

Parameters 

(Example) 

Max. 

Activity/Y

ield 

Citation 

Laccase G. lucidum Tobacco stem 

(200L/1200L 

SmF) 

BBD Temp (30°C), 

Aeration (0.66), 

Agitation (100 

rpm) 

214,185.2 

U/L 

(Ma et al., 

2025) 

LiP, MnP, 

Laccase 

S. commune Corn Stover 

(SSF) 

CCD pH (4.5), Temp 

(35°C), Moisture 

(60%), Inoculum 

(4 mL) 

1270.40 

U/mL 

(LiP) 

(Yasmeen et 

al., 2013:944) 

Lipase P. citrinum Olive Mill 

Wastewater 

(OMW) 

CCD NH₄Cl (2.7 g 

dm⁻³), YE (1.1 g 

dm⁻³), pH (6.15) 

∼ 1230 U 

dm⁻³ 

(D’Annibale et 

al., 2006:1586) 

Lipase A. flavus Wheat/Soybean 

Bran (SmF) 

CCRD Yeast Extract (45 

g/L), pH (7.15) 

∼ 3.04 U (Colla et al., 

2016:461) 

Multi-Enzyme A. terreus K1 Palm Kernel 

Expeller (SSF) 

CCD Temp (30.5°C), 

Moisture 

(62.7%), pH 

(5.8) 

265.57 

U/g DM 

(Xylanase

) 

(Chen et al., 

2013:3844) 

Glucoamylase A. niger Wheat 

Bran/Green 

Gram (SSF) 

BBD Substrate (12 

gm), Moisture 

(55%), Sucrose 

(1 gm) 

313 U/gds (Polley and 

Ghosh, 

2020:456 

) 

Endoglucanase A. niger Purple Mombin 

Residue (SSF) 

RSM 

 

 

Aw (0.974), 

Fermentation 

time (93.8 h) 

3.21 

U/mL 

(Santos et al., 

2013:1) 
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Xylanase F. sp. BVKT 

R2 

SmF CCD Sorbitol (1.5%), 

YE (1.5%), pH 

(5.0), Temp 

(32.5°C) 

4560 

U/mL 

(Ramanjaneyul

u and 

Rajasekhar 

Reddy, 2016) 

Xylanase T. harzianum SmF PBD/B

BD 

Incubation (6 

days), Temp 

(70°C), pH (5.0), 

Wheat Bran 

(1.2%) 

153.80 

U/mL 

(Dhaver et al., 

2022) 

Acidic Protease P. bilaiae Glucose, NaNO₃ PBD/B

BD 

Temp (24.5°C), 

pH (6.26), 

Glucose (13.75 

g/L) 

1086.95 

U/mL 

(Ben Mefteh et 

al., 2019) 

Protease F. culmorum Soybean Meal 

(SmF) 

RSM Soybean Meal 

(1.4 g/ml), 

Culture time (4.5 

days) 

Max Yield (Rucka et al., 

1998:229) 
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RSM is an indispensable tool in optimizing fungal enzyme production 

processes, offering significant advantages over the conventional OFAT 

method by considering complex variable interactions (Nor et al., 2017; Hao et 

al., 2023). Through designs like CCD and BBD, RSM facilitates the efficient 

screening and fine-tuning of critical factors such as temperature, pH, moisture, 

and nutrient concentrations (Hao et al., 2023). The industrial relevance of 

RSM is demonstrated by numerous successful optimizations across various 

fungal systems—including the large-scale laccase production by G. lucidum 

(Ma et al., 2025), high-yield xylanase production by Fusarium sp. BVKT R2 

(Ramanjaneyulu and Rajasekhar Reddy, 2016), and dramatic fold-increases 

achieved in acidic protease production by P. bilaiae (Ben Mefteh et al., 2019) 

ultimately ensuring high enzyme activity and supporting cost-effective 

industrial applications (Yasmeen et al., 2013:944). 

 

 

 

 

 

 

 

CONCLUSION 

 

Fungal enzyme production is a fundamental component of the modern 

bio-economy, serving diverse sectors ranging from food processing and 

textiles to biofuel synthesis and waste management. The shift from traditional 

"one-factor-at-a-time" optimization to RSM represents a significant 

advancement in bioprocess engineering. RSM provides a robust mathematical 

and statistical framework that identifies the complex, non-linear interactions 

between critical variables such as temperature, pH, moisture content, and 

nutrient concentrations that traditional methods inherently fail to capture. 

The strategic application of experimental designs like CCD and BBD 

has demonstrated that precisely fine-tuning these parameters leads to dramatic 

enhancements in enzyme activity. As seen across various studies, this 

approach often results in multi-fold yield increases, sometimes enhancing 

production by over a thousand times compared to non-optimized conditions. 

Whether the goal is producing thermostable xylanases for animal feed, high-

yield laccases for industrial scale-up, or acidic proteases for pharmaceutical 

use, RSM ensures that the production process is both efficient and reliable. 

Furthermore, the methodology facilitates the successful transition from 

laboratory-scale research to pilot and industrial-scale fermenters, bridging a 

critical gap in biotechnological commercialization. By enabling the effective 

utilization of low-cost agro-industrial residues as primary substrates, RSM-

based optimization supports the development of sustainable, cost-effective, 
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and environmentally friendly processes. Ultimately, this statistical approach 

serves as an indispensable tool for maximizing microbial potential, reducing 

operational costs, and advancing the industrial production of high-value 

fungal metabolites. 
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ABSTRACT 

 

Lignin is a major barrier to the anaerobic digestion of lignocellulosic 

biomass, as it limits microbial access to cellulose and hemicellulose. 

Pretreatment aims to make lignocellulosic biomass more digestible to 

improve biogas production. Pretreatment methods can be chemical, physical, 

mechanical or biological. Fungal pretreatment is a low-cost and effective 

method to increase biogas production from lignocellulosic biomass. In 

particular, decay fungi produce enzymes that can break down lignin, which 

increases the digestibility of biomass. Different fungal species have different 

abilities to break down biomass. Screening studies are needed to select the 

most effective fungal strains to maximize biogas yield. The effectiveness of 

fungal pretreatment depends on the fungal strain used, the pretreatment 

conditions and the type of biomass. Other methods include grinding, 

irradiation and alkaline or acid treatments. These methods can be effective 

but may be more expensive or complex to implement than fungal 

pretreatment. Microorganisms derived from the digestive tracts of animals 

can be used to degrade biomass and enhance biogas production, and their 

application through bioaugmentation represents a promising approach. This 

involves adding specific microorganisms or enzymes that may be deficient. 

Stable biomass-degrading consortia are economically viable candidates to 

increase the efficiency of anaerobic digestion of lignocellulose-rich wastes. 

Biomass composition and pretreatment method affect the quality and 

quantity of the resulting biogas. The results suggest that fungal pretreatment 

is a promising technique to increase biogas production from lignocellulosic 

biomass. However, further research is needed to determine the most 

effective approach for a specific application. 

 
Keywords – Biogas, Bioaugmentation, Lignin, Fungal Pretreatment, Waste. 

 

INTRODUCTION  

 

With the increase in population and the acceleration of 

industrialization worldwide, the demand for energy continues to increase. 

Our traditional energy sources, fossil fuels, are both limited and cause 

environmental problems. This situation makes the need for renewable energy 

sources even more critical (Jameel et al., 2024).  

Greenhouse gas emissions resulting from the use of fossil fuels are 

considered one of the main factors of climate change. Therefore, it has 

become an inevitable necessity to turn to sustainable and environmentally 

friendly alternatives for energy production. Biogas is a gas mixture 

consisting of methane (50-70%) and carbon dioxide (30-50%) obtained 

through the anaerobic digestion of organic waste. Biogas, a renewable 
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energy source, offers great potential in both waste management and energy 

production (Das et al., 2023; Jameel et al., 2024). 

There are many advantages of biogas production. Energy production; 

Biogas can be used to produce heat and electricity and can even be upgraded 

to natural gas quality (highly concentrated biomethane) so that it can be 

injected into the natural gas grid or used directly in vehicles (Jameel et al., 

2024). Waste management; Biogas production offers an effective solution 

for the management of various organic wastes such as agricultural waste, 

food waste, animal manure and municipal solid waste. Using these wastes as 

an energy source instead of disposing of them reduces environmental 

pollution and contributes to sustainable waste management. Reduction of 

greenhouse gas emissions; Biogas production plays an important role in 

combating the greenhouse effect and climate change by preventing the 

release of methane gas into the atmosphere. Methane, which is released as a 

result of the decomposition of organic waste in landfills, is a much more 

powerful greenhouse gas than carbon dioxide. Therefore, reducing methane 

emissions through biogas production is important for mitigating climate 

change. Nutrient recovery; Digestate, a by-product of anaerobic digestion, is 

a nutrient-rich fertilizer that can be used in agriculture. The use of digestate 

reduces dependence on chemical fertilizers and contributes to the nutrient 

cycle. Economic benefits; The biogas sector has the potential to create 

employment, especially in rural areas. In addition, local energy production 

increases energy independence and contributes to the local economy (Das et 

al., 2023). 

There are also some challenges for the expansion of biogas 

production: Biogas production technologies are still developing, especially 

in developing countries. Technological developments are needed to increase 

efficiency, reduce costs and ensure process stability (Jameel et al., 2024). 

Appropriate legal regulations are needed for the development and expansion 

of the biogas sector. Policies that encourage the installation and operation of 

biogas plants will contribute to the growth of the sector (Jameel et al., 

2024). It is important to raise public awareness of biogas technologies and 

their benefits. Public support for biogas production will facilitate the growth 

and expansion of the sector. 

The resources focus on the importance of microbial communities in 

biogas production. The anaerobic digestion process is carried out by the 

interaction of complex microbial communities, and the structure and 

function of these communities affect the efficiency of biogas production. In 

this context, biogas production offers a sustainable and environmentally 

friendly solution in the field of waste management and energy production 

(Das et al., 2023). 

Various strategies are being developed to overcome the challenges 

faced in biogas production and to increase efficiency. Understanding the 

sructure and function of microbial communities involved in anaerobic 
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digestion is important to optimize biogas production. Developing microbial 

communities that can degrade certain substrates more effectively or are more 

resistant to harsh environmental conditions can increase the efficiency and 

stability of biogas production (Das et al., 2023).  Some wastes, such as 

lignocellulosic biomass, are difficult to anaerobic digest. Pretreatment 

technologies facilitate the anaerobic digestion process by breaking down the 

structure of these wastes and increase biogas yield. There are chemical, 

physical and biological pretreatment methods (Rouches et al., 2016:1784). 

Combined digestion of different types of waste can increase the efficiency of 

the anaerobic digestion process. For example, co-digestion of carbon-rich 

wastes with nitrogen-rich wastes optimizes microbial activity and increases 

biogas yield. Operating the anaerobic digestion process under optimum 

conditions (temperature, pH, feed rate, etc.) is important to maximize biogas 

production. Continuous monitoring and control systems help increase 

process stability and efficiency (Das et al., 2023). 

 

 

 

 

 

 

 

POTENTIAL OF LIGNOCELLULOSIC BIOMASS FOR BIOGAS 

PRODUCTION 

 

Lignocellulosic biomass is an abundant and renewable resource 

produced in large quantities worldwide, making it a promising feedstock for 

biogas production. It can be obtained from various sources such as 

agricultural residues, grass and wood waste. Lignocellulosic biomass has a 

complex structure mainly consisting of cellulose, hemicellulose and lignin. 

Cellulose and hemicellulose sugars are energy-rich components that can be 

converted into biogas through anaerobic digestion (Govarthanan et al., 

2022), (Alexandropoulou et al., 2017:704). However, the presence of lignin 

poses a major challenge, significantly hindering the anaerobic digestibility of 

lignocellulosic materials (Govarthanan et al., 2022), (Tuesorn et al., 

2013:579). 

Lignin forms a complex three-dimensional polymer structure that 

encases cellulose and hemicellulose, making it difficult for anaerobic 

microorganisms to access these sugars. Therefore, lignin degradation is 

crucial for effective biogas production. Key factors affecting the use of 

lignocellulosic biomass in biogas production are: Sources emphasize that 

lignin is highly resistant to chemical and enzymatic degradation and is a 

significant barrier to anaerobic digestion. The higher the lignin percentage, 

the higher the resistance to chemical and enzymatic degradation, which 
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affects the biogas production yield. (Govarthanan et al., 2022), 

(Alexandropoulou et al., 2017:704). Pretreatment is essential for the 

degradation of lignin, reducing cellulose and hemicellulose crystallinity and 

making it more suitable for anaerobic digestion. Sources indicate that 

pretreatment can increase the recovery of fermentable sugars and reduce the 

number of enzyme inhibitors generated during pretreatment. Various 

methods are available for pretreatment, including physical, chemical and 

biological. The choice depends on factors such as the type of biomass, 

process economics and the desired biogas yield. (Govarthanan et al., 2022), 

(Alexandropoulou et al., 2017:704). Anaerobic digestion is a complex 

process and involves a range of microbial communities, including 

hydrolysis, acidogenesis, acetogenesis, and methanogenesis. The efficiency 

of these processes is affected by factors such as substrate composition, 

temperature, pH, and feed rate. (Tuesorn et al., 2013:579), (Govarthanan et 

al., 2022), (Alexandropoulou et al., 2017:704). The microbial community 

involved in the anaerobic digestion of lignocellulosic biomass is crucial to 

the efficiency of the process. There are a variety of bacteria and fungi that 

can degrade complex lignocellulosic structures and convert them into biogas. 

(Rouches et al., 2016:1784), (Aryal et al., 2018:359) (Tuesorn et al., 

2013:579). Lignocellulosic biomass often exhibits slow hydrolysis rates and 

low biogas yields when used as a single substrate. To overcome this 

challenge, combined digestion with other substrates with different C/N ratios 

has been proposed. For example, lignocellulosic biomass with a high C/N 

ratio can be combined with manure with a lower C/N ratio, optimizing the 

overall digestion process. Das et al., 2023, (Govarthanan et al., 2022). 

Regarding the potential of lignocellulosic biomass for biogas 

production, the literature highlights some important developments in this 

area. One of these is fungal pretreatment. The literature indicates that white-

rot fungi are effective in pretreating lignocellulosic biomass due to their 

ability to secrete lignin-degrading enzymes (Rouches et al., 2016:1784). 

These enzymes improve the hydrolysis process by breaking down lignin and 

making it more suitable for anaerobic digestion (Das et al., 2023, Tuesorn et 

al., 2013:579). Another one is microbial community engineering. The 

development of microbial communities that can degrade certain substrates 

more effectively or are more resistant to harsh environmental conditions is a 

promising strategy to increase biogas production yield and process stability. 

Advances in genomic techniques such as metagenomics and 

metatranscriptomics have revolutionized our understanding of the structure 

and function of microbial communities involved in anaerobic digestion. This 

information can be used in microbial community engineering to optimize the 

biogas production process (Das et al., 2023). 

Lignin hinders the anaerobic digestion process and reduces biogas 

yield by making it difficult for anaerobic microorganisms to access the 

sugars of lignocellulosic biomass. Lignin has a complex three-dimensional 
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polymer structure, making it highly resistant to both chemical and enzymatic 

degradation. This complex structure means that enzymes produced by 

anaerobic microorganisms cannot effectively break down lignin. 

(Govarthanan et al., 2022), (Tuesorn et al., 2013:579). Lignin is physically 

and chemically linked to cellulose and hemicellulose, which prevents 

anaerobic microorganisms from effectively accessing these sugars. As a 

result, hydrolysis, an important step in anaerobic digestion, is slowed down 

(Rouches et al., 2016:1784).  

High lignin content is directly related to low biogas yield. This is 

because lignin is inefficiently broken down, making it a poor energy source 

for biogas production. Furthermore, unbroken lignin can have an inhibitory 

effect on microorganisms involved in biogas production. (Aryal et al., 

2018:359) 

In addition, the application of certain pretreatment methods to lignin to 

degrade lignin may result in the production of inhibitory compounds such as 

phenolic compounds and furfural, which may negatively affect anaerobic 

digestion. These inhibitors impair the metabolic activity of anaerobic 

microorganisms and inhibit biogas production (Taherzadeh and Karimi 

2008:1621).  

Pretreatment is very important to overcome these difficulties caused 

by lignin. The aim of pretreatment is to degrade lignin, reduce cellulose and 

hemicellulose crystallinity, and make lignocellulosic material more suitable 

for anaerobic digestion. One pretreatment method that is effective in 

degrading lignin is to use white rot fungi (WRFs) that secrete lignin-

degrading enzymes such as lignin peroxidase and laccase. WRFs can also 

reduce the production of inhibitory compounds that may inhibit anaerobic 

digestion (Govarthanan et al., 2022), (Tuesorn et al., 2013:579), 

(Alexandropoulou et al., 2017:704). 

Additionally, microbial community engineering is a promising 

strategy to improve anaerobic digestion of lignin. This approach involves 

developing microbial communities that can degrade lignocellulosic materials 

more efficiently or are more resistant to harsh environmental conditions 

(Ozbayram et al., 2020:489). 
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FUNGAL PRETREATMENT 

 

Mechanisms of fungal pretreatment 

The process of converting lignocellulosic materials into other products 

with added value requires pretreatment because lignin acts as an inhibitor of 

enzyme penetration. When comparing different pretreatment procedures, 

fungal pretreatment is a more environmentally friendly option (Nadir et al., 

2019). White rot fungi frequently used in pretreatment studies of various raw 

materials include Phanerochaete chrysosporium, Pleurotus ostreatus, 

Coriolus versicolor, Cyathus stercoreus, and Ceriporiopsis subvermispora 

(Wan and Li, 2012:1447). 

 

Fungal enzymes involved in lignin degradation 

Manganese peroxidase (MnP), laccase, lignin peroxidase (LiP) and 

versatile peroxidase (VP) are the primary oxidative enzymes that break 

down lignin (Nadir et al., 2019). 

• Manganese peroxidase 

The enzyme MnP is a member of the heme-containing 

oxidoreductases family. The isoenzymes range in molecular weight from 40 

to 50 kDa. The enzyme's active site is made up of two Ca2+ ions and five 

disulfide bonds. The active region contains a variety of amino acids, 

including arginine, histidine, and aspartic acid. It has been demonstrated that 

one heme propionate, two water molecules, three acidic ligands, and one 

Mn2+ site are present in the substrate binding site (Kumar & Chandra, 2020). 

The catalytic cycle of MnP is initiated by ferric enzyme and H2O2 to 

generate compound I, an oxo-porphyrin radical complex consisting of Fe4+. 

On the other hand, monochelated Mn2+ ions donate 1 e− from Mn2+ to form 

Mn3+, so generating compound II. Additionally, the chelated Mn3+ ions 

produced by MnP function as mediators of S–S charge transfer, permitting 

the oxidation of a variety of phenolic substrates, including amines, simple 

phenols, phenolic lignin, and a number of dyes (Chowdhary et al., 2019). 

 

• Laccase 

Laccases are oxidoreductase enzymes with polyphenol activity. They 

are in the multicopper oxidase family with ferroxyoxidases and ascorbate 

oxidases. Three copper atoms transport the electrons to O2, whereas one of 

these copper atoms determines which substrates to oxidize based on their 

redox potential. Fungal laccases are mainly extracellular enzymes that have a 

molecular weight of 60–70 kDa and are composed of different carbohydrate 

moieties in varied ratios (10-25%) (Aza & Camarero, 2023). 

Laccases become thermostable and are shielded from heat-related 

deterioration through this glycosylation (Sigoillot et al., 2012:263). Complex 

substrates cannot be catalyzed by laccase at low redox potential. Thus, in 

order to sustain the cyclic redox cycle and make the process effective, 
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natural or artificial mediators are needed. A mediator is a small chemical 

molecule that the substrate continually reduces and the enzyme continuously 

oxidizes. The low affinity of the enzyme's active site prevents it from 

penetrating complex substances like lignocellulose. Oxidizing mediators are 

therefore employed. Feruloyl esterase, which aids in the dissolution of lignin 

complexes, is one of the mediators of laccase induction. Mediators are first 

oxidized in the process. After diffusing from the active site of the enzyme, 

oxidized mediators enter the plant cell wall through its pores (Kumar & 

Chandra, 2020). 

Fungal laccases have a wide substrate diversity and can catalyze the 

oxidation of different organic compounds such as aryl amines, N-

heterocycles, o-p-substituted phenols and synthetic organic dyes (Aza & 

Camarero, 2023). The catalytic process varies depending on the type of 

substrate and reaction. Free radical coupling, which produces dimeric 

products or polymeric molecules, and oxidative carboxylations are the most 

common reactions. Oxidation of substrates results in the reduction of 

molecular oxygen to form two molecules of water. For each reduced oxygen, 

four molecules of substrate are oxidized and no H2O2 is formed as a result of 

the reaction. Laccases that produce only H2O as a byproduct are called ‘ideal 

green catalysis’ (Rivera-Hoyos et al., 2013:67). 

The most well-known biological activity of fungal laccases is their 

involvement in the biodegradation of lignin, given the fact that they also 

contain defense mechanisms, pigmentation, and virulence It requires only O2 

for non-specific catalytic activity on lignin polymers and releases water, 

enabling environmentally friendly applications (Aza & Camarero, 2023). 

Phanerochaete chrysosporium, Pleurotus ostreatus, Trametes versicolor, 

Cerrena maxima, Lentinula edodes, and Dichomitus squalens are the major 

fungal species that are known to produce laccase (Dashora et al., 2023). 

Studies on increasing the existing ligninolytic activity of laccase have 

biotechnological importance. In this context, Kumar et al. produced 

recombinant laccase enzyme in Schizophyllum commune NI-07. In the study 

where they used Trametes versicolor as a reference, it was reported that the 

lignin degradation of the purified recombinant laccase increased by 20% 

(Kumar et al., 2022). The putative laccase gene of Sordaria macrospora was 

expressed heterologously in Escherichia coli. It was demonstrated that the 

new enzyme LacSM enhanced the breakdown of lignin while retaining its 

oxidative ability at neutral and alkaline pH. These characteristics suggested 

that this enzyme could be an alternative choice for the lignin-cellulosic 

biomass lignin breakdown process (Yang et al., 2020:1133). 

 

• Lignin Peroxidase 

The first known ligninolytic enzyme, lignin peroxidase, was extracted 

from the white fungus Phanerochaete chrysosporium. It is an extracellular 

glycosylated heme-containing enzyme that has many isomers with molecular 
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weights between 37 and 47 kDa. Enzyme activity is reported to be at its peak 

between 35 and 55 °C and between 2.5 and 3.0 pH levels (Shi et al., 

2021:3753). 

The two domains in which the enzyme displayed organization were 

essentially made up of alpha-helices. The center of these two domains is site 

to LiP's active site, which is made up of a single iron atom with a heme. The 

nitrogen of a histidine residue and the four nitrogen atoms of the 

tetrapyrrolic structure are five-coordinated with the iron atom. The three-

dimensional structure is stabilized by four disulfide bonds and two calcium 

ions. Trp171, a hydroxylated residue that is always conserved in LiP 

sequences, is the product of a post-translational modification that appears to 

be necessary for the catalytic activity of these enzymes (Sigoillot et al., 

2012:263). 

There are three phases in the enzyme's catalytic process. The oxo-

ferryl intermediate is produced when H2O2 oxidizes the ferric enzyme. This 

is the initial reaction. A substrate reduces the oxo-ferryl intermediate in the 

second step. The molecule created in the previous stage receives an electron 

in the last step. The oxidation cycle is so completed (Falade et al., 2017). 

The different catalytic reactions of lignin peroxidase can be 

summarized as follows: aromatic ring cleavage, cleavage of beta-O-4 ether 

bonds, cleavage of lignin C alpha-C beta bonds, hydroxylation, quinone 

formation, oxidation of C alpha alcohols to C alpha-oxo compounds 

(Dashora et al., 2023). 

In a study investigating the synergistic effects of LiP and quinone 

reductase (QR) on the degradation of industrial lignin, QR and LiP genes of 

Trametes versicolor and Phanerochaete chrysosporium were expressed in 

Pichia pastoris. Combined LiP and QR reduced the molecular weight of four 

different lignin sources. Mostly monomeric degradation products were 

phenols (Majeke et al., 2021). 

 

• Versatile peroxidase 

It is also known as hybrid peroxidase as the molecular combination of 

manganese peroxidase and lignin peroxidase. With a low to high redox 

potential, substituted phenol dyes, and Mn2+, VP possesses dual oxidative 

capabilities. It oxidizes phenolic and non-phenolic and lignin derivatives 

without the need for Mn2+. VP oxidizes compounds without any mediator. 

Eleven to twelve helices, four disulfide bridges, two structural Ca2+ sites, a 

heme pocket, and a Mn2+-binding site resembling MnP are all part of the 

structure of VP. Pleurotus, Bjerkandera and Lipista genera have been 

reported to be VP producers (Janusz et al., 2017:941; Kumar & Chandra, 

2020). 

 

 

 



189 

Fungal pretreatment methods 
Fungal pretreatment methods for lignocellulosic biomass offer a more 

environmentally friendly approach compared to conventional chemical or 

physical methods. They aim specifically at selectively degrading lignin 

while preserving cellulose and hemicellulose, which are the main 

components of the substrate essential for biomethane production 

(Alexandropoulou et al., 2017:704; Rouches et al., 2016:1784). 

 

• Solid State Fermentation (SSF) 

Solid State Fermentation (SSF) is the prevalent and cost-effective 

process widely preferred for the fungal pretreatment of lignocellulosic 

biomass. Compared to liquid cultures (submerged fermentation), SSF allows 

for higher substrate loads, promotes better attachment of fungal enzymes to 

the substrate surface, and facilitates easier oxygen diffusion within the 

substrate. Additionally, the costs of SSF are lower than those of liquid 

culture because it requires less aeration, heating, mixing, and water (Rouches 

et al., 2016:1784). A study on willow sawdust (WSD) involved preparing 

SSF batch cultures using White-Rot Fungi (WRF) such as Leiotrametes 

menziesii and Abortiporus biennis. In these experiments, the biomass was 

adjusted to 80% moisture content, a condition optimized for lignin 

degradation (Alexandropoulou et al., 2017:704). 

The main disadvantage of biological pretreatment methods is the long 

processing time required for sufficient biomass modification (typically 

ranging from at least one to several weeks). SSF is subject to this long 

duration, but this constraint can be partially overcome by integrating the 

process into the material's storage period (Rouches et al., 2016:1784). 

 

• Liquid State Fermentation (LSF) 

The sources indicate a tendency toward adopting SSF, especially on 

an industrial scale, over LSF or submerged cultures, primarily because SSF 

is considered more efficient and cost-effective for fungal pretreatment. 

Fungal pretreatments are simpler than enzymatic pretreatments using 

ligninolytic enzymes, as fungi secrete the enzymes directly while growing on 

the substrate, eliminating the need for an additional extraction step for 

enzyme recovery. The use of LSF in fungal pretreatment is generally limited 

to the objective of mycelium production. For instance, in one study, the 

Polyporus brumalis BRFM 985 strain was cultured in a liquid medium (malt 

extract broth 20 g/L) to obtain the mycelial biomass necessary for 

subsequent methane potential tests (Rouches et al., 2016:1784). 

 

• Optimization of Pretreatment Conditions 

The success of fungal pretreatment depends on the selective 

degradation of lignin by the fungal strain and the extent to which it preserves 

cellulose and hemicellulose—the carbohydrates essential for anaerobic 
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digestion (AD) (Alexandropoulou et al., 2017:704; Rouches et al., 

2016:1784). 

The optimal pretreatment duration varies depending on the specific fungal 

species used and aims to maximize the increase in biochemical methane 

potential (BMP) (Alexandropoulou et al., 2017:704). For example, in 

experiments on willow sawdust (WSD), 14 days of cultivation for L. 

menziesii and 30 days for A. biennis resulted in the lowest lignin-to-cellulose 

ratios, indicating that the optimum duration differs between fungi 

(Alexandropoulou et al., 2017:704). The efficiency of fungal lignin 

degradation is closely linked to moisture content. It has been reported that an 

initial moisture content between 70% and 80% is considered optimal for the 

lignin degradation and ligninase activities of most White-Rot Fungi (WRF) 

(Alexandropoulou et al., 2017:704; Reid, 1989). 

The introduction of supplemental nutrients (starter solutions), such as 

glucose and nitrogen, during fungal pretreatment can negatively impact the 

fungal effect on the substrate’s lignin content. Studies have shown that 

glucose supplementation during pretreatment restricts delignification, 

leading to a reduction in subsequent methane production from the substrate. 

High levels of glucose addition increased the insoluble lignin (AIL) content, 

supporting the hypothesis that glucose inhibits lignin degradation (as clearly 

observed in a study using the T. menziesii BRFM 1369 strain) (Rouches et 

al., 2016:1784). This effect is believed to be caused by glucose suppressing 

core ligninolytic enzymes like manganese peroxidase. Lignin degradation is 

a secondary metabolic process initiated generally in response to 

carbohydrate depletion, whereas the fungus's primary metabolism focuses on 

mycelial growth and the consumption of readily available carbohydrates 

(Rouches et al., 2016:1784; Jeffries et al., 1981; Zadražil, 1977). High 

glucose levels prolong this initial phase, thereby delaying delignification 

(Rouches et al., 2016:1784). 

For most WRF, delignification is triggered under nitrogen starvation 

conditions. Consequently, the addition of nitrogen (such as diammonium 

tartrate) can also impede lignin reduction. The most efficient strategy for 

enhancing biogas production is to limit the starter solution. Pretreatment 

using the lowest amount of starter solution (25 mg glucose/g TS straw and 

2.5 mg diammonium tartrate/g TS straw) with the P. brumalis BRFM 985 

strain resulted in a methane increase of up to 21%, even after accounting for 

mass loss. This indicates that high efficiency can be achieved with low 

starter input, simultaneously reducing additional costs for industrial 

applications (Rouches et al., 2016:1784). 
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ADVANTAGES OF FUNGAL PRETREATMENT COMPARED TO 

CHEMICAL METHODS FOR LIGNOCELLULOSIC BIOMASS 

 

The effectiveness of fungal pretreatment methods for lignocellulosic 

biomass, compared to chemical methods, is a crucial topic in maximizing 

biogas and biomethane production. Biological methods, particularly those 

employing fungi, are regarded as a highly promising pretreatment strategy 

alongside alkaline (chemical) methods (Govarthanan et al., 2022). Fungal 

pretreatment offers distinct advantages over traditional chemical methods, 

primarily due to its operational environment and specificity. However, 

chemical methods often excel in speed and sheer bulk removal of 

components. 

Here is a comparison of the effectiveness of fungal pretreatments 

versus chemical methods based on the sources: 

 

Effectiveness and Advantages of Fungal Pretreatment 

Fungal pretreatments are biological methods known for their 

sustainability and selectivity. Biological pretreatment methods are carried 

out under mild conditions, require low energy input, and do not release toxic 

compounds into the environment (Govarthanan et al., 2022; Wei, 2016). The 

primary limiting factor in the anaerobic digestion (AD) of lignocellulosic 

biomass is lignin (Govarthanan et al., 2022; Shah and Ullah, 2019:7497). 

Fungi, specifically White-Rot Fungi (WRF), are the most effective 

organisms used to break down this complex biomass by selectively 

degrading lignin (Rouches et al., 2016:1784). Fungal effectiveness in 

delignification relies on the production of extracellular enzymes such as 

lignin peroxidases and laccases (Govarthanan et al., 2022). Studies on 

specific biomass samples show that fungal pretreatments can provide a high 

level of methane yield increase (Table 1). 

 
Table 1. Comparison of Yields Between Fungal and Chemical Methods 

Substrate Fungal 

Pretreatment 

Microorganism 

Resulting Yield 

Increase 

Reference 

Japanese 

cedar wood 

Ceriporiopsis 

subvermispora 

(White Rot Fungus) 

300% (4-fold) 

increase in 

methane 

Amirta et al. (2006:71); 

Govarthanan et al. 

(2022); Ali and Sun 

(2015) 

Wheat 

straw 

Lignin-degrading 

fungal culture 

5-fold increase 

in biogas yield 

Shah and Ullah (2019); 

Govarthanan et al. 

(2022) 

Willow 

Sawdust 

(WSD) 

Abortiporus biennis 

(30 days) 

43% increase in 

Biomethane 

Potential (BMP) 

Alexandropoulou et al. 

(2017) 

Crop waste Polyporus brumalis 75.75% increase 

in BMP 

Das et al. (2023) 
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Comparison with Chemical Pretreatment Methods 

Chemical methods are often faster but can be non-selective and may 

require harsher conditions, leading to inhibitory byproducts (Taherzadeh and 

Karimi, 2008:1621). Alkaline pretreatment (e.g., using NaOH) is effective at 

removing lignin and improving holocellulose solubility (Alexandropoulou et 

al., 2017:704; Taherzadeh and Karimi, 2008:1621). Treating WSD only with 

an alkaline solution resulted in a 31.7% removal of lignin (Alexandropoulou 

et al., 2017:704). Highly effective delignification, up to 65%, was observed 

in cotton stalks using a 2% NaOH solution at a high temperature (121°C) 

(Taherzadeh and Karimi, 2008:1621). Dilute acid hydrolysis is highly 

effective at dissolving hemicellulose, capable of achieving nearly 100% 

removal; however, it is not efficient for lignin solubilization (Taherzadeh 

and Karimi, 2008:1621). A combination of 30% acetic acid and 2% nitric 

acid successfully removed 80% of the lignin from waste newsprints, 

increasing the biogas production by three times (Taherzadeh and Karimi, 

2008:1621). 

 

Combining Fungal and Chemical Treatments 

The highest reported efficiencies often arise from combining 

biological and chemical methods, leveraging the speed and broad effect of 

chemical treatments with the targeted specificity of fungal degradation. 

Combining fungal and alkaline pretreatments resulted in significantly 

enhanced biomethane yields compared to either method used alone. The 

combined treatment (fungal A. biennis followed by alkaline treatment) 

yielded a maximum BMP increase of 115% compared to untreated raw 

WSD. This combined strategy resulted in a 12.5% higher methane yield than 

the alkaline pretreatment alone, and a 50.1% higher yield than the fungal 

pretreatment alone. The combined treatment was highly effective for lignin 

removal, achieving 59.8% lignin degradation when using Leiotrametes 

menziesii and alkali, and 54.2% when using A. biennis and alkali. This level 

of delignification far surpassed that achieved by alkaline treatment alone 

(31.7%) (Alexandropoulou et al., 2017:704). 

Fungal pretreatment is highly effective due to its selective degradation 

of lignin and its operation under environmentally mild conditions, avoiding 

the toxic inhibitors often produced by harsh chemical processes 

(Govarthanan et al., 2022; Taherzadeh and Karimi, 2008:1621). However, 

the main constraint of fungal methods that limits their application compared 

to chemical processes is the long pretreatment duration required—typically 

several weeks—to achieve sufficient biomass modification (Rouches et al., 

2016:1784; Shah and Ullah, 2019:7497). Chemical methods, such as 

combined acid/alkaline treatments, can achieve rapid, high levels of 

delignification (e.g., 80% lignin removal) and three-fold increases in biogas 

production in a shorter period (Taherzadeh and Karimi, 2008:1621, citing 

others). The greatest efficacy for maximum methane yield increase (up to 
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115% compared to raw material) is achieved when the selective, biological 

action of fungi is combined with chemical pretreatment, demonstrating a 

powerful synergistic relationship (Alexandropoulou et al., 2017:704). 

 

 

 

 

 

 

 

PRACTICAL APPLICATIONS OF FUNGAL PRETREATMENT IN 

ANAEROBIC DIGESTION 

 

Fungal pretreatment, utilizing microorganisms such as White-Rot 

Fungi (WRF), is recognized as an eco-friendly and advantageous biological 

method for increasing the efficiency of anaerobic digestion (AD) of 

recalcitrant lignocellulosic biomass (LCB) (Govarthanan et al., 2022; 

Alexandropoulou et al., 2017:704). The method selectively degrades lignin, 

enhancing the accessibility of cellulose and hemicellulose for subsequent 

methane conversion (Alexandropoulou et al., 2017:704; Rouches et al., 

2016:1784). 

 

Examples of Biogas Plants Using Fungal Pretreatment Biomass 

The widespread commercial adoption of fungal pretreatment as the 

primary LCB optimization method remains limited (Rouches et al., 

2016:1784). Generally, the research on fungal methods is conducted at the 

laboratory or pilot scale due to the inherent constraint of prolonged treatment 

times required for adequate biomass modification (Alexandropoulou et al., 

2017:704; Rouches et al., 2016:1784; Paritosh et al., 2021). 

Instead of biological pretreatment, most modern, large-scale commercial 

biogas enhancement strategies focus on rapid physico-chemical methods or 

gas upgrading technologies: 

Hydrogen-Mediated Biogas Upgrading: Commercial plants, such as 

Microb2Energy – BioPower2Gas (Germany) and Electrochaea (Denmark), 

rely on biological methanation where H2 is injected to convert CO2 in biogas 

to CH4 (Aryal et al., 2018:359; Jameel et al., 2024). 

Nanomaterial Enhancement: Nanotechnology intervention is an 

emerging strategy aimed at improving methanogenesis by doping ions or 

zero-valent metals (e.g., Fe3O4 nanoparticles) into the anaerobic system as 

powerful catalysts (Govarthanan et al., 2022). 

 

Use of Fungal Pretreatment in Biofortification 

Although the term "biofortification" (nutrient enhancement) is not 

explicitly defined in the context of fungal pretreatment in the sources, the 
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method contributes significantly to enhancing the utility and safety of the 

final anaerobic digestate (fertilizer) and increasing resource recovery by 

performing necessary detoxification: 

Detoxification of Inhibitory Compounds: Fungal pretreatment 

eliminates the release of toxic compounds or inhibitory byproducts (such as 

furfural or hydroxymethylfurfural) that are commonly generated by harsh 

chemical or thermochemical methods (Alexandropoulou et al., 2017:704; 

Taherzadeh and Karimi, 2008:1621; Rouches et al., 2016:1784). White-Rot 

Fungi have been successfully used to detoxify toxic phenolic compounds 

found in olive mill wastewater before. Fungal solid-state fermentation (SSF) 

pretreatment of orange processing wastes has been shown to reduce the level 

of antimicrobial substances (Rouches et al., 2016:1784; Taherzadeh and 

Karimi, 2008:1621). 

Enhancement of Digestate Quality: The final solid residue (digestate) 

from anaerobic digestion, which can be valorized as fertilizer, is 

characterized by its high quality. The anaerobic digestion process, often 

optimized by pretreatment, improves waste management, enhances the 

public health level, and contributes to disease control. The produced 

fertilizer is free of unpleasant odors, easier for plant roots to absorb, and rich 

in vital nutrients like nitrogen, potassium, and phosphorus (Jameel et al., 

2024). 

 

Using Single Fungal Species or Consortia 

Both single fungal species and microbial consortia have demonstrated 

viability for LCB pretreatment, with consortia generally offering broader 

functional capabilities, leading to potentially higher overall performance 

(Table 2) (Govarthanan et al., 2022; Tuesorn et al., 2013:579). 
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Table 2. Using Single Fungal Species or Consortia for lignocellulosic biomass 
Strategy Species / 

Community Type 

Substrate Key Performance 

Metric 

Reference 

Single 

Species 

Abortiporus 

biennis (WRF) 

Willow 

Sawdust 

(WSD) 

Achieved a 43% 

BMP increase (30 

days cultivation); 

showed low 

cellulose uptake, 

making it attractive 

for preserving AD 

substrate  

(Alexandropoulou 

et al., 2017) 

 
Polyporus 

brumalis BRFM 

985 (WRF) 

Wheat 

Straw 

Increased methane 

production up to 

21% per gram of 

initial total solids 

(TS) after 

accounting for mass 

loss, and up to 43% 

more methane per 

gram of pretreated 

VS  

(Rouches et al., 

2016:1784) 

 
Ceriporiopsis 

subvermispora 

(WRF) 

Japanese 

Cedar 

Wood, Yard 

Trimmings 

Biogas increase of 

35% in one study 

and methane yield 

enhancement up to 

54% in another  

(Amirta et al., 

2006:71; Zhao et 

al., 2014] 

Microbial 

Consortia 

Lignocellulolytic 

Microbial 

Consortium 

(LMC) 

Swine 

Manure 

(SM) 

Increased overall 

methane yield by 

55%; enhanced 

cellulose degradation 

by 1.87-fold and 

hemicellulose 

degradation by 1.65-

fold  

(Tuesorn et al., 

2013:579) 

 
Mixed Fungal 

Consortium 

(MIX) 

Poultry 

Sludge 

Increased biogas 

yield by 20% and 

methane yield by 

28% compared to the 

control batch  

(Wrońska and 

Cybulska, 

2018:395) 

 
Microbial 

Consortium 

(multiple species) 

Corn Straw Enhanced 

biomethane yield by 

over 96.6%  

(Govarthanan et 

al., 2022) 

 

Consortia are frequently considered more suitable for LCB 

degradation compared to single strains, as they exhibit advantages such as 

increased adaptability to changing environmental conditions, better 

consumption of complex substrates, and enhanced microbial diversity related 

to metabolic functions (Govarthanan et al., 2022; Tuesorn et al., 2013:579). 
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ECONOMIC AND ENVIRONMENTAL CONSIDERATIONS 

 

Fungal pretreatment offers a sustainable balance between cost and 

environmental impact, primarily by requiring low operating inputs, although 

it faces constraints regarding speed and material throughput. Fungal methods 

are generally considered eco-friendly (Govarthanan et al., 2022). Fungal 

pretreatment operates under mild conditions with low energy demands, 

avoiding the high temperatures and pressures common in physicochemical 

methods (Alexandropoulou et al., 2017:704; Taherzadeh & Karimi, 2008]. 

Unlike chemical methods, fungal pretreatment does not release toxic 

compounds or inhibitory byproducts that could negatively affect downstream 

microbial processes (fermentation or AD) (Alexandropoulou et al., 

2017:704; Rouches et al., 2016:1784; Taherzadeh and Karimi, 2008:1621). 

Fungal pretreatment offers cost advantages but is hindered by kinetic 

limitations. The method is generally classified as a less expensive 

pretreatment option (Shah and Ullah, 2019:7497; Rouches et al., 

2016:1784). SSF requires fewer resources, such as water, heating, mixing, 

and aeration (Rouches et al., 2016:1784). It avoids the substantial expense 

associated with procuring and extracting purified exogenous enzymes 

because the fungi secrete the necessary ligninolytic enzymes directly onto 

the substrate during growth. Limiting the input of rich starter solutions 

(glucose and nitrogen) maximizes the efficiency of delignification, leading 

to substantial metanogenesis improvements (up to 21% methane increase) 

and subsequently reduces operational costs (Rouches et al., 2016:1784). The 

primary constraint limiting commercial feasibility is the prolonged treatment 

time required, often spanning at least one to several weeks, for sufficient 

biomass modification (Alexandropoulou et al., 2017:704; Rouches et al., 

2016:1784; Taherzadeh and Karimi, 2008:1621; Paritosh et al., 2021). 

Fungal growth can lead to unintentional carbohydrate consumption 

(holocellulose loss), resulting in dry mass loss of the substrate, which can 

diminish the net methane yield, as observed with L. menziesii treatment of 

willow sawdust (Alexandropoulou et al., 2017:704; Rouches et al., 

2016:1784). 

 

 

 

 

 

 

 

 

 

 



197 

FUNGAL PRETREATMENT AS A PROMISING TECHNIQUE TO 

INCREASE BIOGAS PRODUCTION 

 

Fungal pretreatment, particularly through the use of White-Rot Fungi 

(WRF), stands as a highly attractive and environmentally sustainable 

strategy for valorizing lignocellulosic biomass (LCB) into renewable energy 

sources like methane (Govarthanan et al., 2022; Alexandropoulou et al., 

2017:704; Rouches et al., 2016:1784). This method distinguishes itself from 

conventional chemical and physicochemical pretreatments by operating 

under mild conditions with low energy demands and without generating 

toxic compounds that inhibit microbial activity during subsequent anaerobic 

digestion (AD) (Alexandropoulou et al., 2017:704; Taherzadeh and Karimi, 

2008:1621). 

The primary success of fungal pretreatment lies in its selective 

delignification capacity, wherein the lignin barrier is efficiently broken down 

while preserving the essential carbohydrate polymers (cellulose and 

hemicellulose) for methanogenic conversion (Alexandropoulou et al., 

2017:704; Rouches et al., 2016:1784; Taherzadeh and Karimi, 2008:1621). 

This selectivity results in substantial improvements in biomethane potential 

(BMP). For instance, fungal cultures combined with secondary alkaline 

treatment on willow sawdust yielded a maximum BMP increase of 115% 

compared to untreated material (Alexandropoulou et al., 2017:704). 

Moreover, high-performing fungal treatments alone have been shown to 

increase biogas yields by up to fivefold when applied to wheat straw (Shah 

and Ullah, 2019:7497). Even when accounting for mass loss due to fungal 

consumption of substrate, certain strains (Polyporus brumalis BRFM 985) 

demonstrated a net increase of up to 21% in methane per gram of initial total 

solids, underscoring the promising economic feasibility of this biological 

route (Rouches et al., 2016:1784). Therefore, fungal pretreatment represents 

a significant advancement in achieving higher substrate digestibility and 

maximizing methane production from agricultural and industrial waste 

feedstocks (Shah and Ullah, 2019:7497). 

 

Future Research Needs  

Despite the inherent environmental and selective advantages of fungal 

pretreatment, its widespread commercial application is currently hindered by 

several critical limitations, primarily the prolonged treatment duration 

required, which can span several weeks (Alexandropoulou et al., 2017:704; 

Rouches et al., 2016:1784; Taherzadeh and Karimi, 2008:1621]. Future 

research must focus intensely on optimizing operational parameters and 

increasing cost-effectiveness to bridge the gap between laboratory success 

and industrial scalability. 

Key areas for future investigation include: 
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1. Optimization of Process Kinetics and Duration: Efforts are needed to 

significantly shorten the required pretreatment time while maintaining, or 

enhancing, delignification efficiency, potentially by combining the process 

with material storage periods to mitigate time constraints (Rouches et al., 

2016:1784; Taherzadeh and Karimi, 2008:1621). Research should compare 

the efficacy of different incubation times to determine the optimum 

conditions for diverse fungal species and feedstocks (Alexandropoulou et al., 

2017:704). 

2. Strain Selection and Metabolic Control: Further refinement of microbial 

culture technology is necessary, focusing on selecting strains with high 

lignolytic activity and extremely low holocellulose uptake efficiency to 

minimize dry mass loss that compromises net methane yield (Govarthanan et 

al., 2022; Alexandropoulou et al., 2017:704; Rouches et al., 2016:1784). 

3. Nutrient Management for Cost-Effectiveness: Optimization studies must 

rigorously quantify and limit the addition of external nutrient sources (like 

glucose and nitrogen) in starter solutions. Since high nutrient levels inhibit 

lignin-degrading secondary metabolism and delignification, identifying the 

minimal effective nutrient input is crucial for simultaneously maximizing 

methane yield and reducing operational costs (Rouches et al., 2016:1784). 

4. Integration with Combined Pretreatment Methods: Further exploration 

into hybrid strategies, such as combining fungal pretreatment with mild 

alkaline or other non-inhibitory physical methods, is warranted to replicate 

and improve upon synergistic effects that have already demonstrated 

maximum BMP increases (Alexandropoulou et al., 2017:704). 

Ultimately, successful optimization across these parameters will 

solidify fungal pretreatment as a viable, low-cost, and high-efficiency core 

technology for the sustainable production of biogas (Shah and Ullah, 2019: 

7497). 

 

 

 

 

 

 
CONCLUSION 

 

Fungal pretreatment, especially through the application of white-rot 

fungi, represents a promising biological strategy for improving biogas 

production from lignocellulosic biomass by enhancing substrate accessibility 

and biomethane potential. Compared to conventional chemical and 

physicochemical pretreatments, this approach offers clear advantages in 

terms of environmental sustainability, low energy requirements, and the 

absence of inhibitory by-products affecting anaerobic digestion. The 

selective delignification capacity of fungal systems allows for improved 
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methane yields while preserving fermentable carbohydrates, as demonstrated 

across various feedstocks and fungal strains. Nevertheless, challenges related 

to long pretreatment durations, substrate mass losses, and nutrient input costs 

currently limit large-scale implementation. Overall, existing evidence 

indicates that targeted optimization of process parameters, strain selection, 

and integration with mild complementary pretreatment methods could 

significantly improve the techno-economic feasibility of fungal pretreatment, 

supporting its potential role in sustainable biogas production and waste 

valorization. 

 

 

 

 

 

 

 

REFERENCES 

 
Alexandropoulou, M., Antonopoulou, G., Fragkou, E., Ntaikou, I., & Lyberatos, G. 

(2017). Fungal pretreatment of willow sawdust and its combination with 

alkaline treatment for enhancing biogas production. Journal of Environmental 

Management, 203, 704–713. 

http://dx.doi.org/10.1016/j.jenvman.2016.04.006 

Amirta, R., Tanabe, T., Watanabe, T., Honda, Y., Kuwahara, M., & Watanabe, T. 

(2006). Methane fermentation of Japanese cedar wood pretreated with a 

white rot fungus, Ceriporiopsis subvermispora. Journal of Biotechnology, 

123(1), 71–77. https://doi.org/10.1016/j.jbiotec.2005.10.004 

Aryal, N., Kvist, T., Ammam, F., Pant, D., & Ottosen, L. D. M. (2018). An 

overview of microbial biogas enrichment. Bioresource Technology, 264, 

359–369. https://doi.org/10.1016/j.biortech.2018.06.013 

Aza, P., & Camarero, S. (2023). Fungal Laccases: Fundamentals, Engineering and 

Classification Update. In Biomolecules (Vol. 13, Issue 12). Multidisciplinary 

Digital Publishing Institute (MDPI). https://doi.org/10.3390/biom13121716 

Chowdhary, P., Shukla, G., Raj, G., Ferreira, L. F. R., & Bharagava, R. N. (2019). 

Microbial manganese peroxidase: a ligninolytic enzyme and its ample 

opportunities in research. In SN Applied Sciences (Vol. 1, Issue 1). Springer 

Nature. https://doi.org/10.1007/s42452-018-0046-3 

Das, A., Das, S., Das, N., Pandey, P., Ingti, B., Panchenko, V., Bolshev, V., 

Kovalev, A., & Pandey, P. (2023). Advancements and Innovations in 

Harnessing Microbial Processes for Enhanced Biogas Production from Waste 

Materials. Agriculture, 13(9), 1689. 

https://doi.org/10.3390/agriculture13091689 

Dashora, K., Gattupalli, M., Tripathi, G. D., Javed, Z., Singh, S., Tuohy, M., 

Sarangi, P. K., Diwan, D., Singh, H. B., & Gupta, V. K. (2023). Fungal 

Assisted Valorisation of Polymeric Lignin: Mechanism, Enzymes and 

Perspectives. In Catalysts (Vol. 13, Issue 1). MDPI. 

https://doi.org/10.3390/catal13010149 

https://doi.org/10.3390/biom13121716
https://doi.org/10.1007/s42452-018-0046-3


200 

Falade, A. O., Nwodo, U. U., Iweriebor, B. C., Green, E., Mabinya, L. V., & Okoh, 

A. I. (2017). Lignin peroxidase functionalities and prospective applications. 

In MicrobiologyOpen (Vol. 6, Issue 1). Blackwell Publishing Ltd. 

https://doi.org/10.1002/mbo3.394 

Govarthanan, M., Manikandan, S., Subbaiya, R., Krishnan, R. Y., Srinivasan, S., 

Karmegam, N., & Kim, W. (2022). Emerging trends and nanotechnology 

advances for sustainable biogas production from lignocellulosic waste 

biomass: A critical review. Fuel, 312, 122928. 

https://doi.org/10.1016/j.fuel.2021.122928 

Jameel, M. K., Mustafa, M. A., Ahmed, H. S., Mohammed, A. J., Ghazy, H., Shakir, 

M. N., Lawas, A. M., Mohammed, S. K., Idan, A. H., Mahmoud, Z. H., 

Sayadi, H., & Kianfar, E. (2024). Biogas: Production, properties, 

applications, economic and challenges: A review. Results in Chemistry, 7, 

101549. https://doi.org/10.1016/j.rechem.2024.101549 

Janusz, G., Pawlik, A., Sulej, J., Świderska-Burek, U., Jarosz-Wilkolazka, A., & 

Paszczyński, A. (2017). Lignin degradation: Microorganisms, enzymes 

involved, genomes analysis and evolution. In FEMS Microbiology Reviews 

(Vol. 41, Issue 6, pp. 941–962). Oxford University Press. 

https://doi.org/10.1093/femsre/fux049 

Kumar, A., & Chandra, R. (2020). Ligninolytic enzymes and its mechanisms for 

degradation of lignocellulosic waste in environment. In Heliyon (Vol. 6, 

Issue 2). Elsevier Ltd. https://doi.org/10.1016/j.heliyon.2020.e03170 

Kumar, V. P., Sridhar, M., & Rao, R. G. (2022). Biological depolymerization of 

lignin using laccase harvested from the autochthonous fungus Schizophyllum 

commune employing various production methods and its efficacy in 

augmenting in vitro digestibility in ruminants. Scientific Reports, 12(1). 

https://doi.org/10.1038/s41598-022-15211-9 

Majeke, B. M., Collard, F. X., Tyhoda, L., & Görgens, J. F. (2021). The synergistic 

application of quinone reductase and lignin peroxidase for the deconstruction 

of industrial (technical) lignins and analysis of the degraded lignin products. 

Bioresource Technology, 319. https://doi.org/10.1016/j.biortech.2020.124152 

Nadir, N., Liyana Ismail, N., & Shah Hussain, A. (2019). Fungal Pretreatment of 

Lignocellulosic Materials. In Biomass for Bioenergy - Recent Trends and 

Future Challenges. IntechOpen. https://doi.org/10.5772/intechopen.84239 

Ozbayram, E. G., Kleinsteuber, S., & Nikolausz, M. (2020). Biotechnological 

utilization of animal gut microbiota for valorization of lignocellulosic 

biomass. Applied Microbiology and Biotechnology, 104, 489–508. 

https://doi.org/10.1007/s00253-019-10239-w 

Rivera-Hoyos, C. M., Morales-Álvarez, E. D., Poutou-Piñales, R. A., Pedroza-

Rodríguez, A. M., RodrÍguez-Vázquez, R., & Delgado-Boada, J. M. (2013). 

Fungal laccases. In Fungal Biology Reviews (Vol. 27, Issues 3–4, pp. 67–

82). https://doi.org/10.1016/j.fbr.2013.07.001 

Rouches, A., Zhou, S., Steyer, J. P., & Carrere, H. (2016). White-Rot Fungi 

pretreatment of lignocellulosic biomass for anaerobic digestion: Impact of 

glucose supplementation. Process Biochemistry, 51(11), 1784–1792. 

Shah, T. A., Ullah, R. (2019). Pretreatment of wheat straw with ligninolytic fungi 

for increased biogas productivity. International Journal of Environmental 

Science and Technology (Tehran), 16(11), 7497–7508. 



201 

Shi, K., Liu, Y., Chen, P., & Li, Y. (2021). Contribution of Lignin Peroxidase, 

Manganese Peroxidase, and Laccase in Lignite Degradation by Mixed White-

Rot Fungi. Waste and Biomass Valorization, 12(7), 3753–3763. 

https://doi.org/10.1007/s12649-020-01275-z 

Sigoillot, J. C., Berrin, J. G., Bey, M., Lesage-Meessen, L., Levasseur, A., 

Lomascolo, A., Record, E., & Uzan-Boukhris, E. (2012). Fungal Strategies 

for Lignin Degradation. In Advances in Botanical Research (Vol. 61, pp. 

263–308). Academic Press Inc. https://doi.org/10.1016/B978-0-12-416023-

1.00008-2 

Taherzadeh, M. J., & Karimi, K. (2008). Pretreatment of Lignocellulosic Wastes to 

Improve Ethanol and Biogas Production: A Review. International Journal of 

Molecular Sciences, 9(9), 1621–1651. https://doi.org/10.3390/ijms9091621 

Tuesorn, S., Wongwilaiwalin, S., Champreda, V., Leethochawalit, M., Nopharatana, 

A., Techkarnjanaruk, S., & Chaiprasert, P. (2013). Enhancement of biogas 

production from swine manure by a lignocellulolytic microbial consortium. 

Bioresource Technology, 144, 579–586. 

http://dx.doi.org/10.1016/j.biortech.2013.07.013 

Wan, C., & Li, Y. (2012). Fungal pretreatment of lignocellulosic biomass. In 

Biotechnology Advances (Vol. 30, Issue 6, pp. 1447–1457). 

https://doi.org/10.1016/j.biotechadv.2012.03.003 

Wrońska, I., Cybulska, K. (2018). Quantity and quality of biogas produced from the 

poultry sludge optimized by filamentous fungi. Ecological Chemistry and 

Engineering S, 25(3), 395–404. https://doi.org/10.1515/eces-2018-0027 

Yang, X., Gu, C., & Lin, Y. (2020). A novel fungal laccase from Sordaria 

macrospora k-hell: expression, characterization, and application for lignin 

degradation. Bioprocess and Biosystems Engineering, 43(7), 1133–1139. 

https://doi.org/10.1007/s00449-020-02309-5 

 

https://doi.org/10.1515/eces-2018-0027
https://doi.org/10.1007/s00449-020-02309-5


202 

 
 

 

 

 

 

 

 

 

 

 



203 

 

 

 

 

 

 

 

 

 

 

 

Computational Investigations, Molecular 

Docking, and ADME Analysis of 

Naphthylene-Based Hydrazide 

 

 

 
 

 

Sevgi KANSIZ1 
 

 
  

 

 

 
       
 

 

 

 

 

1- Asst. Prof.; Samsun University, Faculty of Engineering and Natural Sciences, Department of 
Fundamental Sciences. sevgi.kansiz@samsun.edu.tr ORCID No: 0000-0002-8433-7975.       



204 

ABSTRACT 

 

Naphthalene and hydrazide-based structures are widely explored in 

medicinal chemistry owing to their aromatic frameworks and favorable in-

teraction potential with biological macromolecules. These features render 

hydrazone-linked systems promising candidates for in silico drug discovery. 

Accordingly, the present study focuses on the naphthalene-based hydrazide 

compound C20H20N3O2, aiming to elucidate its electronic structure, molecu-

lar reactivity, binding affinity, and pharmacokinetic behavior through com-

putational approaches. Density functional theory calculations were employed 

to investigate the molecular electrostatic potential (MEP) and frontier mo-

lecular orbitals (FMOs). The MEP map identified the carbonyl oxygen and 

hydrazone N–NH group as the primary reactive sites, indicating their poten-

tial involvement in ligand–receptor interactions. FMO analysis revealed a 

moderate HOMO–LUMO gap for the α-spin state, reflecting structural sta-

bility, while the β-spin channel exhibited a smaller energy gap, lower hard-

ness, and higher electronegativity, suggesting enhanced chemical reactivity. 

Molecular docking simulations against antifungal protein (4DRH) showed a 

favorable binding affinity of –7.209 kcal/mol, stabilized by hydrogen bond-

ing and multiple π-based non-covalent interactions with key amino acid resi-

dues. Additionally, SwissADME analysis was conducted to investigate the 

pharmacokinetic behavior and drug-likeness of the compound, with a focus 

on absorption, distribution, and key medicinal chemistry parameters. RA-

DAR and BOILED-Egg models were utilized to provide an integrated over-

view of its physicochemical balance and potential oral bioavailability. 
 

Keywords – Naphthalene, Hydrazide, Molecular Docking, Drug-Likeness, DFT, 

MEP.  

INTRODUCTION 

Naphthalene-based scaffolds constitute one of the most versatile clas-

ses of polycyclic aromatic systems and have attracted considerable attention 

due to their broad applications in medicine, materials, and coordination 

chemistry (Oshi et al., 2017; Jyothi et al., 2024). Structural modifications on 

the naphthalene ring, particularly through methoxy or alkoxy substitutions, 

can significantly influence the electronic distribution and conformational 

preferences of the aromatic core. Such substituents often enhance π–electron 

delocalization, modulate dipole moments, and improve lipophilicity, features 

that are crucial for biological membrane permeability and molecular recogni-

tion. Methoxynaphthylidene derivatives (Sherif et al., 2021; Liu et al., 2012, 

Zhou et al., 2009), in particular, have been widely investigated for their pho-

tophysical properties, electron-donating behavior, and ability to participate 

in donor–acceptor interactions, making them attractive building blocks for 

the design of bioactive and functional organic molecules. 
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Hydrazones and hydrazide derivatives represent an important class of 

Schiff base compounds, recognized for their rich coordination chemistry, 

structural diversity, and broad spectrum of pharmacological activities (Taha 

et al., 2015; Kansız, 2023; Verma et al., 2014). The presence of the –C(=O)–

NH–NH–C=N– linkage confers both nucleophilic and electrophilic sites, 

enabling these molecules to interact with biological macromolecules through 

hydrogen bonding, electrostatic interactions, and metal chelation. Numerous 

studies have highlighted the antimicrobial, anticancer, antioxidant, and en-

zyme-inhibitory potential of hydrazone and benzohydrazide frameworks, 

which are often attributed to their tunable electronic properties and ability to 

adopt multiple tautomeric forms (Korkmaz et al., 2022; Dietl et al., 2015; 

Murugappan et al., 2024; Kucukoglu et al., 2019). In this context, 

C20H20N3O2, containing both an electron-rich naphthalene moiety and a di-

methylamino-substituted benzohydrazide fragment, represents a promising 

candidate for computational studies involving DFT-based electronic struc-

ture analysis, molecular docking, and ADME prediction to assess its struc-

tural stability and potential biological relevance. 

Materials and Method  

Density Functional Theory (DFT) calculations were performed using 

the Gaussian 09W software package (Frisch et al., 2009), and the molecu­lar 

structures were visualized with GaussView 6.0 (Dennington et al., 2016). 

Geometry optimization and electronic structure analyses were carried out at 

the B3LYP/6-31+G(d,p) level of theory (Becke, 1993), which offers a suita-

ble compromise between computational efficiency and accuracy. The opti-

mized structure was subsequently used to evaluate the frontier molecular 

orbitals (HOMO–LUMO energies) and to generate the Molecular Electro-

static Potential (MEP) map, providing insight into the electrophilic and nu-

cleophilic regions of the molecule. Molecular docking studies for the com-

pound C20H20N3O2 (Figure 1) were conducted using AutoDock Vina (Trott et 

al., 2010). Prior to docking, the DFT-optimized structure was converted into 

PDB and PDBQT formats using Discovery Studio Visualizer 4.0 

(https://www.3dsbiovia.com/). The target antifungal protein (März et al., 

2013) (PDB ID: 4DRH) was obtained from the RCSB Protein Data Bank 

(https://www.rcsb.org/), prepared by removing water molecules, adding po-

lar hydrogens, and assigning Kollman charges. In addition, physicochemical 

descriptors, pharmacokinetic parameters, and drug-likeness properties of the 

ligand were predicted using the SwissADME online platform (Daina et al., 

2017). 
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RESULTS AND DISCUSSION 

Optimization 

The optimized geometric parameters of C20H20N3O2 were obtained at 

the DFT/B3LYP level, and selected bond lengths and bond angles are sum-

marized in Table 1. The C11–N22 bond length of 1.32 Å is characteristic of 

a C=N imine linkage, confirming the presence of significant π-electron delo-

calization along the hydrazone backbone. This observation is further sup-

ported by the N22–N23 bond length of 1.41 Å, which lies between typical 

single and double N–N bonds, indicating partial conjugation within the –

C=N–NH– moiety. The C25–N23 bond length (1.40 Å) also reflects partial 

double-bond character, suggesting effective electron delocalization between 

the hydrazide nitrogen and the adjacent aromatic system. The C25–O26 

bond length of 1.37 Å is shorter than a typical C–O single bond, implying 

resonance stabilization and conjugation involving the carbonyl oxygen. Ad-

ditionally, the C14–O21 (1.50 Å) and C17–O21 (1.51 Å) distances are con­

sistent with ether-type C–O single bonds, confirming the integrity of the 

methoxy substituent. The C–C distances within the aromatic moieties are 

close to the typical mean value observed for aromatic systems (approximate-

ly 1.39 Å). In contrast, variations observed in specific bond lengths and bond 

angles within the hydrazone/acetyl segment and adjacent linker atoms reflect 

an extended π-electron delocalization, giving rise to partial double-bond 

character along the C–N and N–N connectivity. These structural features are 

consistent with previously reported conjugated hydrazone frameworks (Ilmi 

et al., 2025; Sert et al., 2014; Gumus et al., 2021; Kansız et al., 2025). More-

over, the aromatic bond parameters show close agreement with literature 

data for related systems (Chkirate et al., 2019; Ilmi et al., 2023; Gümüş et 

al., 2025; Cakmak et al., 2022; Gümüş et al., 2022). Bond angle values 

around the hydrazone core, such as C11–N22–N23 (115°) and C25–N23–

N22 (111°), indicate a near-planar arrangement, which facilitates π-

conjugation across the molecule. The angles associated with the dimethyla-

mino group (C34–N37–C38 = 109°, C34–N37–C42 = 110°) correspond to a 

typical sp³-hybridized nitrogen environment, suggesting localized electron 

density in this region. The optimized structural parameters confirm a stable, 

conjugated molecular framework, which is favorable for electronic delocali-

zation and may contribute to the compound’s observed chemical reactivity 

and biological potential. 
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Figure 1: The optimized structure of C20H20N3O2. 

Table 1: Selected bond lengths of C20H20N3O2. 

Bond length Distance, Å Bond angle Value, deg 

C11–N22 1.32 C11–N22–N23 115 

C25–N23 1.40 C25–N23–N22 111 

C34–N37 1.47 C27–C25–N23 114 

C38–N37 1.47 C27–C25–O26 112 

C42–N37 1.47 N23–C25–O26 110 

N22–N23 1.41 C14–O21–C17 110 

C25–O26 1.37 C34–N37–C38 109 

C14–O21 1.50 C34–N37–C42 110 

C17–O21 1.51 C38–N37–C42 109 

C25–C27 1.54 C1–C2–C3 120 

MEP surface analysis 

The intense red region at the carbonyl oxygen identifies it as the 

most electron-rich site (Al-thamili et al., 2020; Arumugam et al., 2021; 

Kargar et al., 2025) in the molecule and thus the strongest hydrogen-bond 

acceptor (Figure 2). This atom is the primary locus for interaction with 

hydrogen-bond donors on a protein or solvent (for example, backbone NH or 

side-chain donors). In docking studies, carbonyl O would be expected to 

form the most favorable and directional hydrogen bonds. The methoxy O 

showing a shift from yellow to orange indicates a moderately negative 

potential, it is electron-rich but to a lesser extent than the carbonyl oxygen. 

Methoxy oxygen can act as a secondary hydrogen-bond acceptor or 

participate in polar interactions; however, its acceptor strength is weaker 

than that of the carbonyl O, likely because of electron delocalization into the 

aromatic system and steric environment. 

The yellow coloration over the naphthalene’s first aromatic ring 

indicates a slightly electron-rich π-cloud. Such modest negative potential on 
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the aromatic face suggests that the naphthyl moiety can engage in π–π 

stacking, π–cation interactions, or weak polar contacts with electron-

deficient protein residues or cofactors. It is unlikely to be a primary 

hydrogen-bonding site but may contribute to hydrophobic and π-stacking 

stabilization in the binding pocket. The yellow potential over the 

benzohydrazide ring and the adjacent nitrogen atom suggests a moderate 

electron density localized on this aromatic fragment and on the ring-linked 

N. The presence of the 4-dimethylamino substituent (strongly electron-

donating) likely increases electron density on the benzene ring and the 

adjacent nitrogen, enhancing the ring’s nucleophilicity and favoring 

interactions with electrophilic or polar residues in a receptor. The blue 

coloration on hydrogen atoms indicates positive electrostatic potential; the 

particularly pronounced blue at the hydrazide N–NH hydrogen signals it as a 

strong hydrogen-bond donor. This N–H is therefore a likely site to form 

directional hydrogen bonds to acceptor atoms in protein active sites (e.g., 

carbonyl oxygens, carboxylate oxygens, or backbone carbonyls). In docking, 

this hydrogen often drives specific interactions and can increase binding 

affinity when complementary acceptors are available. 

Taken together, the MEP pattern identifies a classic donor–acceptor 

pairing within the molecule: a strongly electron-rich carbonyl oxygen 

(primary acceptor) and a strongly electron-poor N–H (primary donor). These 

complementary sites make the compound well suited to form hydrogen 

bonds with biological receptors. Secondary acceptor sites (methoxy O and 

aromatic π-clouds) and electron-rich aromatic rings (naphthyl and 

dimethylamino-substituted benzene) can provide additional stabilizing 

contacts such as π–π stacking, π–cation interactions, and weaker polar 

contacts. Consequently, in docking studies one should expect the carbonyl O 

and the N–NH hydrogen to be key players in ligand–receptor hydrogen 

bonding, with the aromatic surfaces contributing to van der Waals and π-

interaction energy terms. 
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Figure 2: MEP surface of C20H20N3O2. 

Frontier molecular orbitals analysis (FMOs) 

FMOs, particularly the highest occupied molecular orbital (HOMO) 

and the lowest unoccupied molecular orbital (LUMO), play a crucial role in 

determining the electronic properties, reactivity, and charge‐transfer 

behavior of organic molecules (Sert et al., 2014; Kansiz, 2023). The energy 

difference between these orbitals, known as the HOMO–LUMO energy gap, 

is directly related to the molecule’s chemical stability, softness, and 

excitation characteristics. A smaller gap generally indicates higher 

polarizability and reactivity, whereas a larger gap suggests electronic 

stability. For the compound C20H20N3O2, the spatial distribution of the 

frontier orbitals is illustrated in Figure 3, while the corresponding energetic 

parameters are summarized in Table 2. The α-spin channel exhibits a HOMO 

energy of –7.6366 eV and a LUMO energy of –6.0260 eV, yielding a 

HOMO–LUMO gap of 1.61 eV. This moderate gap indicates a balanced 

combination of stability and chemical activity. In contrast, the β-spin orbitals 

display a HOMO at –8.3860 eV and a LUMO at –7.6366 eV, resulting in a 

significantly smaller energy gap of 0.75 eV. The reduced β-gap suggests that 

the β-spin electrons require less energy for excitation, implying enhanced 

reactivity in this spin channel. Global reactivity descriptors derived from 

these energies (Table 2) further support this interpretation. The β-spin state 

exhibits higher electronegativity (χ = 8.01 eV) and lower hardness (η = 0.37 

eV) compared to the α-spin state (χ = 6.83 eV; η = 0.81 eV). This indicates 

that the β-spin channel is softer and more chemically responsive, consistent 

with its smaller HOMO–LUMO gap. Conversely, the α-spin state shows 

greater hardness and a lower degree of electronic polarizability, reflecting 

higher stability. The FMO analysis demonstrates that C20H20N3O2 possesses 

distinct electronic characteristics across its spin manifolds, with the β-spin 
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configuration contributing more prominently to the molecule’s potential 

reactivity and electron-transfer behavior. 

 
Figure 3: HOMO-LUMO surface of C20H20N3O2. 

Table 2: The energy values of the global reactivity parameters of C20H20N3O2. 

Parameters α–state values β–state values 

EHOMO (eV) –7.64 –8.39 

ELUMO (eV) –6.03 –7.64 

Energy gap (eV)  1.61 0.75 

Ionization potential, I = –EHOMO (eV) 7.64 8.39 

Electron affinity, A = –ELUMO (eV) 6.03 7.64 

Electronegativity, χ = (I + A)/2 (eV) 6.83 8.01 

Hardness, η = (I – A)/2 (eV) 0.81 0.37 

Softness, S = 1/(2η) (eV⁻¹) 0.62 1.33 

Molecular docking analysis  

Molecular docking is a widely used computational technique that 

predicts the preferred orientation, binding mode, and affinity of a ligand 

when interacting with a biological macromolecule (Bouzian et al., 2021; 

Eltayeb et al., 2020; OmarAli et al., 2023). By estimating the free energy of 

binding, docking simulations help identify key non-covalent interactions and 

assess the potential biological activity of a compound. This method is 

especially valuable in drug discovery, where understanding ligand–receptor 

compatibility is essential for designing effective therapeutic candidates. In 

the present study, the molecular docking of C20H20N3O2 was performed 

using AutoDock Vina to investigate its interaction with the target protein 

(PDB ID: 3ERT). Before docking, the ligand geometry was optimized at the 

DFT/B3LYP/6-31G(d,p) level using Gaussian 09W to ensure an 
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energetically stable input structure. The docking grid was centered at x = 

14.833, y = 9.444, and z = 8.528, with grid dimensions of 40 × 40 × 40 Å³ 

and a spacing of 0.375 Å, which provided complete coverage of the active 

binding region. The docking simulation produced a binding affinity of –

7.209 kcal/mol, suggesting a favorable and stable ligand–receptor interaction 

within the tubulin A binding pocket (Fig. 4 and Table 3). The corresponding 

interaction profiles (Fig. 5) revealed a diverse array of stabilizing non-

covalent contacts, including π–π stacking, π–σ, π–alkyl interactions, and 

hydrogen bonding. These interactions collectively reinforce the stable 

accommodation of the ligand inside the active site. A detailed residue-level 

analysis showed that the ligand interacts with several key amino acids, 

including GLU323, LEU320, and PRO324. Notably, a single hydrogen bond 

is established with LEU320, which contributes to the specificity and stability 

of the binding pose. The combination of aromatic interactions and hydrogen 

bonding underscores the compound’s potential for meaningful biological 

activity against the antifungal target. 

 

Figure 4: Showing 3D molecular docking results of the ligand+PDB:3ERT. 
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(a) (b) 
Figure 5: (a) Showing hydrogen bonds, and (b) 2D molecular docking results of the 

ligand+PDB:3ERT. 

Table 3. The binding affinity and RMSD values. 

Mode Affinity (kcal/mol) rmsd l.b. rmsd u.b. 

1 -7.209 0.000 0.000 

2 -6.823 13.91 16.5 

3 -6.720 20.79 22.55 

4 -6.717 15.33 16.89 

5 -6.523 12.21 14.43 

6 -6.440 26.29 28.07 

7 -6.428 23.92 25.18 

8 -6.379 31.89 33.21 

9 -6.349 22.81 25.78 

 

ADME analysis 

The SwissADME results (Table 4) indicate that the C20H20N3O2 

compound possesses favorable physicochemical and pharmacokinetic 

characteristics. The molecular weight (334.40 g/mol), moderate lipophilicity 

(consensus LogP = 2.80), and relatively low TPSA value (53.93 Å²) suggest 

good membrane permeability. The compound exhibits high gastrointestinal 

absorption and satisfies all major drug-likeness filters, including Lipinski, 

Ghose, Veber, Egan, and Muegge criteria, with no rule violations. Water 

solubility predictions classify the molecule as moderately soluble to soluble, 

supporting its suitability for oral administration. In terms of metabolism, the 

compound is predicted to inhibit CYP2C19, CYP2C9, and CYP3A4 

isoenzymes, which should be considered in further pharmacokinetic and 

drug–drug interaction studies. The absence of PAINS alerts and a reasonable 

synthetic accessibility score (4.28) further support its potential as a drug-like 

candidate. 
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The RADAR plot (Figure 6) provides a visual overview of six key 

drug-likeness parameters: lipophilicity, size, polarity, solubility, saturation, 

and molecular flexibility. The red polygon corresponding to the compound 

largely falls within the optimal pink region, indicating a balanced profile 

compatible with oral bioavailability. Slight deviations are observed in 

flexibility and saturation, reflecting the presence of aromatic rings and 

conjugated systems; however, these features are common in bioactive 

hydrazone derivatives and do not significantly compromise the overall drug-

likeness. Overall, the RADAR analysis confirms that the compound exhibits 

a well-balanced physicochemical profile. 

The BOILED-Egg diagram (Figure 6) shows that the compound is 

located within the yellow yolk region, indicating a strong likelihood of 

blood–brain barrier (BBB) permeation, in addition to high human intestinal 

absorption (HIA). The compound is predicted as P-gp non-substrate (PGP−), 

suggesting it is not actively effluxed by P-glycoprotein, which favors 

sustained intracellular concentration and effective distribution. This profile 

implies that the compound may have potential for central nervous system 

(CNS) activity, while still maintaining good oral absorption characteristics. 

Table 4.  ADME analysis results. 
Physicochemical Properties Lipophilicity 

Formula C20H20N3O2 Log Po/w (iLOGP)  2.82 

Molecular weight 334.40 g/mol Log Po/w (XLOGP3)  3.69 
Num. heavy atoms 25 Log Po/w (WLOGP)  3.05 

Num. arom. heavy atoms 6 Log Po/w (MLOGP)  2.43 

Fraction Csp3 0.20 Log Po/w (SILICOS-
IT)  

1.99 

Num. rotatable bonds 5 Consensus Log Po/w  2.80 
Num. H-bond acceptors 3 Water Solubility  

Num. H-bond donors 1 Log S (ESOL)  -4.09 

Molar Refractivity 100.36 Solubility 2.72e-02 mg/ml; 
8.10e-05 mol/l 

TPSA  53.93 Å² Class  Moderately soluble 
Pharmacokinetics  Log S (Ali)  -4.51 

GI absorption  High Solubility 1.03e-02 mg/ml; 

3.07e-05 mol/l 
BBB permeant  Yes Class  Moderately soluble 

P-gp substrate  No Log S (SILICOS-IT)  -3.75 
CYP1A2 inhibitor  No Solubility 5.95e-02 mg/ml; 

1.77e-04 mol/l 

CYP2C19 inhibitor  Yes Class  Soluble 
CYP2C9 inhibitor  Yes Druglikeness  

CYP2D6 inhibitor  No Lipinski  Yes; 0 violation 
CYP3A4 inhibitor  Yes Ghose  Yes 

Log Kp (skin permeation)  -5.73 cm/s Veber  Yes 

Medicinal Chemistry  Egan  Yes 
PAINS  0 alert Muegge  Yes 

Brenk  1 alert: imine_1  Bioavailability Score  0.55 
Leadlikeness  No; 1 violation: 

XLOGP3>3.5 

  

Synthetic accessibility  4.28   
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Figure 6: (a) The bioavailability radar, (b) and boiled egg model 

 

 

 

 

CONCLUSION 

In this study, a comprehensive theoretical investigation of 

C20H20N3O2 was carried out using density functional theory, molecular 

docking simulations, and in silico ADME predictions. The MEP analysis 

revealed that the carbonyl oxygen and hydrazone N–NH moiety constitute 

the most electrophilic and nucleophilic regions of the molecule, highlighting 

their key role in intermolecular interactions and hydrogen bonding with 

biological targets. Frontier molecular orbital analysis demonstrated distinct 

electronic behaviors for the α- and β-spin channels. While the α-spin state 

exhibited higher hardness and stability, the β-spin channel showed a smaller 

HOMO–LUMO gap, lower hardness, and higher electronegativity, 

indicating enhanced chemical reactivity and electron-transfer capability. 

These findings suggest that the β-spin configuration contributes more 

significantly to the molecule’s reactive character. Molecular docking studies 

against tubulin A revealed a favorable binding affinity (–7.209 kcal/mol), 

supported by a combination of π–π stacking, π–alkyl, π–σ interactions, and a 

stabilizing hydrogen bond with LEU320. The involvement of key residues 

such as GLU323, LEU320, and PRO324 confirms the stable accommodation 

of the ligand within the active site and suggests potential antifungal activity. 

Furthermore, SwissADME analysis indicated that the compound possesses a 

well-balanced physicochemical and pharmacokinetic profile, with high 

gastrointestinal absorption, BBB permeability, and compliance with all 

major drug-likeness rules. The RADAR and BOILED-Egg models further 

supported its oral bioavailability and favorable distribution properties. 
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Overall, the combined electronic, docking, and ADME results suggest that 

C20H20N3O2 represents a promising drug-like scaffold worthy of further 

experimental and biological evaluation. 
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ABSTRACT 

 

For the better part of a decade, green synthesis has enjoyed a 

reputation as the "sustainable darling" of materials science, largely because it 

offers a plant-based escape route from the toxic reagents used in conventional 

chemistry. Yet, despite this popularity, the field remains shackled by a 

pervasive and somewhat reductionist dogma: the belief that "nano" is the only 

metric of success. A cursory review of the literature reveals a landscape so 

heavily biased towards particles below 100 nm that micrometer-sized 

aggregates are almost universally discarded as experimental failures, rather 

than being interrogated as legitimate thermodynamic outcomes. This chapter 

seeks to dismantle that prejudice. We argue that micro-scale aggregation, far 

from being a stochastic error, is a predictable and thermodynamically 

inevitable consequence of high-concentration synthesis conditions. By 

dissecting mechanisms such as "burst" nucleation, Ostwald ripening, and the 

often-overlooked phytochemical bridging effect, we demonstrate that these 

larger structures possess intrinsic value—specifically in terms of 

thermodynamic stability and biocompatibility—that their nano counterparts 

lack. Consequently, we propose a paradigm shift: rather than treating these 

micro-structures as waste, we should exploit their slow ion-release kinetics for 

high-value applications in sustainable agriculture and medicine. 

 
Keywords: Green Synthesis; Silver Microparticles; Burst Nucleation; Ostwald 

Ripening; Kinetic Control; Phytochemical Bridging. 

 

INTRODUCTION 

 

If one observes the trajectory of materials science in the 21st century, 

it becomes evident that the discipline is being squeezed by two opposing yet 

equally urgent pressures. On one flank, there is the desperate global scramble 

for novel therapeutic agents to hold back the rising tide of antimicrobial 

resistance (AMR); on the other, there is a strict, non-negotiable environmental 

imperative to purge toxic effluents from industrial manufacturing (Murray et 

al., 2022). Entering this breach is "phyto-nanotechnology," a methodology 

that promises to resolve both issues simultaneously by utilizing benign plant 

metabolites to replace hazardous reducing agents like sodium borohydride 

(Iravani, 2011). 

However, there is a conceptual blind spot at the heart of this endeavor. 

The academic community has become so fixated on the fabrication of 

monodispersed silver nanoparticles (AgNPs)—specifically those with 

diameters strictly below 100 nm—that it has effectively created a monoculture 

of thought. This fixation is, to be fair, grounded in theory: the premise that 

higher specific surface area equates to superior catalytic and biological 

activity is scientifically sound (Dakal et al., 2016). Yet, this singular focus has 
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resulted in a publication bias where synthesis protocols are rigidly optimized 

to arrest particle growth at all costs. The unfortunate side effect is that 

experimental results yielding micron-sized particles or aggregates are 

frequently labeled as "failed syntheses," relegated to the laboratory trash bin, 

and excluded from the scientific record. 

We contend that this binary classification—wherein nano represents 

"success" and micro represents "failure"—is scientifically flawed, primarily 

inasmuch as it neglects the continuous nature of colloidal growth 

thermodynamics. When researchers employ potent extracts from endemic 

flora, particularly at high concentrations, the formation of silver 

microparticles (AgMPs) is often a reproducible, functional outcome rather 

than a mistake. This chapter aims to challenge the prevailing nano-obsession. 

Given the rising toxicological concerns regarding "nano-toxicity"—

specifically the potential for ultrafine particles to cross the blood-brain barrier 

or bioaccumulate in vital organs—the safety profile of larger particles 

warrants a second look. By exploring how variables like extract concentration 

influence final morphology, we aim to validate that in scenarios requiring 

long-term thermodynamic stability or catalyst recycling, the micro-scale may, 

counter-intuitively, outperform the nano-scale. 

 

1. The Thermodynamic Context: Why "Green" Can Be Chaotic 

To truly comprehend why microparticles form, one must first appreciate the 

messy reality of the reaction medium. Unlike a chemical synthesis performed 

with purified reagents in a clean room, a crude plant extract is a chaotic, 

chemically complex soup. It contains a dizzying array of metabolites, from 

flavonoids to terpenes, each with its own redox potential. Synthesizing silver 

within this unrefined matrix involves a delicate thermodynamic balancing act, 

one that is governed not just by temperature or pH, but fundamentally by the 

precursor-to-extract ratio. 

This biological medium is asked to perform two contradictory roles 

simultaneously. First, it acts as a reducer: specific functional groups, most 

notably the phenolic –OH groups visible in FTIR analysis, are tasked with 

stripping electrons from silver ions (Ag+) to reduce them to elemental silver 

(Ag0). Second, it acts as a stabilizer: bulky organic molecules attempt to 

envelop the nascent particles, creating a steric barrier intended to prevent 

aggregation (Ambika & Sundrarajan, 2015; Makarov et al., 2014). 

Whether a particle remains kinetically trapped at the nano-size or 

evolves into a microparticle depends entirely on the race between these two 

competing functions. Classical nucleation theory, such as the LaMer model, 

postulates that for monodispersity to occur, the nucleation phase must be 

separated from the growth phase. However, in high-concentration 

environments, this separation collapses. Because the reduction rate in these 

supersaturated scenarios drastically outpaces the diffusion-limited adsorption 

of capping agents, the system inevitably bypasses the metastable nano-state. 
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It rushes towards equilibrium, settling into the thermodynamically favored—

albeit larger—micro-state. 

 

2. Mechanisms: How the Shift Happens 

The transition from discrete nanoparticles to stable microparticles is 

neither random nor accidental; rather, it is driven by three specific convergent 

mechanisms that are triggered whenever supersaturation levels become 

excessive. Understanding these mechanisms is the key to controlling the final 

material. 

 

2.1. The "Burst" Effect and Coalescence 

The primary culprit in aggregation is a phenomenon known as "burst 

nucleation." When a surplus of reducing agents is introduced instantaneously, 

the critical energy barrier for nucleation is lowered, causing a massive density 

of nuclei to form simultaneously throughout the solution (Mittal et al., 2013). 

In a dilute solution, these nuclei might have time to find a capping agent. But 

here, the conditions are crowded. The mean free path between nascent 

particles is so short that they are forced into immediate proximity. Since 

surface passivation by phytochemicals is a diffusion-limited process that takes 

time, the naked, high-energy nuclei collide and fuse before they can be 

effectively capped (Amin et al., 2021). This rapid coalescence is not an error; 

it is the system's way of rapidly reducing its total surface energy. 

 

2.2. Ostwald Ripening: The Drive for Equilibrium 

Following the initial nucleation and coalescence, the system seeks 

further stabilization through Ostwald ripening. This process is governed by 

the Gibbs-Thomson effect, which dictates that smaller particles, due to their 

high surface curvature, possess higher chemical potential and solubility than 

larger particles. 

Consequently, within the complex ionic matrix of the plant extract, 

smaller particles preferentially dissolve back into ionic species (Ag+). These 

ions then diffuse through the solution and redeposit onto the surface of larger, 

energetically stable aggregates (Dolai et al., 2021). Although nanoparticle 

researchers often view this as a nuisance, in our context, Ostwald ripening is 

beneficial. It effectively "culls" the unstable nano-population, yielding 

chemically robust micro-structures that have already reached a state of 

equilibrium and are less prone to further changes over time. 

 

2.3. The Bridging Effect (Molecular Glue) 

Furthermore, we must consider that the role of phytochemicals 

undergoes a fundamental shift at high concentrations. While they are typically 

modeled as capping agents that provide steric repulsion, long-chain 

polyphenols and polysaccharides can act as "molecular glue" through the 

bridging effect. By adsorbing onto multiple metal nuclei simultaneously—via 
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hydrogen bonding or chelation—these macromolecules physically tie distinct 

clusters together (Ghorbani et al., 2017). This creates the rugged, 

interconnected, and polycrystalline morphologies frequently observed under 

microscopy, distinguishing biogenic microparticles from simple physical 

agglomerates formed by drying. 

 

3. Diagnosing the Micro-State: Characterization Signatures 

Distinguishing between a "failed" nanoparticle synthesis and the 

successful formation of stable microparticles requires looking beyond simple 

visual inspection. One must identify specific instrumental signatures that 

signal the departure from the quantum confinement regime. 

 

Optical and Spectroscopic Indicators 

The most immediate evidence is often found in the optical properties 

of the suspension. While spherical AgNPs characteristically display a sharp 

Surface Plasmon Resonance (SPR) peak around 400–450 nm due to the 

collective oscillation of conduction electrons (El-Nour et al., 2010), 

microparticles behave as larger scattering centers. According to Mie theory, 

as the particle size increases beyond the mean free path of the electrons, the 

plasmon resonance is dampened and broadened. This results in a spectrum 

where the peak either broadens significantly, loses its intensity, or shifts 

distinctly towards the UV range (~350 nm) (Paramelle et al., 2014). 

My recent experimental work with endemic Turkish flora provided 

striking confirmation of these spectral signatures. In studies utilizing Sideritis 

trojana Bornm., the synthesized structures did not exhibit the classic plasmon 

peak expected for nanospheres; instead, they showed a distinct absorption 

maximum at approximately 362 nm, clearly indicating the presence of larger 

scattering centers (Yardan, 2025b). Similarly, syntheses mediated by 

Origanum sipyleum L. extract resulted in a hypsochromic shift to roughly 350 

nm (Yardan, 2025a). These specific wavelengths were not random artifacts 

but reproducible indicators that the high phenolic content of these extracts had 

thermodynamically driven the system toward stable micro-aggregation rather 

than arresting it at the nanoscale. 

 

Morphological Confirmation 

Morphologically, Scanning Electron Microscopy (SEM) reveals the 

true nature of the material. Unlike discrete, spherical nanoparticles, biogenic 

microparticles appear jagged, faceted, or fused. The presence of fusion 

boundaries—where two distinct particles seem to have merged into a single 

entity—provides physical evidence of the coalescence and ripening processes 

discussed previously (Mittal et al., 2013). 

This bridging phenomenon was particularly evident in the 

microstructures derived from Origanum sipyleum L. Scanning Electron 

Microscopy (SEM) revealed that the resulting particles were not merely loose 
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agglomerates but fused, irregular masses with clear grain boundaries, 

suggesting that phytochemicals acted as a robust molecular glue (Yardan, 

2025a). Likewise, the Sideritis trojana-mediated synthesis yielded large, 

polycrystalline clusters that maintained their structural integrity over time, 

offering physical proof that the transition to the microscale involves a 

deliberate phytochemical cementing process rather than uncontrolled 

precipitation (Yardan, 2025b). 

 

Crystallographic and Surface Analysis 

For definitive confirmation, X-Ray Diffraction (XRD) is employed to 

verify the crystalline face-centered cubic (FCC) structure of the silver (Figure 

3.1). 

If XRD analysis indicates small crystallite sizes (via the Scherrer 

equation) while SEM imaging shows large micrometer-scale particles, the 

material is confirmed as a polycrystalline aggregate (Iravani, 2011). 

Additional verification can be obtained via Energy Dispersive X-Ray 

Spectroscopy (EDX) to detect carbon signals woven within the silver matrix, 

which supports the phytochemical bridging theory (Ahmed et al., 2016). 

Finally, a low Zeta Potential (typically < ±30 mV) serves as the "smoking 

gun" for kinetic instability, proving that the electrostatic repulsion forces were 

insufficient to prevent the aggregation driven by the high ionic strength of the 

concentrated extract (Jeevanandam et al., 2018). 

 

 

 

 
 

Figure 3.1. This schematic illustrates the Face-Centered Cubic (FCC) lattice 

structure of metallic silver. The detection of this specific lattice arrangement via 

XRD confirms the presence of crystalline metallic material, distinguishing the 

microparticles from amorphous aggregation or organic impurities (Illustration 

adapted from Cullity & Stock, 2001). 

 

If XRD analysis indicates small crystallite sizes (via the Scherrer 

equation) while SEM imaging shows large micrometer-scale particles, the 

material is confirmed as a polycrystalline aggregate (Iravani, 2011). 

Additional verification can be obtained via Energy Dispersive X-Ray 

Spectroscopy (EDX) to detect carbon signals woven within the silver matrix, 
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which supports the phytochemical bridging theory (Ahmed et al., 2016). 

Finally, a low Zeta Potential (typically < ±30 mV) serves as the "smoking 

gun" for kinetic instability, proving that the electrostatic repulsion forces were 

insufficient to prevent the aggregation driven by the high ionic strength of the 

concentrated extract (Jeevanandam et al., 2018). 

 

Summary of Differences 

The physicochemical distinctions between these two states are 

summarized in Table 3.1 below, highlighting why microparticles should be 

treated as a distinct class of materials. 

 
Table 3.1. Comparative summary of physicochemical characteristics between 

biogenic silver nanoparticles and micro aggregates* 

Feature 
Nanoparticles 

(AgNPs) 

Microparticles / 

Aggregates (AgMPs) 

Dominant Formation 

Mechanism 

Controlled 

Nucleation & 

Capping 

Burst Nucleation & 

Ostwald Ripening 

Size Range 1 – 100 nm 
> 100 nm (typically 1-

10 µm) 

Optical Signature 

(UV-Vis) 

Sharp SPR Peak 

(400–450 nm) 

Broadened Peak or 

Blue Shift (~350 nm) 

Thermodynamic 

State 

Metastable (High 

Surface Energy) 

Stable (Lower Surface 

Energy) 

Surface Charge 

(Zeta) 
High (> ±30 mV) Low (< ±30 mV) 

Primary Advantage 
High Bioactivity / 

Surface Area 

Long-term Stability / 

Easy Recovery 

*Reference:Data compiled from Mittal et al., 2013; Jeevanandam et al., 2018; Dolai 

et al., 2021) 

 

4. Why "Micro" Might Be Better: A Functional Re-evaluation 

It is time to challenge the pervasive dogma in nanotechnology that 

"smaller is always better." We propose that AgMPs are not merely failed 

nanoparticles but functional materials with unique advantages that make them 

superior for specific, pragmatic applications. 

 

 



227 

Thermodynamic Stability and Shelf-Life 

Unlike AgNPs, which are thermodynamically metastable and prone to 

rapid oxidation or aggregation upon exposure to light and air (Jeevanandam 

et al., 2018), biogenic microparticles have already achieved a low-energy state 

through the ripening process. This inherent thermodynamic stability allows 

them to be stored for extended periods without significant degradation or 

morphological change. For industrial products that require a long shelf-life 

without the addition of synthetic stabilizers, this is a game-changer. 

 

Safety through Controlled Release 

While the "burst" release of silver ions from nanoparticles is highly 

effective at killing bacteria, it also poses significant cytotoxicity risks to 

healthy mammalian cells, limiting their use in contact with human tissue 

(Dolai et al., 2021). Microparticles, due to their lower surface-area-to-volume 

ratio, act as slow-release reservoirs. They maintain steady, therapeutic levels 

of silver ions over an extended timeframe. This controlled release profile is 

ideal for medical coatings that require long-term sterility, such as catheters 

(Sulaiman et al., 2020), or for agricultural fungicides that need to resist 

leaching by rain to provide durable crop protection. 

 

Environmental Remediation and Recovery 

Moreover, "nano-pollution" presents a significant remediation 

challenge since nanoparticles are colloquially known to be difficult to filter 

from water, often passing through conventional treatment systems. In contrast, 

the larger mass and micrometer dimensions of microparticles allow them to 

settle naturally or be captured by simple filtration systems. This recoverability 

positions them as excellent candidates for recyclable heterogeneous catalysts 

in wastewater treatment, allowing for the degradation of pollutants like azo 

dyes followed by easy catalyst recovery and reuse (Beydoun et al., 1999). 

 

5. Methodological Conundrums and Standardization 

While the functional utility of microparticles is evident, the field of 

green synthesis faces a unique set of methodological challenges that differ 

from conventional chemical synthesis. The primary hurdle is the inherent 

biological variability of the starting material. Since plant extracts are natural 

products, their phytochemical composition fluctuates based on seasonal 

changes, soil composition, geographical location, and even the time of harvest. 

A plant collected in spring may have a different phenolic profile than one 

collected in autumn, leading to batch-to-batch inconsistencies in the reducing 

power and subsequent particle size. 

This variability necessitates a move away from serendipitous 

discovery towards "Process Analytical Technology" (PAT). Future research 

must focus on mapping the precise "tipping points"—such as pH, temperature, 

and specific extract concentrations—that trigger the switch from nano to 
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micro. By establishing robust quality control parameters and understanding 

the kinetic boundaries discussed in this chapter, researchers can transition 

from "cooking" with plant extracts to "engineering" silver structures of any 

desired dimension, tailored specifically to the task at hand. 

 

 

 

 

 

 

CONCLUSION 

 

This chapter has attempted to peel back the layers of green synthesis 

to reveal that the interaction between plant extracts and metal ions is not a 

guaranteed path to nanoparticles, nor should it be. Through a complex 

interplay of mechanisms like burst nucleation, Ostwald ripening, and 

phytochemical bridging, nature often favors the formation of the micro-scale. 

This outcome is not a failure of synthesis but a triumph of thermodynamics. 

By embracing the full spectrum of particle sizes and understanding the 

specific advantages of micro-aggregates, we can unlock a new class of safer, 

more stable, and more recyclable silver materials that address the pressing 

needs of medicine and industry. 
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ABSTRACT 

 

In this study, a p-CdTe/n-IGZO thin-film solar cell was numerically 

modeled and analyzed using the SCAPS-1D simulation program, a well-

established tool for photovoltaic device simulation. Experimentally reported 

properties of the IGZO thin film, including film thickness, band gap, and 

absorption coefficient, together with the physical and electrical parameters of 

each device layer, were used as input parameters. The photovoltaic 

performance of the solar cell was systematically investigated as a function of 

the shallow donor density (ND) in the n-type IGZO layer, the work function of 

the back contact, and the operating temperature. The results indicate that 

increasing the shallow donor density enhances carrier concentration and 

electrical conductivity, leading to improved charge transport, reduced series 

resistance, and higher short-circuit current density, fill factor, and power 

conversion efficiency. Furthermore, the back contact work function was found 

to play a critical role in device performance, where higher work function 

metals promote favorable band alignment, efficient hole extraction, and 

reduced recombination losses, resulting in a significant improvement in open-

circuit voltage and overall efficiency. In contrast, elevated operating 

temperatures negatively affect device performance due to increased 

recombination rates, reduced open-circuit voltage, and degradation of fill 

factor. Overall, this study demonstrates that careful optimization of IGZO 

donor density, back contact selection, and operating temperature is essential 

for achieving high-efficiency p-CdTe/n-IGZO solar cells and provides 

valuable insights for the design and optimization of IGZO-based photovoltaic 

devices.  

 
Keywords – IGZO,Thin Film, Work Function, Solar Cell, SCAPS-1D Simulation. 

 

INTRODUCTION 

Thin‐film solar cells have attracted considerable attention in recent years due 

to their potential for low‐cost fabrication, lightweight structure, and 

compatibility with large‐area deposition techniques. Among various thin‐film 

photovoltaic technologies, Cadmium Telluride (CdTe) based solar cells stand 

out as one of the most commercially successful systems, owing to their near‐

optimal band gap, high absorption coefficient, and excellent stability. Despite 

these advantages, further improvements in device efficiency and performance 

optimization remain essential to meet the growing demand for high‐efficiency 

and cost‐effective photovoltaic technologies (Barbato, Artegiani et al. 2021). 

 

Recently, Transparent Conducting Oxide (TCO) and oxide semiconductor 

materials have emerged as promising alternatives for electron transport layers 

in thin‐film solar cells. Indium Gallium Zinc Oxide (IGZO) has gained 

significant interest due to its wide band gap, high electron mobility, good 
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optical transparency, and excellent electrical tunability(Xu, Hu et al. 2018). 

These properties make IGZO a strong candidate for use as an n‐type 

semiconductor layer in CdTe‐based heterojunction solar cells(Mishra, Anwar 

et al. 2025). However, the photovoltaic performance of CdTe/IGZO solar cells 

is strongly dependent on several key material and device parameters, 

including donor defect density(Samiul Islam, Sobayel et al. 2021), back 

contact work function(Kumar and Thakur 2018), and operating 

conditions(Porwal, Paul et al. 2022). 

 

Among these factors, the shallow donor density in the IGZO layer plays a 

crucial role in controlling charge carrier concentration, electrical conductivity, 

and transport dynamics, thereby directly influencing charge collection 

efficiency and overall device performance(Dalal and Sharma 2005). 

Additionally, the back contact in p‐type CdTe solar cells is known to be a 

critical component, as its work function determines band alignment, carrier 

extraction efficiency, and recombination behavior at the interface. Improper 

back contact selection can significantly limit open‐circuit voltage and fill 

factor(Kumar and Thakur 2018, Shi, Wang et al. 2018). Furthermore, 

operating temperature is an important external parameter that affects carrier 

recombination, series resistance, and voltage output, ultimately impacting the 

power conversion efficiency of solar cells(Garain, Basak et al. 2021). 

 

Numerical simulation has proven to be an effective and reliable approach for 

understanding the complex interplay between material properties and device 

performance. In this regard, the SCAPS‐1D simulation program is widely used 

for the analysis and optimization of thin‐film solar cells, enabling systematic 

investigation of material parameters and device architectures(Houimi, Gezgin 

et al. 2021). 

 

In this study, a p‐CdTe/n‐IGZO solar cell is systematically modeled using 

SCAPS‐1D. The effects of IGZO shallow donor density, back contact work 

function, and operating temperature on the photovoltaic performance of the 

device are comprehensively analyzed. The results provide valuable insights 

into performance‐limiting mechanisms and offer clear guidelines for 

optimizing IGZO‐based CdTe solar cells toward higher efficiency and 

improved device stability.  
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RESULT AND DISCUSSION 

In this study, the back contact/p-CdTe/n-IGZO/i-ZnO/ITO solar cell solar cell 

has been modelled using the SCAPS-1D program, a significant simulation tool 

in photovoltaic research. By utilizing the experimental characteristics of the 

IGZO thin film (such as film thickness, band gap, absorption coefficient) 

reported in our previous work (Yiğit, Gündoğdu et al. 2021), along with the 

physical data of the layers provided in the table 1 as input parameters, the 

photovoltaic performance of the solar cell has been calculated. The 

performance of the solar cell has been evaluated based on the donor defect 

density of the IGZO semiconductor, the operating temperature, and the 

properties of the back contact. 

 

 
Figure 1: The p-CdTe/n-IGZO solar cell diagram modelled by SCAPS-1D 

simulation 
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Table 1: The electrical parameters of semiconductor layers formed Back contact/p-

CdTe/n-IGZO/i-ZnO/ITO solar cell 

Layers ITO i-ZnO  n-IGZO         p-CdTe 

Band Gap (eV) 3.6 3.3 3.45 1.45 

Electron affinity (eV) 4.6 4.6 4.4 3.9 

Dielectric 

permittivity (relative) 
9 9 10 10 

CB effective density 

of states (cm-3) 
2.20x1018 2.20x1018 1.80x1018 9.20x1017 

VB effective density 

of states (cm-3) 
1.80x1019 1.80x1019 2.40x1019 5.2x1018 

Electron/Hole 

thermal velocity 

(cm/s) 

1.00x107 1.00x107 1.00x107 1.00x107 

Electron/Hole 

mobility (cm2/Vs) 
100/25 100/25 100/25 320/40 

Shallow donor 

density (cm-3) 
1.00x1020 1.00x105 Change 0 

Shallow acceptor 

density (cm-3) 
0 0 0 3x1015 

Thickness (nm) 100 100 420 1000 

 

The Effect of the shallow donor density (ND) in IGZO on the Performance 

of p-CdTe/n-IGZO Solar Cells 

The shallow donor density in an n-type semiconductor plays a crucial 

role in enhancing the performance of solar cells by influencing the material's 

charge carrier dynamics(Kennedy and Frese 1978). Shallow donor impurities 

introduce energy levels just below the conduction band, making it easier for 

electrons to be thermally excited into the conduction band, thus increasing the 

free electron density(Jahandardoost, Walkons et al. 2023). 
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Figure 2: (a-d) The change plots illustrating the effect of ND on the photovoltaic 

parameters and e)  𝐽 − 𝑉 characteristic of Au/p-CdTe/n-IGZO/i-ZnO/ITO Solar Cell 

based to ND Value 

 

An optimized shallow donor density leads to a higher concentration 

of free electrons in the semiconductor, which improves its electrical 

conductivity and charge transport properties. This, in turn, enhances the 

charge collection efficiency of the solar cell, as more electrons are available 

for movement through the device. With more free carriers, the photo-

generated electron-hole pairs are more effectively separated and directed 

toward the electrodes, resulting in an improvement in the overall power 

conversion efficiency of the solar cell. The increased carrier concentration due 

to shallow donors can reduce the series resistance of the solar cell, further 
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boosting its efficiency(Pathak and Pandey 2020, Jahandardoost, Walkons et 

al. 2023).  

By facilitating more efficient charge separation and transport, a 

carefully controlled shallow donor density contributes to the solar cell’s ability 

to convert sunlight into electrical energy more effectively. In this study, based 

on the parameters in the Table 2 and on the plots in Fig 2 and Fig 3, it can be 

observed that an increase in the shallow donor density (ND) (1.1017 cm-3 – 

1.1018 cm-3) leads to an improvement in the photovoltaic parameters of the 

solar cell, resulting in enhanced performance (Fig 2 and Fig 3, Table 2). 
 

Table 2: The Photovoltaic Parameters of Au/p-CdTe/n-IGZO/i-ZnO/ITO Solar Cell 

based to ND Value 

ND (cm-3) Voc (V) Jsc (mA/cm2) FF (%) η (%) 

1.1017 0.54353 26.9743 57.92 12.1322 

2.1017 0.54357 27.2519 69.78 14.7513 

3.1017 0.54360 27.3553 70.65 15.0102 

4.1017 0.54362 27.3893 70.79 15.0588 

5.1017 0.54362 27.4040 70.99 15.1087 

6.1017 0.54363 27.4125 71.03 15.1233 

7.1017 0.54363 27.4182 71.06 15.1330 

8.1017 0.54363 27.4223 71.09 15.1400 

9.1017 0.54363 27.4255 71.10 15.1452 

1.1018 0.54363 27.4281 71.12 15.1492 
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Figure 3: 2D and 3D contour plots of Photovoltaic Parameters of p-CdTe/n-IGZO 

Solar Cell based to ND Value 

The Effect of the Back Contact on the Performance of p-CdTe/n-IGZO 

Solar Cells 

In p-type semiconductors, the back contact plays a vital role in 

enhancing the performance of solar cells by facilitating efficient charge carrier 

collection and minimizing energy losses(Abdul Ameer, Jarad et al. 2024). The 

characteristics of the back contact, particularly its material properties, work 

function, and interface quality, can significantly influence key photovoltaic 

parameters such as open-circuit voltage (Voc), fill factor (FF), and overall 

power conversion efficiency (PCE)(Ghosh, Porwal et al. 2022). 
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Figure 4: (a-d) The change plots illustrating the effect of the back contact work 

function on the photovoltaic parameters and e)  𝐽 − 𝑉 characteristic of Back 

Contacts/p-CdTe/n-IGZO/i-ZnO/ITO Solar Cell based to the work function of Back 

Contacts 

 

A high-quality back contact ensures efficient hole extraction from the 

p-type semiconductor. By forming a low-resistance, ohmic contact with the p-

type material, it reduces energy barriers at the interface, which leads to a 

reduction in carrier recombination. This, in turn, enhances the charge 

collection efficiency, allowing more photogenerated carriers to be extracted 

from the device, resulting in improved photovoltaic performance. A well-

designed back contact can directly improve the open-circuit voltage (Voc) of 

the solar cell. When the back contact has an appropriate work function that 
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matches or is slightly higher than the p-type material, it ensures minimal 

energy losses and facilitates efficient hole transport. This helps maintain a 

higher Voc, which is essential for maximizing the overall efficiency of the 

solar cell (Fig. 4 and Fig. 5 and Table 3).  

In this study, we calculated the photovoltaic parameters based on the 

work function of the Ag, Cu, Mo, C, Ni, Au, Pd metal back contacts (Table 3). 

The quality of the back contact can significantly reduce carrier recombination 

at the contact interface. A well-engineered back contact forms a stable 

interface, reducing the chances of recombination of photogenerated electron-

hole pairs. By minimizing recombination losses, the back contact enhances 

the charge carrier lifetime and boosts the power conversion efficiency of the 

solar cell. A low-resistance back contact lowers the series resistance (Rs) of 

the solar cell, which is crucial for improving the fill factor (FF). The reduction 

in series resistance allows for more efficient current flow through the device, 

enhancing the overall performance and power output of the solar cell. A well-

designed back contact can also contribute to the long-term stability of the solar 

cell(Abdul Ameer, Jarad et al. 2024). Stable electrical contact between the p-

type material and the back electrode ensures consistent performance over 

time, reducing degradation and improving the device's overall lifetime. As a 

result, in this study, the increase in the back contact work function (Ag, Cu, 

Mo, C, Ni, Au, Pd) contributes to overall improvements in the electrical 

performance and efficiency of the solar cell. 

 
Table 3: The Photovoltaic Parameters of Au/p-CdTe/n-IGZO/i-ZnO/ITO 

Solar Cell based to the work function of Back Contact  

Work Function Voc (V) Jsc (mA/cm2) FF (%) η (%) 

Ag – ( 4.66 eV) 0.105 24.1345 31.08 1.126 

Cu – (4.75 eV) 0.194 26.8882 45.23 3.370 

Mo – (4.90 eV) 0.344 27.2090 60.67 8.109 

C – (5.00 eV) 0.443 27.3251 66.89 11.586 

Ni – (5.04 eV) 0.484 27.3677 68.76 13.004 

Au – (5.1 eV) 0.543 27.4281 71.11 15.149 

Pd – (5.2 eV) 0.640 27.5199 74.08 18.657 
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Figure 5: 2D and 3D contour plots of Photovoltaic Parameters of p-CdTe/n-IGZO 

Solar Cell based to the work function of Back Contacts 

The Effect of the Operating Temperature on the Performance of p-

CdTe/n-IGZO Solar Cells 

In this study, the variation in photovoltaic parameters was investigated 

by increasing the operating temperature from 300 K to 360 K (Table4). As the 

temperature rises, the open-circuit voltage (Voc) of the solar cell generally 

declines(Abdul Ameer, Jarad et al. 2024). This occurs because higher 

temperatures cause an increase in the intrinsic carrier concentration within the 

semiconductor material, which can lead to a shift in the energy bandgap. The 

reduction in Voc lowers the potential difference between the two electrodes, 

which directly diminishes the overall voltage output of the solar cell. At 

elevated temperatures, the recombination of electron-hole pairs within the 

semiconductor increases. The increased thermal energy at higher temperatures 

enables more electrons to surmount the energy barriers, thereby enhancing the 

likelihood of recombination events. As a result, fewer free charge carriers are 

available for current generation, leading to a significant decline in the solar 

cell’s efficiency(Garain, Basak et al. 2021, Talbi, Khaaissa et al. 2022). 
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Figure 6: (a-d) The change plots illustrating the effect of operating temperature on 

the photovoltaic parameters and e) 𝐽 − 𝑉 characteristic of Pd/p-CdTe/n-IGZO/i-

ZnO/ITO Solar Cell based to the operating temperature 

 

The fill factor (FF), which represents the maximum power output 

relative to the product of Voc, typically decreases with rising temperatures. 

This phenomenon is attributed to the combined effects of a decrease in voltage 

and an increase in series resistance. As the temperature increases, both the 

resistance of the semiconductor material and the metal contacts rise, which 

contributes to a reduction in FF, and consequently, a decrease in the overall 

efficiency of the solar cell. Elevated temperatures lead to an increase in series 

resistance (Rs), which impedes the current flow through the solar cell. 

Similarly, shunt resistance decreases as the temperature increases, which can 
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lead to an increase in leakage current across the device. Both of these factors 

contribute to a further reduction in efficiency. As a result of the combined 

effects of reduced Voc, increased recombination, decreased FF, the overall 

power conversion efficiency (PCE) of the solar cell is negatively affected by 

high operating temperatures (Fig 6 and Fig 7 and Table 4). In general, elevated 

temperatures lead to a reduction in the PCE, which is the primary indicator of 

a solar cell’s ability to convert sunlight into electrical energy. 

 
Table 4: The Photovoltaic Parameters of Pd/p-CdTe/n-IGZO/i-ZnO/ITO Solar Cell 

based to the operating temperature 

Temperature (K) Voc (V) Jsc (mA/cm2) FF (%) η (%) 

300 K 0.640 27.519 74.08 18.657 

310 K 0.637 27.522 73.66 18.456 

320 K 0.631 27.524 73.17 18.168 

330 K 0.622 27.526 72.52 17.760 

340 K 0.610 27.529 71.84 17.245 

350 K 0.595 27.532 71.14 16.667 

360 K 0.578 27.537 70.28 16.007 

 

  

  
Figure 7: 2D and 3D contour plots of Photovoltaic Parameters of p-CdTe/n-IGZO 

Solar Cell based to the operating temperature 
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CONCLUSIONS 

In this study, a p-CdTe/n-IGZO thin-film solar cell was numerically modeled 

and systematically analyzed using the SCAPS-1D simulation program. By 

incorporating experimentally reported IGZO thin-film properties and realistic 

material parameters for each device layer, the effects of shallow donor density 

in the IGZO layer, back contact work function, and operating temperature on 

the photovoltaic performance of the solar cell were comprehensively 

investigated. The simulation results demonstrate that the shallow donor 

density of the n-type IGZO layer plays a crucial role in determining device 

performance. An increase in donor density leads to enhanced free carrier 

concentration, improved electrical conductivity, reduced series resistance, and 

more efficient charge transport. Consequently, significant improvements were 

observed in key photovoltaic parameters, including short-circuit current 

density, fill factor, and power conversion efficiency. Furthermore, the work 

function of the back contact was found to have a pronounced impact on the 

performance of the p-CdTe/n-IGZO solar cell. Higher work function back 

contact materials facilitate favorable band alignment and efficient hole 

extraction while suppressing interfacial recombination losses. As a result, 

notable enhancements in open-circuit voltage, fill factor, and overall power 

conversion efficiency were achieved, with the highest efficiency obtained 

using high–work function metals. Increasing the operating temperature 

negatively affects device performance. Elevated temperatures lead to 

increased recombination rates, reduced open-circuit voltage, increased series 

resistance, and a decline in fill factor, ultimately resulting in a decrease in 

power conversion efficiency. 
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ABSTRACT 

 

In this study, we modelled a CIGS thin-film solar cell fabricated using 

Pulsed Laser Deposition (PLD) technique, employing SCAPS-1D simulation 

software. Solar cell structure consists of a number of layers designed to be 

Mo/MoS2/p-CIGS/n-CdS/i-ZnO/AZO, with the physical parameters 

provided. The photovoltaic performance, including open-circuit voltage 

(Voc), short-circuit current density (Jsc), fill factor (FF), and efficiency (η), 

was analysed as a function of shallow acceptor density (Na), interface defect 

density (Nt), and the thickness of MoS2 back surface field (BSF) layer. 

Results indicate that as Na increas’ carrier collection efficiency enhances 

leading to some improvements in Voc, FF, and the efficiency.  In contrast, 

higher Nt densities reduce device performance by increasing charge carrier 

recombination at the interface.  The thickness of MoS2 BSF layer was found 

to positively impact performance, reducing recombination at the back 

surface. Additionally, the study examined the influence of series resistance 

(Rs), showing that increased Rs leads to a decrease in the fill factor and 

overall efficiency, even though Voc and Jsc remain stable.  These findings 

emphasize the importance of optimizing Na, Nt, MoS2 thickness, and Rs for 

enhancing the performance of CIGS-based thin-film solar cells.  

 
Keywords – MoS2, BSF, Thin Film, Solar Cell, SCAPS-1D Simulation. 

INTRODUCTION 

 

Thin-film solar cells, especially Copper Indium Gallium Selenide 

(CIGS)-based cells have garnered significant attention in recent years due to 

their potential for high efficiency, low-cost production, and lightweight 

properties (Li, Qu et al. 2019).  CIGS solar cells are considered one of the 

most promising candidates for the next generation of photovoltaic 

technology because of their excellent absorption properties and tunable band 

gap. However, the efficiency of these cells is heavily influenced by various 

factors, including material properties, layer interfaces, and defect densities 

within the solar cell structure (Rau and Schock 2005, Valencia, Conde et al. 

2021). 

In this study, we investigate the enhancement of performance in 

CIGS-based thin-film solar cells through the integration of a MoS2 back 

surface field (BSF) layer. MoS2, a two-dimensional (2D) material, has 

attracted significant attention for its exceptional electronic and optical 

characteristics, particularly its ability to improve charge carrier collection 

while minimizing recombination losses (Wang, Li et al. 2018). Due to its 

high carrier mobility, direct band gap, and the potential for effective energy 

band alignment with the underlying CIGS absorber, MoS2 has shown 
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promise in mitigating back-surface recombination by reflecting minority 

carriers back into the active region.  By systematically varying the thickness 

of MoS2 layer, we aim to optimize its role as a BSF, enhancing the device's 

overall efficiency by minimizing carrier recombination at the back interface. 

This approach is expected to lead to significant improvements in the power 

conversion efficiency by reducing energy losses and improving the effective 

separation and transport of photo-generated charge carriers (Chakma, Islam 

et al. , Patel, Mishra et al. 2022). 

Additionally, we explore the influence of shallow acceptor density 

(Na) and interface defect density (Nt) on photovoltaic (PV) performance. 

Shallow acceptors play a crucial role in improving charge carrier balance by 

enhancing hole transport, while interface defects can act as recombination 

centers, significantly degrading the performance of solar cell (Teixeira, 

Vieira et al. 2020). 

This work uses SCAPS-1D simulation tool to model the electrical 

performance of CIGS thin-film solar cell and analyze the effects of various 

parameters on its efficiency. By examining these key factors, we seek to gain 

a better understanding of their impact on the overall performance and 

provide valuable insights for the design of more efficient CIGS-based solar 

cells. 

 

 

 

 

 

 

RESULTS AND DISCUSSION 

 

In this study, we modelled CIGS thin-film solar cell that we 

previously produced using PLD technique, utilizing SCAPS-1D simulation 

(Gezgin 2022). The physical parameters of layers Mo/MoS2/p-CIGS/n-CdS/i-

ZnO/AZO which constitute the structural components of solar cell, are 

presented in table 1.  These parameters were input into the program, and the 

simulation was executed.  The experimental parameters of CIGS 

semiconductor have been reported in our previous study. The PV parameters 

of solar cell have been calculated as a function of the acceptor shallow defect 

density (Na), the interface defect density (Nt) and MoS2 back surface field 

(BSF) thickness.  
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Table 1. The electrical parameters of semiconductor layers formed Mo/MoS2/p-

CIGS/n-CdS/i-ZnO/AZO solar cell 

Layers AZO i-ZnO  n-CdS CIGS MoS2 

Band Gap (eV) 3.3 3.3 2.4 1.37 1.70 

Electron affinity 

(eV) 
4.6 4.6 4.4 

4 
3.5 

Dielectric 

permittivity 

(relative) 

9 9 10 13.6 10 

CB effective 

density of states 

(cm-3) 

2.20x101

8 
2.20x1018 1.80x1018 2.20x1018 

2.20x101

8 

VB effective 

density of states 

(cm-3) 

1.80x101

9 
1.80x1019 2.40x1019 1.8x1019 1.8x1019 

Electron/Hole 

thermal velocity 

(cm/s) 

1.00x107 1.00x107 1.00x107 1.00x107 1.00x107 

Electron/Hole 

mobility (cm2/Vs) 
100/25 100/25 100/25 25/40 100/20 

Shallow donor 

density (cm-3) 

1.00x102

0 
1.00x105 1.00x1018 0 0 

Shallow acceptor 

density (cm-3) 
0 0 0 3x1015 5x1015 

Thickness (nm) 100 100 50 420 20-400 

 

The band diagram of solar cell is provided in the figure 1.  The MoS2 

layer acts as a Back Surface Field (BSF), and a spike-like band structure has 

formed between CIGS and MoS2 layers. Furthermore, a cliff-like band 

structure has emerged between CIGS and CdS layers.  The presence of a 

cliff-like band structure in solar cell is crucial because it creates a significant 

potential barrier that impedes the recombination of charge carriers, 

particularly electrons.  This barrier enhances the efficiency of charge 

collection by ensuring that the electrons generated in CIGS layer are 

effectively separated and prevented from recombining with holes in  CdS 

layer.  Additionally, the cliff-like band alignment can improve the overall 

power conversion efficiency by optimizing the interface between the CIGS 

and CdS layers, minimizing energy losses, and enhancing the performance 

of solar cell under operational conditions. 
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Figure 1: The band diagram of Mo/MoS2/p-CIGS/n-CdS/i-ZnO/AZO solar cell 

 

The Impact of Shallow Acceptor Density (Na) on Mo/p-CIGS/n-

CdS/i-ZnO/AZO Solar Cell Performance 

 Shallow acceptor density (Na) refers to the concentration of shallow 

acceptor states in a semiconductor material, typically near the valence band. 

In semiconductors, acceptors are impurity atoms that  create energy states 

just above the valence band when introduced into the material. These 

acceptor states can accept electrons from the valence band, effectively 

creating "holes" (the absence of electrons) that act as charge carriers (Meyer, 

Sann et al. 2005, Kim, Jo et al. 2015).  

  

  

Figure 2: Variation Spectra in PV Parameters of Mo/p-CIGS/n-CdS/i-ZnO/AZO 

Solar Cell with Respect to Na Value 
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As seen in Fig. 2 and 2D and 3D contour plots in Fig.3 and the data 

presented in Table 1, the parameters of Voc, FF, and efficiency have shown 

an increase as a function of Na density. The important effect of shallow 

acceptor density in a solar cell is that it enhances the overall carrier 

collection efficiency by effectively controlling the hole concentration near p-

n junction.  Shallow acceptors introduce energy levels just above the valence 

band, which facilitates the easy capture of holes, thereby improving hole 

transport and reducing recombination losses.  This leads to higher Voc and 

overall device performance, as the shallow acceptor states contribute to 

better charge carrier balance and enhanced electrical conductivity at the 

junction. Additionally, the controlled doping with shallow acceptors can 

optimize the carrier dynamics and ensure a more efficient extraction of 

photogenerated charge carriers in the solar cell (Frisk, Platzer-Björkman et 

al. 2014). 
 

Table 2: The Variation in PV Parameters of Mo/p-CIGS/n-CdS/i-ZnO/AZO 

Solar Cell with Respect to Na Value 

Na (cm-3) Voc (V) Jsc (mA/cm2) FF (%) η (%) 

1.1014 0.6901 58.3367 31.75 12.7833 

5.1014 0.6905 57.9439 31.98 12.7976 

1.1015 0.6909 57.4321 32.27 12.8099 

5.1015 0.6920 54.9538 35.08 13.3620 

1.1016 0.6933 54.0574 35.75 13.4033 

5.1016 0.7019 50.5871 37,93 13.4705 

1.1017 0,7305 50,5199 39,07 14,4233 

5.1017 0.7835 50.4679 42.65 16.8666 

 

 

 

 

 

 

 



254 

  

  

Figure 3: (a-b) 2D and (c-d) 3D countour plots of PV Parameters of Mo/p-CIGS/n-

CdS/i-ZnO/AZO Solar Cell depending to Na Value 
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The Impact of the Interface Defect Density (Nt) on Mo/p-CIGS/n-

CdS/i-ZnO/AZO Solar Cell Performance 

 

  

  

Figure 4: Variation Spectra in PV Parameters of Mo/p-CIGS/n-CdS/i-ZnO/AZO 

Solar Cell with Respect to Nt Value 

 

As demonstrated in Fig. 4, along with 2D and 3D contour plots in Fig. 

5 and the data summarized in Table 3, the parameters of Voc, Jsc, FF, and 

efficiency exhibit a decline with increasing Nt density.  Interface defect 

density (Nt) plays a critical role in determining the device's performance.  A 

high interface defect density at the junction between different materials, such 

as between the absorber layer and the charge transport layers, can lead to 

several detrimental effects. These defects act as recombination centers for 

photo-generated charge carriers (electrons and holes), leading to an increase 

in carrier recombination rates (Kesavan, Rao et al. 2017).  This results in a 

reduction in the carrier lifetime and a lower charge collection efficiency. 

Specifically, at the interface of a solar cell, defects can introduce deep states 

in the band gap, which trap charge carriers before they can contribute to the 

photocurrent. The presence of these trapped carriers reduces Voc and FF, 

ultimately lowering the overall power conversion efficiency. Furthermore, 

these defects can create localized electric fields that hinder the efficient 

transport of charge carriers, further exacerbating the loss mechanisms. The 

impact of interface defect density is particularly pronounced in thin-film and 
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multi-junction solar cells, where the interface quality directly influences the 

charge transport and recombination dynamics. As a result, minimizing the 

interface defect density through material optimization, surface passivation, 

and careful fabrication processes is crucial for enhancing the performance 

and efficiency of solar cells 

 

Table 3: The Variation in PV Parameters of Mo/p-CIGS/n-CdS/i-ZnO/AZO 

Solar Cell with Respect to Nt Value 

Nt (cm2) Voc (V) Jsc (mA/cm2) FF (%) η (%) 

1.1010 0.7835 50.4679 42.65 16.8666 

5.1010 0.7392 50.4676 40.64 15.1650 

1.1011 0.7199 50.4672 39.57 14.3789 

5.1011 0.6773 50.4639 37.37 12.7764 

1.1012 0.6582 50.4597 36.16 12.0119 

5.1012 0.6153 50.4469 33.89 10.5182 

1.1013 0.5965 50.3664 32.53 9.7785 

5.1013 0.5533 50.0804 30.35 8.4106 

1.1014 0.5346 49.7302 29.00 7.7105 

 

  

  

Figure 5: (a-b) 2D and (c-d) 3D countour plots of PV Parameters of Mo/p-CIGS/n-

CdS/i-ZnO/AZO Solar Cell depending to Nt Value 
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The Impact of the MoS2 BSF layer thickness on Mo/MoS2/p-

CIGS/n-CdS/i-ZnO/AZO Solar Cell Performance 

 

  

  

Figure 6: Variation Spectra in PV Parameters of Mo/MoS2/p-CIGS/n-CdS/i-

ZnO/AZO Solar Cell with Respect to MoS2 thickness 

 

In this study, the thickness of MoS₂ layer used as the Back Surface 

Field (BSF) in CIGS thin film solar cell was varied from 20 nm to 200 nm, 

and PV parameters of solar cell were calculated. As illustrated in Figure 6, in 

conjunction with 2D and 3D contour plots presented in Figure 7, and the 

data compiled in Table 4, as the thickness of MoS₂ increases, an 

improvement in the performance of the solar cell has been observed. So, 

MoS₂ layer is likely used as a back surface field (BSF) layer in solar cell. 

The purpose of BSF layer is to enhance the efficiency of the device by 

reducing the recombination of charge carriers (electrons and holes) at the 

back surface. This effect is crucial for improving the overall device 

performance. 

The graph in Fig. 1 indicates that MoS₂ has an energy band gap of 

approximately 1.7 eV. MoS₂, being a two-dimensional material, provides 

excellent electrical properties such as high carrier mobility and low 

recombination rates. In the diagram, it can be observed that the conduction 

band of MoS₂ aligns favorably with the other layers (e.g., CIGS, n-CdS, 

etc.). This favorable band alignment helps in the formation of a barrier that 
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can reflect minority carriers back into the active region of the device, 

reducing recombination losses and thus improving the overall performance. 

This helps in improving Voc and FF, thereby enhancing the overall power 

conversion efficiency. 

 

Table 4: The Variation in PV Parameters of Mo/MoS2/p-CIGS/n-CdS/i-

ZnO/AZO Solar Cell with Respect to MoS2 thickness 

MoS2  

Thickness (nm) 

Voc (V) Jsc (mA/cm2) FF (%) η (%) 

20 0.789171 60.1538 37.78 17.9390 

40 0.789182 60.1785 37.77 17.9404 

60 0.789190 60.1969 37.76 17.9415 

80 0.789202 60.2115 37.75 17.9423 

100 0.789210 60.2236 37.75 17.9430 

120 0.789216 60.2339 37.74 17.9435 

140 0.789223 60.2429 37.74 17.9440 

160 0.789224 60.2508 37.73 17.9445 

180 0.789227 60.2579 37.73 17.9448 

200 0.789231 60.2643 37.72 17.9452 

 

  

  

Figure 7: (a-b) 2D and (c-d) 3D countour plots of PV Parameters of 

Mo/MoS2/p-CIGS/n-CdS/i-ZnO/AZO Solar Cell depending MoS2 thickness 
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The Impact of the Serial Resistance (Rs) on Mo/MoS2/p-CIGS/n-

CdS/i-ZnO/AZO Solar Cell Performance 

 

  

  

Figure 8: Variation Spectra in PV Parameters of Mo/MoS2/p-CIGS/n-CdS/i-

ZnO/AZO Solar Cell with Respect to (Rs) Serial Resistance  

 

As depicted in Figure 8 and 10, along with the corresponding 2D and 

3D contour plots shown in Figure 9 and the data summarized in Table 5 

while Voc remained unaffected with increasing series resistance, but other 

PV parameters exhibited a noticeable decline. Series resistance mainly 

impacts the fill factor, an essential parameter in assessing the efficiency of 

solar cells. As the series resistance rises, the fill factor diminishes because of 

higher voltage losses during current flow. While the Voc and Isc are less 

directly affected by series resistance, the overall power output is still reduced 

due to the lower current extracted from the cell under load conditions 

(Servaites, Yeganeh et al. 2010, Green 2016). Voc and Isc parameters 

typically remain stable even with an increase in series resistance, particularly 

in high-quality cells. Nevertheless, the overall power output is still notably 

impacted due to the decrease in the effective current that can be drawn from 

the cell.  As series resistance rises, the fill factor decreases due to the losses 

that occur as current passes through the internal resistances of the device. 

These losses cause a reduction in the voltage at the maximum power point 
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(Vmax), which in turn lowers the overall efficiency. In practical terms, an 

increase in series resistance leads to a more significant drop in current as 

voltage increases, resulting in a lower fill factor. An increase in series 

resistance results in some decrease in the maximum power output (Pmax), 

mainly due to the reduced fill factor. As the fill factor declines, the overall 

efficiency of the solar cell is also affected, even if Voc and Isc remain 

relatively high. 

 

  

  

Figure 9: (a-b) 2D and (c-d) 3D countour plots of PV Parameters of Mo/MoS2/p-

CIGS/n-CdS/i-ZnO/AZO Solar Cell dependig to (Rs) Serial Resistance  
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Table 5: The Variation in PV Parameters of Mo/MoS2/p-CIGS/n-CdS/i-ZnO/AZO 

Solar Cell with Respect to (Rs) Serial Resistance 

Rs (Ω.cm2) Voc (V) Jsc (mA/cm2) FF (%) η (%) 

8 0.78923 60.2643 36.72 17.1452 

7,5 0.78923 60.2646 38.39 18.2594 

7 0.78923 60.2647 40.97 19.4905 

6,5 0.78923 60.2648 43.64 
20.7567 

6 0.78923 60.2649 46.37 22.0578 

5,5 0.78923 60,2650 49.18 23.3938 

5 0.78923 60,2651 51.55 
24.5186 

4,5 0.78923 60,2652 54.73 26.0308 

4 0.78923 60,2652 57.96 27.9610 

3,5 0.78923 60,2652 61.22 
29.1152 

3 0.78923 60,2652 64.53 30.6862 

2,5 0.78923 60,2652 67.88 32.2756 

2 0.78923 60,2652 71.15 33.8295 

 

 

 
Figure 10: J-V characteristic of Mo/MoS2/p-CIGS/n-CdS/i-ZnO/AZO Solar Cell 

dependig to (Rs) Serial Resistance 
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CONCLUSIONS 

 

This study explores the performance enhancement of CIGS-based 

thin-film solar cells by incorporating a MoS₂ BSF layer, using SCAPS-1D 

simulation software. The results show that the integration of a MoS₂ layer 

can significantly improve PV performance of CIGS solar cells. Specifically, 

MoS₂ BSF layer reduces recombination at the back surface, enhancing 

carrier collection efficiency and thereby increasing Voc, FF, and overall 

power conversion efficiency. 

The analysis of shallow acceptor density (Na) revealed that increasing 

Na improves hole transport and reduces recombination, leading to enhanced 

efficiency. In contrast, a higher interface defect density (Nt) was found to 

degrade the performance by introducing recombination centers that reduce 

carrier lifetime and hinder charge transport. Furthermore, the optimization of 

MoS₂ layer thickness plays a vital role, with thicker layers proving to be 

more effective in mitigating back-surface recombination and improving 

efficiency. 

The study also examined the effect of series resistance (Rs), which was 

shown to reduce the fill factor and efficiency as Rs increases, despite 

minimal effects on Voc and Jsc. This highlights the importance of reducing 

series resistance to achieve optimal performance. 

In conclusion, the findings underscore the significant role of MoS₂ as 

a BSF material in CIGS-based thin-film solar cells. Optimizing parameters 

such as Na, Nt, MoS₂ thickness, and Rs is crucial for improving the efficiency 

of these devices. These insights are valuable for the design and development 

of high-efficiency thin-film solar cells in the future. 
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ABSTRACT 

 

Chalcones constitute an important class of α, β-unsaturated carbonyl 

compounds and can be considered open-chain precursors of flavonoids. Their 

simple synthesis, structural diversity and strong electron delocalization make 

them attractive scaffolds for the development of antioxidant agents. This 

chapter provides an overview of chalcone derivatives with antioxidant 

activity, covering synthetic approaches, mechanisms of action and structure–

activity relationships. Classical Claisen–Schmidt condensations and more 

recent eco-friendly methods, such as microwave-assisted, solvent-free and 

heterogeneous catalytic routes, are summarized. The main in vitro assay 

protocols employed to evaluate their antioxidant properties, including DPPH 

(2,2-diphenyl-1-picrylhydrazyl), ABTS (2,2'-azino-bis(3-ethylbenzothiazo-

line-6-sulfonic acid)), FRAP (ferric reducing antioxidant power), and 

CUPRAC (cupric ion reducing antioxidant capacity) assays, metal-chelating 

and lipid peroxidation assays, are critically discussed. Special emphasis is 

placed on how the number and position of hydroxyl and methoxy groups, 

electron-donating, and electron-withdrawing substituents, heteroaromatic 

rings and extended π-conjugation influence radical scavenging capacity and 

reducing power. Selected examples from recent literature, together with case 

studies from our own research, are used to illustrate general trends and to 

highlight promising lead structures. Finally, current limitations, including 

solubility, stability, bioavailability and the frequent gap between in vitro and 

in vivo data, are addressed. Future perspectives for the rational design of 

multifunctional chalcone-based antioxidants are outlined, with a particular 

focus on strategies that combine strong radical scavenging ability with suitable 

pharmacokinetic properties. 

 
Keywords: Chalcone derivatives, Antioxidant activity, Free radical scavenging, 

Structure–activity relationship (SAR), DPPH and ABTS assays, Reducing power, 

Flavonoid precursors 

 

 

1. INTRODUCTION 

1.1. Chalcones and their place in flavonoid chemistry 

Chalcones are a well-known group of open-chain flavonoids characterized by 

the presence of an α, β-unsaturated carbonyl system connecting two aromatic 

or heteroaromatic rings (commonly referred to as the A and B rings). 

Structurally, they can be described by the general formula Ar–CO–CH=CH–

Ar', where Ar and Ar' may include various substituents such as hydroxyl, 

methoxy, halogen, nitro or alkyl groups, as well as heterocycles like 

thiophene, pyrrole, indole or carbazole (Kaur et al. 2021), (Rudrapal et al. 
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2021).  In biosynthetic pathways, chalcones are key intermediates in the 

formation of flavanones and other flavonoid subclasses (Adhikari et al. 2025).  

 

  

 
 

Figure 1. Chemical structures of trans- and cis-chalcone. 

 

Their conjugated enone system provides strong electron delocalization and 

makes them responsive to subtle structural modifications. As a result, 

chalcones exhibit a wide range of biological activities, including antioxidant, 

anti-inflammatory, antimicrobial, antitumor, anti-diabetic, and enzyme 

inhibitory effects (Goyal and Kaur 2021), (Kaur et al. 2021). Among these, 

antioxidant activity is one of the most extensively investigated due to the 

central role of oxidative stress in disease development and aging (Mezgebe, 

Melaku, and Mulugeta 2023), (Elkanzi et al. 2022). 

 

1.2. Oxidative stress and the relevance of antioxidant agents 

Reactive oxygen species (ROS), including hydrogen peroxide (H₂O₂), 

superoxide anion (O₂•⁻) and hydroxyl radical (•OH), together with reactive 

nitrogen species (RNS) such as peroxynitrite (ONOO⁻) and nitric oxide (NO•), 

are constantly generated in living organisms as side products of normal 

metabolic processes (Rudrapal et al. 2021). Under physiological conditions, 

endogenous antioxidant defenses, including enzymatic systems (superoxide 

dismutase, catalase, glutathione peroxidase) and non-enzymatic molecules 

(glutathione, uric acid, vitamins C and E), keep ROS/RNS levels under tight 

control (Hong et al. 2024).   

Oxidative stress occurs when this delicate balance is disrupted, either by 

increased ROS generation or weakened antioxidant defenses. Persistent 

oxidative stress triggers damage to lipids, proteins, nucleic acids and cellular 

organelles, ultimately contributing to the initiation and progression of many 

chronic and degenerative diseases. Therefore, the search for exogenous 

antioxidant molecules that can complement or restore redox balance remains 
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a key strategy in medicinal chemistry and pharmacology (Chandimali et al. 

2025). 

 

1.3. Advantages of chalcones as antioxidant scaffolds   

 

Chalcones offer several advantages as candidate antioxidant agents: 

Ease of synthesis: Simple condensation processes between suitable aldehydes 

and ketones can typically generate them in good amounts.  

High structural tunability: Electron density, solubility, and steric 

characteristics can be altered by functionalizing the aromatic rings with 

various substituents (Zhuang et al. 2017). 

Conjugated π-system: The prolonged conjugation promotes radical stability 

and redox activity by facilitating the effective delocalization of unpaired 

electrons.  

Multifunctionality: Additional biological effects like anti-inflammatory or 

enzyme inhibition are frequently supported by the same structural 

characteristics that give rise to antioxidant activity, making multifunctional 

agents possible. These characteristics make chalcones a great starting point 

for methodical research on the structure-activity link that aims to comprehend 

and maximize antioxidant function (Goyal and Kaur 2021).  

 

2. SYNTHETIC APPROACHES TO ANTIOXIDANT CHALCONES   

 

2.1. Classical Claisen–Schmidt condensation   

 

The Claisen-Schmidt condensation, which yields the equivalent α,β-

unsaturated carbonyl molecule when an aromatic aldehyde and an aromatic 

ketone react under basic circumstances, is the most popular synthetic route to 

chalcones. In ethanol, methanol, or aqueous alcoholic environments, a 

substituted benzaldehyde is usually condensed with an acetophenone 

derivative when sodium or potassium hydroxide are present. The main 

products of the reaction are typically E-configured chalcones, which are 

produced at room temperature or with mild heating (Popatkar et al. 2025), 

(Erik et al. 2025).    

This method's simplicity, affordability, and tolerance to a variety of 

substituents make it very appealing. The aldehyde and ketone components of 

antioxidant chalcones are frequently selected to have phenolic hydroxyl 

groups (such as 4-hydroxybenzaldehyde, 2,4-dihydroxybenzaldehyde, 2-

hydroxy-4-methoxybenzaldehyde, 4-hydroxyacetophenone, or related 

derivatives), which are known to greatly increase the capacity to scavenge 

radicals (Lahsasni, Al Korbi, and Aljaber 2014). 

 

 

. 
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2.2. Solvent-free and green synthesis strategies 

 

In line with green chemistry principles, numerous alternative protocols have 

been developed for chalcone synthesis. Solvent-free or solid-state reactions, 

typically accomplished by simple milling or heating, can significantly reduce 

solvent consumption and chemical waste (Marotta et al. 2022), (Palleros 

2004), (K. Saini et al. 2005). Microwave-assisted methods can further 

accelerate chalcone formation, improving both yield and selectivity (Baqi and 

Ismail 2025). Additionally, ionic liquids and deep eutectic solvents can 

function simultaneously as reaction media and catalysts, providing reversible 

systems in some cases, while heterogeneous catalysts such as basic alumina, 

zeolites, clays, or metal oxides have been successfully used to promote 

chalcone formation under milder conditions and with easier processing(Kunde 

et al. 2009), (Kumar et al. 2021), (Shntaif 2016), (Baqi and Ismail 2025), 

(Rodica et al. 2022). These environmentally friendly strategies can be easily 

combined with the addition of functional groups related to antioxidant 

activity, thus providing an efficient platform for the rapid preparation of 

various chalcone libraries (Adnan et al. 2020). 

 

2.3. Incorporation of heteroaromatic and functional groups   

 

To enhance antioxidant performance or broaden application areas, chalcones 

can be designed to incorporate heteroaromatic rings or additional functional 

parts. For example, heteroaromatic rings such as thiophene, pyrrole, or indole 

can be added to broaden conjugation and modify electronic properties. 

Electron-donating groups (e.g., –OH, –OCH3, –N(CH3)2) are often placed in 

para or ortho positions to increase electron density and hydrogen-donating 

ability (Ardiansah 2019), (Sönmez, Gür, and Şahin 2023). Electron-

withdrawing groups (e.g., –Cl, –NO2, –CF3) can tune redox potentials and 

influence radical stabilization patterns (Prabhakar, Iqbal, and 

Balasubramanian 2016), (Ohkatsu and Satoh 2008). Large substituents or 

flexible linkers can be used to alter conformational preferences and 

interactions with biomolecules or membranes. In this context, numerous 

antioxidant chalcones have been reported, demonstrating how rational 

synthetic design can direct the electronic and steric environment to support 

desired redox properties (Mezgebe et al. 2023), (Ardiansah 2019), 

(Sivakumar, Prabhakar, and Doble 2011). 
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3. IN VITRO ANTIOXIDANT ASSAYS FOR CHALCONE 

DERIVATIVES 

 

3.1. Free radical scavenging assays (DPPH, ABTS and related methods)   

 

The antioxidant activity of chalcone derivatives is usually first evaluated using 

simple in vitro radical scavenging tests. Among these, DPPH and ABTS tests 

are the most popular due to their ease and reproducibility (Floegel et al. 2011). 

DPPH test: The stable 2,2-diphenyl-1-picrylhydrazyl radical (DPPH•) 

exhibits a dark purple color with a strong absorption band around 517 nm. 

When it reacts with a hydrogen or electron-donating antioxidant, DPPH• is 

reduced to the corresponding hydrazine, leading to a decrease in absorption. 

The degree of this reduction is proportional to the scavenging capacity of the 

compound being tested. Results are usually expressed as IC50 values 

(concentration required to reduce absorbance by 50%) or Trolox equivalents 

(Brand-Williams, Cuvelier, and Berset 1995). 

ABTS test: In the ABTS (2'-azinobis-(3-ethylbenzothiazoline-6-sulfonic acid) 

method, the ABTS•+ radical cation is formed (usually via oxidation with 

potassium persulfate), and a blue-green solution showing absorption around 

734 nm is obtained. Antioxidants reduce ABTS•+, leading to a 

spectrophotometrically observable color change. This test is suitable for both 

hydrophilic and lipophilic antioxidants and is usually expressed in Trolox 

equivalent antioxidant capacity (TEAC) units (Re et al. 1999). 

Depending on the desired mechanistic information, other radical scavenging 

tests, such as superoxide, hydroxyl, or nitric oxide scavenging tests, can also 

be applied. 

 

3.2. Reducing power and metal-chelation assays   

 

In addition to direct radical scavenging, chalcones can operate as antioxidants 

by reducing oxidized species or chelating redox-active metalions. Reducing 

power tests (e.g., FRAP or CUPRAC) assess a compound's ability to reduce 

Fe3+ to Fe2+ or Cu2+ to Cu+, resulting in the creation of colored complexes that 

can be detected spectrophotometrically. Higher absorbance readings suggest 

a better reduction capacity (Apak et al. 2007). 

Metal chelation assays assess chalcones' ability to bind transition metal ions 

such as Fe2+ or Cu2+, which catalyze the formation of hydroxyl radicals via 

Fenton-type reactions. Chelation can block these activities, indirectly 

reducing oxidative damage. 

Phenolic chalcones with correctly positioned donor atoms (for example, 

neighboring hydroxyl groups) may exhibit strong metal-binding properties, 

which contribute to their overall antioxidant profile (Pérez-González et al. 

2022). 
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3.3. Lipid peroxidation and cell-based models   

 

Chalcones are also being tested in lipid peroxidation models and cell-based 

systems to better simulate biological settings.   

Lipid peroxidation assays (e.g., TBARS= thiobarbituric acid reactive 

substances ) measure the generation of secondary oxidation products from 

polyunsaturated fatty acids, such as malondialdehyde (MDA) (Aguilar Diaz 

De Leon and Borges 2020). The presence of chalcones reduces MDA 

production, indicating protection against lipid oxidation.  

Cell-based tests may involve measuring intracellular ROS levels, cell 

viability, mitochondrial activity, or oxidative damage indicators in cultured 

cells subjected to oxidative stress. These models are more complicated and 

time-consuming than basic chemical testing, but they yield more 

physiologically meaningful data (Jomova et al. 2023), (Sikander et al. 2011). 

 

4. STRUCTURE–ACTIVITY RELATIONSHIPS (SAR) IN 

ANTIOXIDANT CHALCONES 

 

4.1. Effect of hydroxyl and methoxy substitution patterns   

 

One of the most critical determinants of antioxidant activity in chalcones is 

the presence, number, and position of hydroxyl and methoxy groups on the 

aromatic rings. Generally: 

o Phenolic hydroxyl groups act as hydrogen donors, neutralizing free 

radicals and forming resonance-stabilized phenoxyl radicals.   

o Ortho- and para-dihydroxy patterns can provide additional 

stabilization via intramolecular hydrogen bonding and extended 

delocalization.   

o Methoxy groups can modulate electron density and lipophilicity; o-

methylation of OH groups sometimes reduce hydrogen-donating 

ability but may improve membrane permeability (Ardiansah 2019). 

For many chalcones, derivatives with 4-hydroxy, 3,4-dihydroxy or 2,4-

dihydroxy substitution patterns exhibit significantly enhanced radical 

scavenging and reducing power compared to unsubstituted analogues. 

However, excessive substitution may decrease stability or complicate 

synthesis (Erik et al. 2025). 

 

4.2. Influence of electron-donating and electron-withdrawing groups   

 

Electron-donating groups such as –OH, –OCH3 or –NR2 typically increase the 

electron density of the aromatic ring, lower the dissociation energy of O–H 

bonds, and promote the formation of stabilized radicals. This often enhances 

antioxidant activity, particularly in hydrogen atom transfer mechanisms. 
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Electron-withdrawing groups such as –NO2, –CF3 or halogens can have more 

complex effects. In some cases, they reduce electron density and hydrogen-

donating ability; in others, they stabilize the resulting radical through 

inductive or resonant effects. For example, chlorine and fluorine can subtly 

modulate the redox potential without completely suppressing the activity. The 

final result depends on the precise arrangement of the substituting group and 

its position relative to the enon system (Ohkatsu and Satoh 2008), (Sönmez et 

al. 2023). 

 

4.3. Role of heteroaromatic rings and extended conjugation   

 

The addition of heteroaromatic rings (thiophene, pyridine, furan, indole, 

carbazole, and others) to the chalcone skeleton expands conjugation and 

introduces additional heteroatoms that can participate in redox processes or 

non-covalent interactions. Such modifications can: a) alter absorption and 

emission wavelengths, potentially enabling combined antioxidant and sensing 

functions (Mahesha, Shetty, and Kulkarni 2025); b) influence bioavailability 

and localization in biological systems by altering lipophilicity and membrane 

affinity; c) stabilize oxidized forms of molecules by providing alternative 

radical delocalization pathways (Wangngae et al. 2021). For example, 

extended π-conjugation by linking multiple aromatics or heteroaromatic units 

can further stabilize radical intermediates and enhance overall antioxidant 

capacity. However, highly conjugated systems can also suffer from poor water 

solubility, which must be addressed in molecular design. 

 

4.4. Computational insights into antioxidant mechanisms   

 

Computational chemistry, particularly density functional theory (DFT), has 

become an important tool to rationalize the antioxidant behavior of 

chalcones (Sivakumar et al. 2011). Calculated parameters such as: 

- Bond dissociation enthalpies (BDE) of O–H bonds,   

- Ionization potentials (IP),   

- Electron affinity (EA),   

- HOMO–LUMO energy gaps,   

- Spin density distribution in radical species   

provide valuable information on the preferred mechanisms (hydrogen atom 

transfer, single-electron transfer followed by proton transfer, or sequential 

proton loss–electron transfer) and help identify the most reactive positions 

within a molecule. By correlating experimental antioxidant data with 

computed descriptors, researchers can derive predictive SAR models and 

guide the design of new chalcone derivatives with optimized properties 

(Sivakumar et al. 2011), (Wang et al. 2015). 
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5. HIGHLIGHTED EXAMPLES FROM THE LITERATURE 

 

5.1. Phenolic chalcones with enhanced radical scavenging activity   

 

Many studies have demonstrated that chalcones bearing catechol-type 

moieties (3,4-dihydroxy) or related phenolic patterns display pronounced 

DPPH and ABTS scavenging activity, often comparable to or exceeding that 

of reference antioxidants such as Trolox or ascorbic acid. In these molecules, 

the combination of intramolecular hydrogen bonding, conjugation with the 

enone system and resonance stabilization of the resulting phenoxyl radicals 

plays a key role.   

Modifying one of the hydroxyl groups to a methoxy substituent may slightly 

reduce direct radical scavenging but improve lipophilicity and biological 

membrane penetration, illustrating the delicate balance between intrinsic 

reactivity and pharmacokinetic properties (Wang et al. 2015). 

 

5.2. Chalcones with Dual Antioxidant and Enzyme Inhibitory Properties 

 

Some chalcone derivatives are designed to function not only as direct 

antioxidants but also as inhibitors of enzymes associated with oxidative stress 

and inflammation, such as cyclooxygenases, lipoxygenases, or monoamine 

oxidases. In these cases, the chalcone skeleton often carries both phenolic 

functions for radical scavenging and additional substituents to interact with 

enzyme active sites (Jomova et al. 2023), (Popatkar et al. 2025). 

Such dual-functional molecules can provide synergistic benefits by 

simultaneously reducing ROS levels and modulating key biochemical 

pathways. They also highlight the potential of chalcones as templates for 

multi-target drug design (Toublet, Laurent, and Pouget 2025). 

 

5.3. Heteroaromatic Chalcones and Redox-Activated Materials 

 

For example, heteroaromatic chalcones containing thiophene, pyrrole, or 

carbazole units can exhibit interesting electrochemical and optical properties 

in addition to antioxidant activity. Redox behaviors can be tuned for potential 

applications such as electroactive materials, sensors, or organic electronics, 

where antioxidant properties can help stabilize devices under oxidative 

conditions (Wang et al. 2015),(Kostopoulou et al. 2021). 

These examples demonstrate that antioxidant chalcones are not limited to 

classical pharmacological fields but can also contribute to functional materials 

chemistry by bridging the gap between biological activity and advanced 

material design. 
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6. FROM PRESENT LIMITATIONS TO FUTURE 

OPPORTUNITIES: A PATH FORWARD 

 

Despite significant progress in the synthesis and evaluation of antioxidant 

chalcones, several challenges remain: 

• Solubility and stability: Many chalcones are poorly soluble in water 

and may undergo degradation under physiological pH or light 

exposure, limiting their practical use.   

• Bioavailability and metabolism: Even compounds with excellent in 

vitro antioxidant profiles may suffer from low oral absorption, rapid 

metabolism or limited tissue distribution.   

• Complex in vivo environment: Antioxidant effects in living systems 

depend on numerous factors, including localization, interaction with 

biomolecules, competition with endogenous antioxidants and the 

dynamic nature of ROS/RNS generation.   

To address these issues, future research should focus on: 

• Designing chalcones with balanced lipophilicity and polarity to 

improve absorption and distribution. 

• Exploring prodrug strategies or formulation approaches (e.g., 

nanoparticles, liposomes, inclusion complexes) to enhance stability 

and bioavailability.   

• Developing multifunctional chalcones that combine antioxidant 

activity with other relevant properties, such as anti-inflammatory or 

metal-chelating effects.  

• Integrating computational modeling and high-throughput screening to 

accelerate the discovery of optimized lead compounds. 

• The combination of synthetic creativity, mechanistic understanding 

and advanced biological evaluation is expected to yield new chalcone-

based antioxidants with genuine therapeutic or technological 

potential. 

 

7. CONCLUSION 

 

Chalcone derivatives represent a versatile and powerful class of molecules for 

the development of antioxidant agents. Their simple synthesis, rich structural 

diversity, and conjugated π-systems offer ample opportunities for fine-tuning 

their redox properties and exploring multiple mechanisms of action. 

Systematic studies on substitution patterns, heteroaromatic incorporation, and 

extended conjugation have revealed clear structure-activity relationships, 

particularly highlighting the importance of phenolic hydroxyl groups and 

overall electron distribution. 

By combining traditional in vitro experiments with computational 

investigations and more physiologically relevant models, the field has gained 

a deeper understanding of how chalcones exhibit antioxidant effects and how 
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these can be enhanced. Looking to the future, the rational design of 

multifunctional chalcone-based compounds, supported by modern synthetic 

and formulation technologies, will open new avenues in both medicinal 

chemistry and functional materials science. 

In summary, chalcones stand out as promising, tunable scaffold structures for 

next-generation antioxidants, with the potential to make significant 

contributions to strategies aimed at controlling oxidative stress and its far-

reaching biological consequences 
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ABSTRACT 

 

Parasitism is an important factor in shaping the structure of ecological 

communities in natural environments. One of the parasite groups commonly 

found in fish populations is cestodes. These parasites can cause weight loss, 

growth retardation, developmental anomalies, and mortality in their hosts. 

Therefore, accurate identification of cestode species is essential for the 

protection of fish health and the control of parasitic infections. In this study, 

a total of 66 Squalius recurvirostris specimens captured from the Düzağaç–

Akdeğirmen Dam Lake in Afyonkarahisar were examined for cestode 

infections. As a result of the study, Caryophyllaeides fennica was detected in 

the intestinal lumen, Paradilepis scoleciana in the mesentery of the body 

cavity, and Dilepis unilateralis in the gall bladder. Caryophyllaeides fennica 

is a moderately sized cestode species consisting of a single segment and 

possesses a tongue-shaped scolex. The posterior lobes of the ovary in this 

species are convexly fused, and the eggs are oval, thin-shelled, and 

operculated. The cysticercus of Paradilepis scoleciana has an oval body and 

consists of a scolex bearing four suckers and a hooked rostellum. In this 

species, the disc-shaped rostellum located at the median-terminal position of 

the scolex bears two rows of hooks. The hooks in the upper row measured 

112–113 μm, while those in the lower row measured 78–80 μm in length. 

The cysticercus of Dilepis unilateralis is conical in shape. The scolex has 

four lateral suckers located subterminally. A short, conical rostellum bearing 

two rows of hooks is present at the median-terminal position. The hooks in 

the upper row measured 25–26 μm, whereas those in the lower row 

measured 15–16 μm in length. In conclusion, three cestode species were 

identified in S. recurvirostris from the Düzağaç–Akdeğirmen Dam Lake. 

The anatomical and morphological characteristics of these species were 

described in detail, and the data obtained from this study aim to contribute to 

the recognition and knowledge of these cestode parasites. 
 

Keywords – Caryophyllaeides fennica, Dilepis unilateralis, Paradilepis scoleciana, 

Squalius recurvirostris 

 

 

 

INTRODUCTION 

 

It is well known that parasitism is one of the factors affecting 

the structure of populations that constitute communities. One of the 

taxa commonly observed in fish populations is cestodes. Cestodes can 

cause weight loss, growth retardation, developmental anomalies, and 

mortality in host organisms (Mouritsen and Poulin, 2002). 
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It is emphasized that the similarities and differences among the 

parasite communities of organisms are influenced by the ecological 

characteristics of parasite species, host specificity, biotic and abiotic 

environmental factors, as well as the geographical distance between 

host populations. In addition, parasites provide up-to-date information 

on the abiotic characteristics of the aquatic habitats they inhabit and 

can be used as sensitive biological indicators for monitoring 

environmental changes (Poulin, 2007). 
Accurate identification of the anatomical and morphological 

structures of parasite species belonging to the taxon Cestoda is of great 

importance for taxonomic classification and epidemiological studies. 

Detailed examination of the morphological characteristics of species enables 

the determination of similarities and differences among species and allows 

for accurate species identification. Moreover, it contributes to a better 

understanding of host–parasite relationships and to the elucidation of the 

biological adaptation mechanisms of parasites.  

Morphological data also play a crucial role in elucidating the 

life cycle of parasites. Therefore, the examination of the anatomical 

and morphological characteristics of cestodes is of great importance 

for fundamental parasitological research, fish health, and ecosystem 

management (Bazsalovicsová et al., 2014). 
In this study, it was aimed to describe the anatomical and 

morphological characteristics of cestode species observed in Squalius 

recurvirostris, one of the community members of the Düzağaç–Akdeğirmen 

Dam Lake (Afyonkarahisar). The results of the study are expected to 

contribute to the knowledge and recognition of the cestode parasite fauna of 

Squalius recurvirostris.  

 

MATERIALS and METHODS 

 

The Düzağaç–Akdeğirmen Dam Lake is located within the 

boundaries of Sincanlı district of Afyonkarahisar Province, approximately 2 

km northeast of the town of Düzağaç. The dam lake is situated at 38°48′ N 

latitude and 30°15′ E longitude. The maximum operating water level of 

Akdeğirmen Dam Lake is 1130 m, the minimum operating water level is 

1111 m, and its active storage capacity is 47.367 hm³ (Anonymous, 2009) 

(Figure 1). 

The Squalius recurvirostris specimens examined in this study were 

collected between 17 February 2012 and 9 March 2013 from approximately 

1–2 m depth of Akdeğirmen Dam Lake using trammel nets (Figure 2). 

The specimens were transferred into plastic containers filled with 

dam lake water and transported alive to the research laboratory of Afyon 

Kocatepe University. Parasitological examinations were carried out within 
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24–48 hours, during which the fish were maintained in aerated aquarium 

conditions.  

First, the total and fork lengths of the fish specimens were recorded 

(Figure 3). Subsequently, the fish were longitudinally dissected from the 

urogenital opening to the level of the pharynx. Organs such as the digestive 

tract, gonads, liver, spleen, heart, mesentery, and swim bladder were 

removed and placed into Petri dishes containing physiological saline 

solution. The tissues and organs were examined under a stereomicroscope 

equipped with a light source. During the examination, when parasites were 

encountered, they were separated using dissection needles, pipettes, forceps, 

or brushes and transferred into physiological saline solution, followed by 

rinsing with tap water to remove mucus. The locations and numbers of 

parasites found in tissues and organs were recorded separately for each host 

fish (Bauer, 1985).  

 

           
Figure 1. Map of the Düzağaç–Akdeğirmen Dam Lake (Anonymous, 2014) 
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Figure 2. Capture of S. recurvirostris from the Düzağaç–Akdeğirmen Dam Lake 

using trammel nets (original) 

 
Figure 3. General view of the study specimens, S. recurvirostris (original) 
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The cestodes obtained from the host fish specimens were preserved 

in 70% ethyl alcohol. Some of these parasites were stained with Mayer’s 

hematoxylin and mounted as permanent preparations in glycerin–gelatin 

medium. Identification of the cestodes was carried out based on the 

descriptions provided by Bykhovskaya-Pavlovskaya et al. (1962). 

Photographs were taken using an Olympus CH20 microscope. 

 

RESULTS 

 

In this study, the cestode parasite fauna of Squalius recurvirostris 

(freshwater chub) inhabiting the Düzağaç–Akdeğirmen Dam Lake was 

investigated. Among the parasites detected in the host fish, Caryophyllaeides 

fennica (Schneider, 1902) was recorded in the intestinal lumen, Paradilepis 

scolecina (Rudolphi, 1819) in the mesenteric tissue surrounding the liver and 

gall bladder, and Dilepis unilateralis (Rudolphi, 1819) in the gall bladder. 

  

Caryophyllaeides fennica (Schneider 1902)  

Caryophyllaeides fennica has a long, ribbon-shaped body consisting 

of a single segment. The parasite measured 18–24 (23) mm in length and 

2.6–3 (2.8) mm in width (Figure 4).  

The scolex at the anterior end is simple, slightly swollen, and 

spatula-like in shape, representing a characteristic morphological feature of 

this species. Posterior to the scolex lies the body region containing the 

vitelline glands and testicular lobes.  

The genital organs, including the ovary, uterus, and cirrus sac, are 

located in the posterior part of the body. The testes are arranged as sac-like 

lobes in the median region, extending from the posterior terminal of the body 

to the anterior margin near the beginning of the scolex. The testes measured 

230–255 (245) µm in length and 180–192 (185) µm in width.  

The ovary is situated in the posterior subterminal region of the body 

and is composed of two arm-shaped structures, the anterior arm being longer 

than the posterior one, which are connected by a transverse bridge. The 

posterior extensions of the ovary are convexly fused. The uterus is short and 

broad, forming several coils posterior to the ovary before extending 

anteriorly up to the anterior part of the cirrus sac.  

The oval-shaped cirrus sac, located in the median region anterior to 

the ovary, measured 735–1286 (1200) × 615–760 (650) µm. Vitelline glands 

are arranged as follicular structures extending from the anterior margin of 

the ovary to the beginning of the scolex and form a small clustered bundle at 

the posterior end of the body. The vitelline follicles were measured as 210–

225 (215) and 163–179 (175) µm. The eggs are oval, thin- and smooth-

shelled, and operculated. Eggs were recorded as 50–55 (54) µm and 38–42 

(39) µm (Figure 5). 
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Figure 4. Anterior region of Caryophyllaeides fennica (original). 
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Figure 5. Posterior part of Caryophyllaeides fennica (original) 
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Figure 6. Cysticercus form of Paradilepis scolecina (original) 

 

 
Figure 7. General view of Paradilepis scolecina outside the cysticercus (original) 
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Figure 8. Hook wreath of Paradilepis scolecina (original) 

 

 

 

 

     
Figure 9. Scolex and hook wreath of Dilepis unilateralis (original) 
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Figure 10. Scolex and parts of the Dilepis unilateralis (original) 

 

 

      
Figure 11. Hooks of Dilepis unilateralis (orijinal) 
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Cysticercus Paradilepis scolecina (Rudolphi, 1819) 

The cysticercus of Paradilepis scolecina, which has a cystic larval 

structure, is small and spherical to oval in shape (Figure 6). The cysticercus 

consists of a scolex bearing suckers and a hook-bearing rostellum, together 

with a strobila. The length of the parasite, excluding the cysticercus cyst, 

was measured as 570–650 (585) µm, and its width at the level of the suckers 

as 320–380 (360) µm (Figure 7). Four strong, disc-shaped muscular suckers 

are located subterminally on the scolex. These hemispherical suckers 

measured 87–100 (95) µm in length and 75–100 (93) µm in width. On the 

median-terminal region of the scolex, the rostellum bears a double row of 

hook crowns. The shape and number of these hooks are decisive for species 

identification. The large hooks in the upper row measured 112–113 (112) 

µm in length, whereas the small hooks in the lower row measured 78–80 

(78) µm (Figure 8). 

 

Cysticercus Dilepis unilateralis (Rudolphi, 1819)  

The cysticercus of Dilepis unilateralis is small, spherical, and 

slightly oval in shape (Figure 9). The length of the cysticercus larva was 

measured as 480–620 (510) µm, and its width at the level of the suckers as 

170–230 (210) µm (Figure 10). Four well-developed, disc-shaped suckers 

are present subterminally on the scolex. These hemispherical suckers 

measured 75–82 (80) µm in length and 70–80 (75) µm in width. On the 

median-terminal region of the scolex, the rostellum bears two rows of hooks 

arranged as a hook crown. The number and morphology of these hooks are 

distinctive features for species identification. The large hooks in the upper 

row measured 25–26 (26) µm in length, whereas the small hooks in the 

lower row measured 15–16 (15) µm (Figure 11). 

 

DISCUSSIONS 

 

The three cestode species identified in this study belong to the 

phylum Platyhelminthes (flatworms) due to their dorsoventrally flattened 

bodies and bilateral symmetry. These parasites are assigned to the class 

Cestoda based on their flattened body structure, cuticular tegument, and the 

characteristics of the scolex (Bychowskaya-Pavlovskaya et al., 1962). 

Caryophyllaeides fennica, a single-segmented cestode, is a species 

of medium size. The tongue- to spatula-shaped scolex located at the anterior 

terminal is a characteristic feature unique to this species. The ovary has a 

bilobed form, with the anterior part being longer than the posterior, and the 

two lobes are connected by a transverse bridge. The posterior lobes of the 

ovary are convex and fused with each other. The oval-shaped cirrus sac is 

located in the median region anterior to the ovary and is distinguished from 

those of other species by its dimensions of 735–1286 (1200) × 615–760 

(650) µm (Bychowskaya-Pavlovskaya et al., 1962). 
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The cystic, cysticercus-shaped Cysticercus Paradilepis scolecina 

possesses a small, spherical scolex. In the median-terminal region of the 

scolex, a disc-shaped hook crown is present on the rostellum, consisting of 

two rows of hooks. The large hooks in the upper row measure 112–113 

(112) µm in length, while the small hooks in the lower row measure 78–80 

(78) µm, conferring species-specific diagnostic value (Bychowskaya-

Pavlovskaya et al., 1962). 

The cystic cestode Cysticercus Dilepis unilateralis has a conical 

body shape. This species is distinguished from others by the presence of a 

retractile rostellum bearing a double row of hook crowns and by a unilateral 

genital opening. The hooks located on the short, conical rostellum in the 

anterior median-terminal region of the scolex measure 25–26 (26) µm in the 

upper row and 15–16 (15) µm in the lower row. These characteristics 

represent diagnostic features that distinguish this species from closely related 

taxa (Bychowskaya-Pavlovskaya et al., 1962). 

 

CONCLUSION 

 

In conclusion, three different cestode species were recorded in the 

host fish Squalius recurvirostris from the Düzağaç–Akdeğirmen Dam Lake 

in this study. The anatomical and morphological characteristics of these 

species were described in detail. The data obtained contribute to the 

recognition and better understanding of the parasites in question. 
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ABSTRACT 

 

The liverwort oil body represents a unique secretory organelle that 

likely acted as a critical evolutionary adaptation for early embryophytes 

during the colonization of land. Functioning as a specialized intracellular 

factory, it sequesters cytotoxic specialized metabolites, particularly 

sesquiterpenoids and bisbibenzyls, serving dual roles in biotic defense and 

potential desiccation tolerance. This Viewpoint synthesizes recent molecular 

breakthroughs, primarily derived from the model species Marchantia 

polymorpha, which demonstrate that organelle biogenesis is driven by the 

transcription factor MpERF13-mediated redirection of the secretory pathway, 

utilizing specific SNARE and COPI trafficking machineries. Furthermore, the 

selective accumulation of lipophilic payloads is facilitated by ATP-binding 

cassette transporters, linking biosynthesis directly to organellar sequestration. 

Challenging the traditional paradigm of the oil body as a sterile storage depot, 

recent in situ staining studies provide preliminary evidence for the presence 

of intraorganellar endophytic bacteria. While proposing a novel tripartite 

symbiosis hypothesis, this work emphasizes the necessity of axenic 

verification to distinguish obligate mutualism from environmental 

opportunism. Finally, the potential of liverworts as a model metabolic 

engineering platform is discussed, alongside critical gaps regarding taxonomic 

diversity beyond model systems. 

 

Keywords: Liverworts, Chemical defense, Oil body biogenesis, ABC transporters, 

Endophytes, Synthetic biology. 

 

INTRODUCTION 

The liverworts (Marchantiophyta) occupy a pivotal phylogenetic 

position as the earliest divergent lineage of land plants (Embryophyta). A 

hallmark feature—a synapomorphy—of this phylum is the oil body (OB), a 

distinctive membrane-bound organelle present in over 90% of liverwort 

species. First described by Hübener (1834), the OB has long fascinated 

botanists; however, its precise biological function and evolutionary origin 

have only recently begun to be unraveled. While the molecular mechanisms 

governing OB formation have been extensively characterized in the model 

species Marchantia polymorpha, it is important to acknowledge that this taxon 

represents a single thalloid lineage. Consequently, extending these 

mechanistic insights to the broader diversity of leafy liverworts 

(Jungermanniopsida) necessitates a cautious comparative approach, as 

species-specific variations in biogenesis may exist. 
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Origin and Cellular Distinction 

The liverwort oil body is structurally and functionally distinct from 

other plant secretory systems. Unlike the cytosolic lipid droplets (oleosomes) 

of seed plants, which store neutral lipids solely for energy reserves within a 

phospholipid monolayer, the oil body is a specialized secretory organelle 

bounded by a membrane derived from the secretory pathway (Kanazawa et 

al., 2020). Furthermore, while functionally analogous to the glandular 

trichomes of vascular plants in terms of terpenoid biosynthesis, oil bodies are 

strictly intracellular, sequestering cytotoxic metabolites within the cytoplasm 

rather than secreting them into an extracellular subcuticular space. 

Evolutionary Significance 

While unique to liverworts, the oil body shares striking functional and 

developmental parallels with the glandular trichomes of vascular plants. Both 

structures serve as specialized factories for terpenoid biosynthesis and storage, 

sequestering bioactive compounds from the plant's own metabolic machinery. 

However, unlike epidermal trichomes, liverwort oil bodies are intracellular 

organelles. This distinction raises fundamental evolutionary questions 

regarding land colonization. As the earliest secretory structure of land plants, 

the oil body likely provided a selective advantage for the first embryophytes 

facing the harsh terrestrial environment (Romani et al., 2022). This organelle 

may have functioned as a critical exaptation, acting as a chemical shield and 

potentially aiding in desiccation tolerance before the evolution of complex 

cuticles (Pressel et al., 2009). 

In light of paradigm-shifting discoveries—from the redirection of the 

secretory machinery (Kanazawa et al., 2020) to the identification of 

intraorganellar bacteria (Young et al., 2025)—a comprehensive synthesis is 

warranted. This review integrates these findings to challenge the traditional 

view of the OB as a static storage depot. Specifically, it is hypothesized that 

the liverwort oil body represents a unique evolutionary convergence of 

metabolic innovation and microbial symbiosis, functioning as a tripartite 

interface that facilitated the conquest of land. By evaluating the organelle 

through these distinct yet interconnected lenses, this article provides a novel 

functional roadmap for future investigations in evolutionary developmental 

biology and synthetic biology. 
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MORPHOLOGY, DISTRIBUTION, AND ECOLOGICAL FUNCTION 

 

Morphological Diversity and Chemosystematics 

Oil bodies (OBs) exhibit remarkable structural diversity across the 

Marchantiophyta, varying significantly in size, shape, number per cell, and 

internal organization. While the model species Marchantia polymorpha 

possesses specialized idioblasts containing single, large, and spherical oil 

bodies, the majority of liverwort diversity—particularly within the class 

Jungermanniopsida—displays complex, segmented, or multiple oil bodies per 

cell. Morphological classifications traditionally group OBs into distinct types 

(e.g., Massula-type, Jungermannia-type, Bazzania-type) based on their 

granularity and homogeneity (Asakawa, 2004). 

This morphological variation is not random but correlates strongly 

with specific terpenoid profiles, facilitating their use as robust 

chemotaxonomic markers (Table 1). For instance, species such as Frullania 

and Radula exhibit oil bodies with granular segmentation, which often 

coincides with the accumulation of specific sesquiterpene lactones and 

bibenzyls (Ludwiczuk & Asakawa, 2015). Furthermore, unique pigmentation 

provides additional diagnostic value; the distinct blue color observed in the 

OBs of Calypogeia azurea is attributed to the localized accumulation of 

azulene derivatives (Asakawa & Ludwiczuk, 2018). A critical gap in current 

research is determining whether the molecular machinery characterized in M. 

polymorpha—such as the MpERF13 regulatory module—is conserved in 

these morphologically distinct lineages or if leafy liverworts have evolved 

independent regulatory pathways for oil body biogenesis. 
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Table 1 Classification of liverwort oil bodies based on morphology and associated 

dominant chemical constituents. 

(Adapted from Asakawa, 2004; Ludwiczuk & Asakawa, 2015). 

Cellular Distribution and Defense Role 

In the Marchantiopsida class, OBs are strictly confined to scattered 

secretory cells known as idioblasts, whereas in Jungermanniopsida, they are 

typically present in all chlorophyllous leaf cells. The primary function of OBs 

has long been established as a chemical defense mechanism against biotic 

stress. The sequestered lipophilic compounds, such as plagiochiline A and 

marchantin A, exhibit potent antifeedant activity against arthropod herbivores 

(Romani et al., 2020). This defensive role is genetically supported by 

MpC1HDZ loss-of-function mutants in M. polymorpha, which lack OBs and 

consequently suffer significantly higher predation rates. 

Oil Body Type 
Morphological 

Description 

Representative 

Genera 

Predominant 

Chemical Class 

Massula-type 

Homogeneous, 

glistening, typically 

small and numerous 

per cell. 

Marsupella, 

Gymnomitrion 

Hydrocarbons, 

simple 

sesquiterpenes 

Jungermannia-

type 

Granular/papillose 

surface, composed of 

small globules, 

usually few per cell. 

Jungermannia, 

Scapania 

Sesquiterpene 

lactones, 

diterpenes 

Bazzania-type 
Large, homogeneous 

or faintly segmented, 

few (2-4) per cell. 

Bazzania, 

Calypogeia 

Azulenes (blue-

pigmented), 

bicyclic 

sesquiterpenes 

Marchantia-

type 

Single, very large 

organelle occupying 

most of the cell 

(idioblast); granular 

interior. 

Marchantia, 

Conocephalum 

Bisbibenzyls 

(e.g., 

Marchantins), 

cuparene-type 

sesquiterpenes 

Frullania-type 

Numerous, small, 

spherical to 

ellipsoidal, finely 

segmented. 

Frullania, 

Jubula 

Sesquiterpene 

lactones (highly 

allergenic) 
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Beyond biotic interactions, accumulating evidence suggests that OBs 

play a pivotal role in abiotic stress tolerance, particularly in the context of 

poikilohydry. Liverworts, as early land colonizers, lack complex vascular 

systems and true cuticles, making them susceptible to rapid desiccation. In 

desiccation-tolerant species found in exposed habitats, OBs may function as a 

crucial physiological buffer. Cytological evidence demonstrates that oil bodies 

maintain their structural integrity and shape even during severe cytorrhysis 

(cellular collapse) induced by dehydration, unlike other organelles which may 

undergo degradation (Pressel et al., 2009). Although the precise biochemical 

mechanism remains to be fully elucidated, the persistence of these organelles 

in harsh environments points to an exapted function in environmental 

adaptation, extending their role beyond mere herbivore deterrence. 

 

MOLECULAR MECHANISMS OF OIL BODY BIOGENESIS 

Transcriptional Regulation 

The differentiation of oil body cells and the subsequent organelle 

biogenesis are governed by a hierarchical gene network, primarily 

characterized in Marchantia polymorpha. Genetic analyses demonstrate that 

the AP2/ERF family transcription factor, MpERF13, functions as the master 

regulator. Loss-of-function mutants (Mperf13) completely fail to develop oil 

bodies, whereas gain-of-function lines (MpERF13-GOF) exhibit ectopic oil 

body formation across the thallus (Kanazawa et al., 2020). 

This master regulator operates within a broader transcriptional 

landscape. The Class I Homeodomain Leucine-Zipper transcription factor 

MpC1HDZ acts upstream of MpERF13, controlling the initial determination 

of oil body cell identity; Mpc1hdz mutants lack oil bodies entirely, confirming 

its essential role in cell fate specification (Romani et al., 2020). Furthermore, 

recent studies identify the R2R3-MYB transcription factor, MpMYB02, as a 

key modulator of specialized metabolite accumulation, particularly 

marchantins, linking organelle formation with chemical biosynthesis (Kubo et 

al., 2024). Conversely, the bZIP transcription factor MpTGA has been 

characterized as a negative regulator, restricting the population of oil body 

cells to maintain energy balance (Toro Acevedo, 2025). 

Membrane Trafficking: Evidence and Models 

Unlike cytosolic lipid droplets (oleosomes) found in other land plants, 

which originate from the ER bilayer, ultrastructural analyses suggest that the 

liverwort oil body is bounded by a complex membrane structure, proposed to 

be a phospholipid monolayer/bilayer hybrid derived from the secretory system 

(Kanazawa et al., 2020). Experimental evidence for this "secretory 
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redirection" comes from the localization of specific SNARE proteins. The 

syntaxin MpSYP12B is exclusively localized to the oil body membrane and is 

transcriptionally upregulated by MpERF13. 

Based on these localization data, the current mechanistic model 

proposes that Golgi-derived vesicles, rather than fusing with the plasma 

membrane, are redirected to fuse homotypically, generating the nascent oil 

body (Figure 1). This model is supported by genetic data involving the COPI 

(Coat Protein Complex I) machinery. Mutants of MpSEC28 (an $\varepsilon$-

COP ortholog) and other COPI subunits (MpRET1, MpSEC21) display oil 

bodies with aberrant, circular morphologies, indicating that retrograde 

trafficking is essential for maintaining the distinct shape and integrity of the 

organelle (Kanazawa et al., 2022). 

 

 

Figure 1. Schematic representation of the redirected secretory pathway in 

Marchantia polymorpha. 

 

The model illustrates the regulatory role of MpERF13 and the specific 

functions of SNARE proteins (MpSYP12B) and COPI complexes 

(MpSEC28) in directing vesicles to form the oil body (Based on Kanazawa et 

al., 2020). 

Comparative Evolutionary Context  

It is critical to note that this redirection of the secretory pathway for 

lipophilic storage appears to be a unique evolutionary innovation of the 

Marchantiophyta. In contrast, other bryophyte lineages such as mosses (e.g., 

Physcomitrium patens) and hornworts store lipids strictly in cytosolic lipid 

droplets (LDs) derived directly from the endoplasmic reticulum, utilizing 

conserved proteins like oleosins and LDAP (Huang, 2018). No evidence 
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currently exists for a similar "secretory redirection" mechanism in mosses, 

suggesting that the recruitment of SYP12B and ERF13 homologs for oil body 

biogenesis represents a lineage-specific exaptation that occurred after the 

divergence of liverworts from the remaining embryophytes (Robinson et al., 

2016). 

 

SPECIALIZED METABOLITE BIOCHEMISTRY AND TRANSPORT 

Chemical Constituents 

Liverworts are chemically prolific, synthesizing a massive array of 

specialized metabolites, with over 1600 terpenoids and aromatic compounds 

reported to date. The oil bodies function as the primary storage sites for these 

lipophilic constituents. The chemical profile is dominated by 

sesquiterpenoids—such as thujopsene, chamigrene, $\beta$-himachalene, 

$\alpha$-gurjunene, and cuparene—which have been isolated directly from 

the oil bodies of Marchantia polymorpha (Tanaka et al., 2016). Additionally, 

unique aromatic compounds known as bisbibenzyls, including marchantin A 

and marchantin C, are abundant. These compounds exhibit potent biological 

activities; for instance, marchantin A has been reported to induce apoptosis in 

human MCF-7 breast cancer cells and acts as an antimicrotubular agent, 

demonstrating synergistic cytotoxic effects when combined with Aurora-A 

kinase inhibitors (Shi et al., 2009). 

Biosynthesis and Transport 

The biosynthesis of oil body-associated sesquiterpenoids is primarily 

linked to the cytosolic mevalonate (MVA) pathway, although metabolic cross-

talk with the plastidial MEP pathway cannot be entirely ruled out. Unlike seed 

plants that typically utilize canonical terpene synthases (TPS), liverworts 

employ a distinct class of enzymes encoded by Microbial-type Terpene 

Synthase-Like (MTPSL) genes. For instance, MpFTPSL2 and MpFTPSL3 are 

co-expressed with oil body markers and are responsible for the core 

sesquiterpene scaffolds. Functional characterization has provided quantitative 

insight into their enzymatic efficiency; MpMTPSL3 exhibits the highest 

specific activity ($525.17 \pm 14.05$ pmol h$^{-1}$ µg$^{-1}$) using all-

trans-FPP, whereas MpMTPSL2 shows a 25-fold substrate preference for 

neryl diphosphate (NPP) (Kumar et al., 2016). 

Phylogenetic analyses of the MpMTPSL gene family suggest a non-

canonical origin, pointing to ancient horizontal gene transfer (HGT) events 

from fungi or bacteria to the ancestral liverwort lineage (Kumar et al., 2016). 

This acquisition was likely a key evolutionary innovation, enabling land plants 

to produce volatile terpenes for defense without reinventing the biosynthetic 
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machinery. However, inferring HGT events requires careful phylogenetic 

interpretation. While sequence similarity strongly supports the acquisition 

hypothesis, establishing the directionality of transfer (microbe-to-plant versus 

plant-to-microbe) and defining rigorous sequence identity thresholds are 

essential to distinguish true HGT from convergent evolution or potential 

contamination in transcriptomic datasets. 

Following biosynthesis, the sequestration of these cytotoxic 

metabolites is mediated by specific ATP-binding cassette (ABC) transporters. 

Recent molecular data indicate that MpABCG1 and MpABCG36 are localized 

to the oil body membrane and are essential for the influx of sesquiterpenoids 

and bisbibenzyls (Figure 2). Notably, while these transporters have homologs 

in vascular plants that mediate the secretion of cuticular lipids (e.g., AtABCG 

subfamily in Arabidopsis), their recruitment for intracellular organellar 

loading appears to be specific to liverworts (Kanazawa et al., 2025). Mutant 

analyses reveal that while the structural formation of the oil body remains 

intact in Mpabcg knockouts, the organelle shows reduced accumulation of 

lipophilic metabolites, linking biosynthesis directly to organellar transport. 

 
Figure 2. Proposed model for specialized metabolite transport. The diagram depicts 

the localization of ATP-binding cassette transporters, MpABCG1 and MpABCG36, 

on the oil body membrane, facilitating the influx of sesquiterpenoids and 

bisbibenzyls synthesized from the cytosolic mevalonate pathway. 
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NOVEL STRUCTURAL COMPONENT: INTRAORGANELLAR 

ENDOPHYTES 

 

Identification and Viability  

A recent and potentially paradigm-shifting discovery challenges the 

established view of the oil body as a sterile secretory organelle. Granular 

structures within the oil body lumen, previously interpreted in ultrastructural 

studies as proteinaceous deposits or lipid globules, have been re-identified as 

intracellular, endophytic bacteria in wild-collected specimens of Marchantia 

polymorpha and Radula complanata (Young et al., 2025). This re-evaluation 

relied on advanced in situ fluorescent staining: RADA (a fluorescent D-amino 

acid) confirmed the presence of peptidoglycans characteristic of active 

bacterial cell walls, while SYTO-13 validated the presence of nucleic acids 

(Figure 3). 

 
Figure 3. Visualization of intraorganellar endophytes. (A) Schematic representation 

of the oil body lumen containing granular bacterial structures. (B) Fluorescence 

microscopy diagram illustrating RADA (peptidoglycan) and SYTO-13 (nucleic acid) 

positive signals within the oil body, distinguishing endophytes from the surrounding 

lipid matrix (Based on findings from Young et al., 2025). 

 

Preliminary observations using Gram staining suggest these 

endophytes are likely Gram-positive (Young et al., 2025). The historical 

oversight of these structures is likely attributed to methodological limitations; 

traditional transmission electron microscopy (TEM) fixatives, such as osmium 

tetroxide, render both bacterial cells and the surrounding lipophilic matrix 

similarly electron-dense, obscuring the microbial morphology. 
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Evolutionary Parallels and Hypotheses  

If confirmed as a stable biological phenomenon, this intraorganellar 

association would represent a significant evolutionary convergence with other 

plant-microbe symbioses. Much like the cyanobacterial colonies housed 

within the thallus cavities of hornworts (e.g., Anthoceros) or the complex 

algal-fungal partnership in lichens, the liverwort oil body could function as a 

specialized micro-habitat that facilitates a tripartite interaction (host–

organelle–endophyte). In this hypothetical model, the lipid-rich lumen 

provides a carbon source and physical protection for the bacteria, while the 

endophytes might contribute to the chemical defense arsenal of the host via 

biotransformation of terpenes, a mechanism observed in various endophytic 

fungi (Young et al., 2025). 

Critical Caveats and Future Verification  

While these findings are compelling, this review emphasizes that 

current evidence remains preliminary. The ubiquity of this association across 

the liverwort lineage has yet to be established. Furthermore, as the reported 

data are derived exclusively from wild populations, distinguishing between 

obligate endosymbionts and environmental opportunists (or transient 

colonization) remains the primary challenge. To validate the "intraorganellar 

symbiont" hypothesis, future investigations must prioritize the isolation of 

these bacteria from axenic (sterile) cultures of M. polymorpha. Furthermore, 

applying culture-independent approaches, such as single-cell genomic 

sequencing of isolated oil bodies or targeted metagenomics, would provide 

definitive taxonomic identification and metabolic profiling of these putative 

endophytes. Until functional dependency is demonstrated under controlled 

conditions—proving that the oil body requires the bacterium for full 

functionality or vice versa—this model should be viewed as a stimulating 

framework necessitating rigorous physiological verification. 

 

CONCLUSION AND FUTURE PERSPECTIVES 

From Evolutionary Oddity to Bioengineering Chassis  

The liverwort oil body represents a unique evolutionary innovation 

that likely facilitated the terrestrialization of early embryophytes by serving 

as a specialized chemical factory (Romani et al., 2022). Through the 

characterization of the MpERF13 regulatory network and specific 

SNARE/COPI trafficking systems, the status of the oil body has transitioned 

from a morphological curiosity to a molecularly defined organelle (Kanazawa 

et al., 2020; Kanazawa et al., 2022). While these mechanisms are well-

established in Marchantia polymorpha, they provide a theoretical foundation 
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for prospective biotechnological applications. By leveraging the streamlined 

genome of M. polymorpha as a "green chassis," transcription factor 

engineering (e.g., MpERF13-GOF) offers a promising, though yet to be fully 

industrialized, platform for the scalable production of high-value lipophilic 

terpenoids in cell suspension cultures (Toro Acevedo, 2025).  

Multidisciplinary Implications  

The functional diversity of oil bodies offers critical insights across 

biological disciplines: 

• Pharmacology: Sequestration of potent bisbibenzyls like marchantin 

A, which exhibits anti-tumor activity (Shi et al., 2009), highlights the 

potential for metabolic engineering. Understanding transport 

mechanisms via MpABCG proteins is crucial for optimizing the yield 

of these cytotoxic compounds (Kanazawa et al., 2025). 

• Systematics: Structural diversity remains a cornerstone for 

chemotaxonomy. Correlations between oil body types (e.g., 

segmented vs. homogeneous) and specific terpenoid profiles provide 

robust markers for resolving phylogenetic ambiguities (Ludwiczuk & 

Asakawa, 2015). 

• Physiology: Beyond biotic defense, the persistence of oil bodies in 

desiccation-tolerant species suggests a critical, under-explored role in 

abiotic stress tolerance during the water-to-land transition (Pressel et 

al., 2009). 

Limitations and Future Directions  

To advance this field from model systems to broader applications, three 

critical limitations must be addressed: 

1. Taxonomic Bias: Current molecular models are heavily biased 

towards the thalloid liverwort M. polymorpha. It remains unknown 

whether the MpERF13-mediated redirection of the secretory pathway 

is conserved in the species-rich leafy liverworts (Jungermanniopsida), 

which exhibit vastly different oil body morphologies. Comparative 

genomic studies are urgently needed to test the universality of this 

mechanism. 

2. The "Tripartite Symbiosis" Hypothesis: The recent identification 

of intracellular bacteria within oil bodies (Young et al., 2025) presents 
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a stimulating hypothesis but not yet an established paradigm. 

Distinguishing whether these endophytes are obligate symbionts or 

environmental opportunists requires rigorous verification using 

axenic cultures. 

3. Secretion Mechanisms: While influx transporters (MpABCG1/36) 

have been identified, the mechanism of metabolite release from the 

oil body to the extracellular space remains a "black box." Elucidating 

this efflux pathway is essential for developing continuous 

biopharming systems where product extraction does not require 

biomass destruction. 

In conclusion, the liverwort oil body stands as a testament to how 

evolutionary novelty—the repurposing of a secretory pathway for intracellular 

defense—can inform modern applications. Unlocking its remaining secrets 

promises not only a deeper understanding of early plant adaptation but also 

provides a blueprint for engineering complex metabolic traits in synthetic 

biology.  
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ABSTRACT 

This study investigates fundamental geometric concepts in the plane 2

g
, 

which is equipped with the generalized absolute value distance 
gd . First, the 

relationship between the distance 
gd  and the Euclidean distance between two 

points is expressed in terms of the slope of the line joining the given points, 

and several related properties are presented. Using this relationship, a 

formula for the area of a triangle in terms of the 
gd -lengths of its base and 

corresponding height is obtained. Subsequently, the 
gd -distance from a point 

to a given line is introduced. The relationship between this distance and the 

Euclidean distance from the point to the line is expressed depending on the 

slope of the line, and several properties are derived. Using this relation, an 

additional formula for the area of a triangle in terms of 
gd -lengths is 

provided. Furthermore, minimum distance sets and midsets of two given 

points with respect to the metric 
gd  are examined and classified. 

 
Keywords – Generalized absolute value metric; Minimum distance set; Midset 

 

 

 

INTRODUCTION 
Distance functions play a fundamental role in shaping the geometric 

structure of an analytic plane. When Euclidean distance is replaced by an 

alternative metric, many classical geometric objects, such as circles and 

medians, undergo significant changes. Minkowski distance is a family of 

distances that includes Euclidean and taxicab distances. Many 

generalizations of distance functions exist in the literature, including the 

generalized absolute value distance, (Çolakoğlu et al, 2013:123), (Ekmekçi 

et al, 2015:159), (Ekmekçi et al, 2015:29), (Akça and Nazlı, 2022:128). The 

generalized absolute value distance is presented in (Kaya et al, 2009:591), 

(Bayar et al, 2008:1). The plane 
2

g , equipped with the generalized absolute 

value distance gd , is a non-Euclidean geometry and provides a rich 

framework for systematic study. This metric generates an infinite family of 

distance functions depending on the parameters. 

This study examines fundamental geometric structures in the plane 
2

g . By 

analyzing the concepts of minimum distance sets and midsets between two 

points, a classification of these sets is provided. Then, the distance between a 

point and a line is formulated. Furthermore, the relationships between 

Euclidean and the distance gd  are characterized in terms of the slope 
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parameter of lines, and these relationship are utilized to derive area formulas 

for triangles.  

 

 

PRELIMINARIES ON THE DISTANCE gd  

In this section, some definitions, concepts and theorems used 

throughout this work are mentioned. 

Definition 1. Consider the analytic plane, denoted by 
2

, and let 

1 2( , )A a a  and 
1 2( , )B b b  be any two points in it. For real numbers 1  and 

2  satisfying 1 2 0    and 1 0  , the expression 

   1 1 1 2 2 2 1 1 2 2( , ) max , min ,gd A B a b a b a b a b        

defines the generalized absolute value distance gd  between the points A  

and B , (Kaya et al, 2009:591). 

The plane equipped with the distance gd is represented as 
2 2= ( , )g gd . 

Different choices of the constants 1  and 2  yield a family of such distance 

functions. 

The plane 
2

g  shares an identical points and lines with the plane 

2
. Angle measurement is also defined and performed analogously in both 

planes. The differences between the two geometries arise from the definition 

of distance. Consequently, any geometric property or concept fundamentally 

reliant on the notion of distance—such as the distance from a point to a line, 

or the definition of a circle—occurs differently in 
2

g  compared to its 

Euclidean counterpart. 

By Definition 1, each pair of real numbers 1 2,   corresponds to a 

distinct distance function. This implies that the distances form a family of 

metrics. Several notable special cases arise for specific parameter choices: 

 When both parameters, 1  and 2 , are equal to 1, the distance gd  

reduces to the taxicab distance Td . 

 When the parameters 1  and 2  are equal, the distance gd  is precisely 

the taxicab metric Td  multiplied by the scalar 1 . 

 When the parameters 1  and 2  equal 1 and 0, respectively, the distance 

gd  coincides with the maximum distance Md . 

 When the parameters 1  and 2  equal 1 and 2 1 , respectively, the 

distance gd  coincides with the Chinese Checkers distance Cd . 
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 When the parameters 
1  and 

2  equal 1 and sec tan  , respectively, 

the distance 
gd  coincides with the  - distance where 

0,
2




 
 
 

. 

It can be seen that there is an infinite number of different distance functions 

depending on the parameters 
1  and 

2 . In this study, unless otherwise 

stated, it is assumed that the parameters 
1  and 

2  are initially determined 

and fixed. 

It is clear that the gd  distance between the points A  and B  equals 

the sum of 1" "  times the longest Euclidean length and 2" "  times the 

shortest Euclidean length of the sides (which are parallel to the coordinate 

axes) in the right triangle with the hypotenuse AB . The shortest path 

between the points A  and B  is the union of a vertical or a horizontal line 

segment and the line segment with the slope 1 2

2 2

1 2

2 

 



.  

Theorem 2. The generalized absolute value distance  
2 2:  [0, )gd     

is a metric, (Kaya et al, 2009:591). 
Krause classified lines depending on their slope as follows: 

Definition 3. Let m  be the slope of the line l . The line l  is referred to as 

the steep line, the gradual line and the separator line in the cases where 

1m  , 1m   and 1m  , respectively. In the special cases that the line l  

is parallel to the x-axis or the y-axis, it is called the horizontal line or the 

vertical line, respectively, (Krause, 1975:31). 

The geometric properties of the plane 2

g
 are systematically studied using 

Krause's classification as an analytical tool in this study. 

In 2

g
, a circle is still defined as the set of all points that are the same 

distance gd  (the radius) from a point ( the center), but because of the 

definition of the distance gd , the circle is an octagon rather than a smooth 

curve. In 2

g
, the points on the circle with the center  1 2,m m  and the 

radius r  satisfy the equation: 

   1 1 2 2 1 2max - , - min - , -x m y m x m y m r   . 

The circle has eight vertices that are on the horizontal, the vertical lines and 

the separator lines passing through the center . These vertices are 

1 2

1

( , )
r

m m


 , 
1 2

1 2 1 2

( , )
r r

m m
   

 
 

, 
1 2

1

( , )
r

m m



, 

1 2

1 2 1 2

( , )
r r

m m
   

 
 

, 

1 2

1

( , )
r

m m


 , 
1 2

1 2 1 2

( , )
r r

m m
   

 
 

, 
1 2

1

( , )
r

m m


  and 
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1 2

1 2 1 2

( , )
r r

m m
   

 
 

. Thus, it is made up of the line segments 

connecting these vertices, forming a octagon. 

 
Figure 1 Circles in 2

g
 

In the figure, circles with center M and radius r are given for some values of 

parameters 1  and 2 . 

Theorem 4. All translations of the Euclidean plane are isometries in the 

plane 2

g
, (Kaya et al, 2009:591). 

Theorem 5. The reflections in the line y mx  are isometries in 2

g
 where 

 0, 1,m    for 2 1
b

a
   and  0, 1, ( 2 1), ( 2 1),m        for 2 1

b

a
   , 

(Kaya et al, 2009:591). 

Theorem 6. The rotations R  about the origin are isometries in 2

g
  where 

3
0, , ,

2 2

 
 

 
 
 

 for 2 1
b

a
   and 3 5 3 7

0, , , , , , ,
4 2 4 4 2 4

     
 

 
 
 

 for 2 1
b

a
  , 

(Kaya et al, 2009:591). 

 

SLOPE-BASED RELATIONSHIP BETWEEN Ed  AND gd  DISTANCES 

The following theorem characterizes how the Euclidean distance and the 

distance gd  are related in the analytical plane. 

Theorem 7. Let A  and B  be any two distinct points in 
2

g . The 

generalized absolute value distance gd  between points A  and B satisfies 

the equality        ,.,g Ed BmB dA A , where  

 

2

2

2

1

1

2
,   1

1

 

,   1,
1

m
m

m

m

m
m

m

 







 





 
 
 
 
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and m is the slope of the line passing through the points A  and B , (Kaya et 

al, 2009:591). 

Proof: Assume the line passing through points 
1 2( , )A a a  and 

1 2( , )B b b  

coincides with the x-axis. In this case, the slope 0m  . The Euclidean 

distance Ed  between points A  and B is   1 1,E A Bd a b  , while the 

distance gd  is   1 1 1,g Bd bA a  . Thus, it follows that: 

   1, ,g EA B A Bd d . 

And, when 0m  ,   2

1
2

1

1

m
m

m


 



 



. Then    ( ), ,g Ed mA BdB A . The 

same relationship holds if the line through A  and B is a horizontal line.  

Now, suppose that the line through A  and B  is the y-axis. Then, 

  2 2,E A Bd a b  and   1 2 2,g Bd bA a  , yielding 

   1, ,g EA B A Bd d . 

And, since m , 1

2

2

1lim
1

( )
m

m

m
m

 
 




 



. Then it can be written that 

   ( ), ,g Ed mA BdB A . This result similarly applies when the line is 

vertical. 

Finally, consider the case where the line through A  and B  is not parallel to 

either coordinate axis and has a slope m satisfying 1m  . Under this 

assumption, 

2 2 1 1a b a b   , 

so the distance gd  can be expressed as: 

  1 2 2 2 1 1 1 1 1 2(, )gd a b a b a b mA B           . 

The Euclidean distance between A  and B  is given by: 

  2 2 2

1 1 2 2 1 1( ) ( ) 1,Ed a b a bA B b a m       . 

Thus, the ratio of the distance gd  to the distance Ed  is 

 

 
1 2

2

,

,
.

1

g

E

d

Bd

B mA

mA

 




 

Rearranging this relationship, it is obtained 

   1 2

2
.

1
, ,g EA B A B

m
d d

m

 




 

Now, consider the case where 1m  . In this situation: 

2 2 1 1a b a b   , 

which implies 
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  1 1 1 2 2 2 1 1 1 2( ), .gd a b a b a bA B m           

The ratio of the distance gd  to the distance Ed  is 

 

 
1 2

2

,

1,

g

E

A B

A B

d m

d m

 




 

and consequently, 

   1 2

2
, , .

1
g E

m
d dA B

m
B A

 




 

This completes the proof. 

Consequently,  , defined in terms of the slope, provides a method for 

converting Euclidean distances to gd  distances. Also, ( )m  can be generally 

expressed as the following 

 
   1 2

2

max 1, min ,

1

1m m
m

m

 







. 

 The following properties follow immediately from the definition of   

given in Theorem 7. 

Corollary 8. For any nonzero real number m, the following identities hold 

for the relation  , 

1 1
( ) ( ) ( ) ( ).m m

m m
         

Theorem 7 establishes that for any line, the distance gd  is proportional to 

the distance Ed  measured along that line, with a positive constant of 

proportionality. The subsequent results are direct consequences of this 

relationship. 

Corollary 9. Let 1A , 2A , and 3A  be three collinear points in the analytical 

plane. Then,        1 2 2 3 1 2 2 3, , , ,E E g gd d d dA A A A A A A A   , (Kaya et 

al, 2009:591). 

Corollary 10. Let 1A , 2A , and 3A  be three collinear points in the analytical 

plane. Then, 

 

 

 

 
1 3 1 3

2 3 2 3

, ,

, ,

g E

g E

d A A d A A

d A A d A A
 , 

(Kaya et al, 2009:591). 
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THE MINIMUM DISTANCE SET  

Definition 11. Let 
1 2( , )A a a  and 

1 2( , )B b b  be two points in 2

g
. The 

minimum distance set between A  and B  is defined as the set 

      2

g     , , A,B .g g gX d A X d X B d    

This set, denoted by AB , consists of all points X  for which the sum of the 

distances from A  to X  and from X  to B  equals the distance gd  between 

A  and B , (Aylıkçı, D., 2025:54).  

It is examined the structure of AB  based on the relative positions of points 

A  and B  as follows. Since translations preserve the distance gd , assuming 

point A  to be at the origin does not compromise generality. 

1) First, consider the case where A  and B lie on the x-axis. Let 1( ,0)B b , 

where 1 0b  . Substituting the distance formula in the definition of AB  

yields: 

       1 2 1 1 2 1 1 1max  , min  ,   max  , min  ,x y x y x b y x b y b          . 

When this equation is examined, it is seen that the set AB  is the line 

segment AB . The same result holds if the line through A  and B is 

horizontal. 

2) Consider the case where A  and B lie on the y-axis. Let 2(0, )B b , 

where  2 0b  . Substituting the distance formula in the definition of AB  

yields: 

       1 2 1 2 2 2 1 2max  , min  ,   max  , min  ,x y x y x y b x y b b          . 

When this equation is examined, it is seen that the set AB  is the line 

segment AB . The same result holds if the line through A  and B is vertical. 

3) Consider the case where A  and B lie on the separator line y x . Let the 

abscissa of point B  be 1b  where 1 0b  . The minimum distance set AB  

satisfies the equality 

       1 2 1 1 1 2 1 1 1 2 1max  , min  ,   max  , min  , ( ) .x y x y x b y b x b y b b             

When this equation is examined, it is seen that the set AB  is the line 

segment AB . The same result holds if the line through A  and B is the 

separator line y x  . 
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4) Consider the case where A  and B lie on a gradual line. Let 
1 2( , )B b b , 

where 1 2 0b b  . The minimum distance set AB  satisfies the equality 

       1 2 1 1 2 2 1 2 1 1 2 2max  , min  ,   max  , min  , .x y x y x b y b x b y b b b             

From here, it is seen that the set AB  is the region bounded by the 

parallelogram formed by the separator lines with positive slope and 

horizontal lines passing through points A  and B . If line AB  has a negative 

slope, the set AB  is the region bounded by the parallelogram formed by the 

separator lines with negative slope and horizontal lines passing through 

points A  and B . 

5) Consider the case where A  and B lie on a steep line. Let 1 2( , )B b b , 

where 2 1 0b b  . The minimum distance set AB  satisfies the equality 

       1 2 1 1 2 2 1 2 1 2 2 1max  , min  ,   max  , min  , .x y x y x b y b x b y b b b             

And, it is seen that the set AB  is the region bounded by the parallelogram 

formed by the separator lines with positive slope and vertical lines passing 

through points A  and B . If line AB  has a negative slope, the set AB  is 

the region bounded by the parallelogram formed by the separator lines with 

negative slope and vertical lines passing through points A  and B . 

The minimum distance set plays a role analogous to collinear points with 

respect tothe triangle inequality: every point X  in the minimum distance set 

satisfies the equality        , , ,g g gd A X d X B d A B  . 

 

 
THE MIDSET 

Definition 12. Let A  and B  be any two distinct points in the plane 2

g
. The 

midset of the points A  and B  is defined as the locus of points equidistant 

from A  and B  with respect to the distance gd . Formally, the set is given by 

 2 ( , ) ( , ) ,g g gX d X A d X B   

(Aylıkçı, D., 2025:54). 

The geometric structure of this midset varies depending on the positions of 

A  and B  in the plane. In the following, the structure of the midset is 

classified according to the type of line passing through points A  and B . 

1) Assume that points A  and B  share the same coordinate axis. Let this 

coordinate axis be the x-axis. As in the minimum distance set, taking point 

A  to be at the origin will not affect generality. Let the coordinates of point 
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B  be 
1( ,0)b , where 

1 0b  . Then every point ( , )X x y  in the midset of A  

and B  satisfies the equality 

       1 2 1 1 2 1max  , min  ,   max  , min  ,x y x y x b y x b y        . 

As a result of examining this equation, it is seen that the midset consists of 

the vertical line 1

2

b
x   passing through the midpoint of the points. 

In the case where the points are on the y-axis, the midset is similarly the 

horizontal line passing through the midpoint of the points. 

2) Assume that points A  and B  are on the separator line y x . Let the 

abscissa of point B  be 1b . Then, the equation  

       1 2 1 1 1 2 1 1max  , min  ,   max  , min  ,x y x y x b y b x b y b           

holds for the midset of these points. From this equation it is obtained that the 

midset is the other separator line passing through the midpoint of the given 

points. This result also holds when the points are on the separator line 

y x  . 

3) When the points A  and B  are on a horizontal or vertical line, it is clear 

that the result obtained in (1) remains valid for this case as well, since an 

appropriate translation reduces the configuration to the previously 

considered situation. 

4) Assume that points A  and 
1 2( , )B b b  are on a gradual line where 

1 2 0b b  . Then, the equation  

       1 2 1 1 2 2 1 2max  , min  ,   max  , min  ,x y x y x b y b x b y b           

 holds for the midset of these points. Examining this equation yields the 

followings: 

 i) If the slope m of the gradual line is different from 2

1




 , the 

midset is formed by the union of two vertical rays and five line segments 

such that two of the line segments are on vertical lines, the other two are on 

two steep lines, and one is on the line with slope 1

2

sgn( )m



  passing 

through the midpoint of the points. 

 ii) If the slope m of the gradual line is equal to 2

1




 , the midset is 

formed by the union of two regions and five line segments such that each 

region is determined by the vertical line through one of the points and the 

separator line with slope sgn( )m  passing through the other and, two of the 

line segments are on vertical lines, the other two are on two steep lines, and 
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one is on the line with slope 1

2

sgn( )m



  passing through the midpoint of 

the points. 

5) Assume that points A  and 
1 2( , )B b b  are on a steep line where 

2 1 0b b  . Then, the equation  

       1 2 1 1 2 2 1 2max  , min  ,   max  , min  ,x y x y x b y b x b y b           

 holds for the midset of these points. Examining this equation yields the 

followings: 

 i) If the slope m of the steep line is different from 1

2




 , the midset 

is formed by the union of two horizontal rays and five line segments such 

that two of the line segments are on horizontal lines, the other two are on 

two gradual lines, and one is on the line with slope 2

1

sgn( )m



  passing 

through the midpoint of the points. 

 ii) If the slope m of the steep line is equal to 1

2




 , the midset is 

formed by the union of two regions and five line segments such that each 

region is determined by the horizontal line through one of the points and the 

separator line with slope sgn( )m  passing through the other and, two of the 

line segments are on horizontal lines, the other two are on two gradual lines, 

and one is on the line with slope 
sgn( )m

m


 passing through the midpoint of 

the points. 

 

THE DISTANCE gd  FROM A POINT TO A LINE 

The distance from a point to a line is a fundamental concept in analytic 

geometry. The distance from a point 
1 2( , )P p p  to a line d  with the 

equation 0ax by c    is defined as the length of the shortest path from 

point P  to line d . In plane 2

g
, the distance gd  from a point P  to a line d  

is defined as the smallest distance gd  from P  to any point on the line d . In 

short, 

 ( , ) min ( , )g g
X d

d P d d P X


 . 

In the Euclidean plane, this shortest path corresponds to the perpendicular 

segment dropped from the point to the line. And, it is calculated by the 

formula 

1

2 2

2 
( , )E

ap bp
d P d

b

c

a






 . 
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 In non-Euclidean geometries, the distance from a point to a line is computed 

differently. In such geometries, the "shortest path" may no longer be 

perpendicular to the line; rather, it depends on the specific definition of the 

distance in use. In a non-Euclidean geometry, to determine the distance from 

a point to a line, a circle centered at the given point is constructed. The 

radius of this circle is then gradually increased. When the circle first touches 

the line, the corresponding radius is equal to the distance from the point to 

the line. When this method is applied to examine the distance gd  from a 

point P  to a line d  in the plane 2

g
, the following observations are made: 

 i) If the absolute value of the slope of the line d  is greater than or 

equal to 1

2




, then the distance gd  from the point P  to line d  is the gd  

length of the line segment between the point P  and the point where the line 

through P  parallel to the x- axis intersects the line d . 

ii) If the absolute value of the slope of the line d  is less than or 

equal to 2

1




, then the distance gd  from the point P  to line d  is the gd  

length of the line segment between the point P  and the point where the line 

through P  parallel to the y- axis meets the line d . 

iii) If the absolute value of the slope of the line d  is between 2

1




 and 

1

2




, inclusive, then the distance gd  from the point P  to line d  is the gd  

length of the line segment between the point P  and the point where the 

separator line through P  meets the line d , (Aylıkçı, D., 2025:54). 

Theorem 13. In the plane 2

g
, the distance gd  from a point 

1 2( , )P p p  to 

the line d  given by the equation 0ax by c    is 

1 1 2 2

1

1 2 1 2 2 1

1 2

1 1 2 1

2

 
           ,

( ) 
( , )          , 

sgn( )

 
            ,   

g

ap bp c
m

b

ap bp c
d P d m

a m b

ap bp c
m

a

 



   

 

 



  



   

  
 

  
 


 

where m denotes the slope of the line d . 

Proof: Let circles centered at P  be considered. 

 i) If m  is less than or equal to 2

1




, then the line d  will touch the 

circle at one of the antipodal points on the diameter parallel to the y-axis. In 
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this case, the intersection point of the line 
1x p  and the line d  is 

1
1,

cap
p

b

  
 
 

. Thus, the distance gd  from point P  to the line d  is obtained 

as 

1 1 2 ap bp c

b

   . 

ii) If m  is greater than or equal to 1

2




, then the line d  will touch the 

circle at one of the antipodal points on the diameter parallel to the x-axis. In 

this case, the point where the line 2y p  intersects the line d  is 

2
2,

bp
p

c

a

  
 
 

. Thus, the distance gd  from point P  to the line d  is obtained 

as 

1 1 2 ap bp c

a

   . 

iii) If m  is is between 2

1




 and 1

2




, inclusive, then the line d  will 

touch the circle at one of the antipodal points of the diameter on the 

separator line whose the sign of slope is sgn( )m . In this case, the point that 

the line 
2 1sgn( )( )y p m x p     meets the line d  is 

1 2 2 1sgn( ) ( sgn( ) sgn)

sgn( ) s n
,

)

( )

g (

b m p p a p m pb c

a m

m

b a b

c

m

  



    

 

 




. In this case, the distance 

gd  from point P  to the line d  is obtained as 

1 2

1 2

 
( )

( )

ap bp c

a sgn m b
 

 


 
. 

The proof is completed. 

The following theorem provides a general formula for calculating the 

distance between a point and a line in plane 2

g
: 

Theorem 14. Let 
1 2( , )P p p be a point in the plane 2

g
. The shortest 

distance gd  from point P  to the line d  given by the equation 0ax by c    

is 

1 2

1 1 1 2

 
( , )

( )
max , ,

g

ap bp c
d P d

a b a sgn m b

   

 


  
 

 

. 

The proof of this theorem is clear from Theorem 13. 
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Analogously to the ratio of distances between two points, the ratio of the 
Ed  

and gd  distances from a point to a line can be expressed in the following 

way: 

1 1 1 2

2 2

( )
 max , ,

( , )
.

( , )

E

g

a b a sgn m b

d P d

d P d a b

   

  
 

 


 

The following theorem establishes a fundamental relationship between the 

distance gd  and the Euclidean distance Ed  from a point to a line: 

Theorem 15. Let 
1 2( , )P p p  and d  be any point and the line given by the 

equation 0ax by c    in 2

g
, respectively. The distance 

gd  from point P  

to the line d  satisfies the equality  

       ,.,g Ed dmd dP P , 

 where 

 

2 2
1

1

2

1 2 2 1

1 2

2

1 1

2

  1 ,           

( ) 1
,      

sgn( )

  1
 ,             

m m

m
m m

m m

m
m

m






   


 

 




 




 
  




 



 

and m is the slope of the line d . 

The following properties follow immediately from the definition of   given 

in Theorem 15. 

Corollary 16. For any nonzero real number m, the following identities hold 

for the relation    

1 1
( ) ( ) ( ) ( ).m m

m m
         

 

 

AREA OF A TRIANGLE IN THE PLANE 2

g
 

The area of a triangle is equal to one half of the product of the lengths of a 

chosen base and the height corresponding to that base. The term base refers 

to any side of the triangle, while the height is the length of the perpendicular 

drawn from the vertex opposite the base to the line containing that base. 

However, this formula does not apply in the non-Euclidean plane, (Kaya, 

2006:219), (Çolakoğlu et al., 2013:123). The Euclidean area of a triangle, 

expressed in terms of the 
gd -lengths of its base and height, is examined in 

the following. 
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Theorem 17. Let ABC  be a triangle with area A  and the side BC  be 

chosen as the base of triangle. Let 
gd - length of BC  be denoted by 

ga  and, 

let 
gd - length of the perpendicular from vertex A  to the base be denoted by 

gh . If the slope of BC  is 
BCm , then the area of the triangle can be expressed 

in terms of the 
gd - lengths and  BCm  by 

2

1

( ) 2

g g

BC

a h

m
A = . 

Proof. The Euclidean and 
gd  lengths of the base of triangle are ( , )Ea d B C  

and ( , )g ga d B C . Similarly, the Euclidean and 
gd  lengths of the height 

(perpendicular) corresponding to the base are ( , )Eh d A H  and ( , )g gh d A H , 

where point H  is the foot of the perpendicular drawn from point A  to line 

BC .  

If the base BC  is on a horizontal line, then 0BCm   and AH  is on the 

vertical line. In this case, the proof of Theorem 7 shows that 
1ga a  and 

1gh h . Substitution of these in area formula yields  

2 2

1

1 1

2 2 ( ) 2

g g g g

BC

a h a hah

m 
 A = . 

If the base BC  is not on the horizontal line, then 0BCm   and ( )g BCa m a . 

Since the slope of the height is 1

BCm
 , it similarly follows that 

1
( )g

BC

h h
m

  . From Corollary 8, it is clear that 1
( ) ( )BC

BC

m
m

   . When 

these expressions are substituted in the area formula of the triangle ABC , it 

is obtained that  

2

1

2 ( ) 2

g g

BC

a hah

m
A = . 

This completes the proof. 

In the Euclidean plane, the length of the height (perpendicular) from the 

vertex A  to the side BC  of triangle ABC  is always equal to the Euclidean 

distance from A  to the line BC . However, in the plane 2

g
, 

gd -length of the 

height need not coincide with the distance 
gd  from the vertex A  to the line 

BC . In the following, the area of triangle ABC  is expressed in terms of the 

length 
gd  of the side BC  and the distance 

gd  from vertex A  to the line BC . 

Theorem 18. Let ABC  be a triangle with area A  and the side BC  be 

chosen as the base of triangle. Let 
gd - length of BC  be denoted by 

ga  and, 

let the distance 
gd  from the vertex A  to the base be denoted by 

gh . If the 
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slope of the side BC  is 
BCm , then the area of the triangle can be expressed in 

terms of 
gd - lengths, ( )BCm  and ( )BCm  by 

1

( ) ( ) 2

g g

BC BC

a h

m m 
A = . 

Proof. The Euclidean and 
gd  lengths of the base of triangle are ( , )Ea d B C  

and ( , )g ga d B C . Similarly, the Euclidean and 
gd  distances from the vertex 

A  to the base are ( , )Eh d A BC  and ( , )g gh d A BC .  

Assuming that the side BC  lies on a horizontal line, then the relations 

1ga a  and 
1gh h  are valid. Consequently, the area of the triangle is 

derived in the form  

2

1

1 1

2 2 ( ) ( ) 2

g g g g

BC BC

a h a hah

m m  
 A = . 

Now, suppose that the side BC  lies on a vertical line. In this case as well, the 

equalities 
1ga a  and 

1gh h  hold, and the area of the triangle is obtained 

in the form 

2

1

1 1

2 2 ( ) ( ) 2

g g g g

BC BC

a h a hah

m m  
 A = . 

Let the side BC  lie on neither a horizontal line nor a vertical line. Then it 

can be on a gradual line, a steep line, or a separator line.  

Assume that the side BC  is on a gradual line, then 1BCm  . When 

2

1

BCm



 , the equalities 1 2

2
( )

1

BC

g BC

BC

m
a a m a

m

 



 



 and 

2

1 1 ( )g BC BCh m h m h     hold, and the area of the triangle is obtained in the 

form  

1 1 2

1 1

2 ( ) 2 ( ) ( ) 2

g g g g

BC BC BC

a h a hah

m m m    
 


A = . 

When 2

1

1BCm



  , the equalities 1 2

2
( )

1

BC

g BC

BC

m
a a m a

m

 



 



 and 

1

2

2( ) 1

sgn(
)

)
(

BC

g BC

BC BC

m
h h m h

m m

 







  hold, and the area of the triangle is obtained 

in the form  

1 2 1 2

sgn( )

( )

1

2 ( ) 2 ( ) ( ) 2

g g g gBC BC

BC BC BC

a h a hm mah

m m m    




 


A = . 
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In particular, for the case where the slope of the gradual line BC  is 2

1




, the 

equalities 2 2

1 2 ( )g BCa a m a      and 2 2

1 2 ( )g BCh h m h      hold, and 

the area of the triangle is obtained in the form  

2 2

1 2

1

2 2 ( 2

1

) ( )

g g g g

BC BC

a h a hah

m m   
 


A = . 

Now, assume that the side BC  is on a steep line, 1BCm  . When 1

2

BCm



 , 

the equalities 1 2

2
( )

1

BC

g BC

BC

m
a a m a

m

 



 



 and 21 1 ( )g BC BC

BC

h m h m h
m


    

hold, and the area of the triangle is obtained in the form  

1 1 2

1

2 ( ) 2 ( ) ( ) 2

g g g gBC

BC BC BC

a h a hmah

m m m    
 


A = . 

When 1

2

1 BCm



  , the equalities 1 2

2
( )

1

BC

g BC

BC

m
a a m a

m

 



 



 and 

1

2

2( ) 1

sgn(
)

)
(

BC

g BC

BC BC

m
h h m h

m m

 







  hold, and the area of the triangle is obtained 

in the form  

2 1 21

1

2 ( ) 2 (

sgn( )

( ) () ) 2

g g g gBC BC

BC BC BC

a h a hm mah

m m m     








A = . 

In particular, for the case where the slope of the steep line BC  is 1

2




, the 

result is the same as that obtained for a gradual line BC  with slope 2

1




. 

Finally, assume that side BC  is on a separator line. Then 

1 2 ( )
2

g BCa a m a
 




   and 1 2 2
( )

( )

2
g BCh h m h

 



 . And the area of the 

triangle is 

2

1 2

1

2 2 ( ) ( ) 2

2

( )

g g g g

BC BC

a h a hah

m m  
 


A = . 

 

CONCLUSION 

This study systematically investigated fundamental geometric concepts in 

the plane 2

g
, which is equipped with the generalized absolute value 

distance 
gd . The plane 2

g
 is a non-Euclidean geometry that causes 

significant changes in the basic objects of Euclidean geometry. The main 

results obtained are summarized as follows: 
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 Relationship Between Distances: The relationship between the 

generalized absolute value distance 
gd  and the Euclidean distance 

Ed  

between two points was expressed through a slope-dependent ratio ( )m , 

where m is the slope of the line joining the points. This relationship 

demonstrates that the distance 
gd  is proportional to the Euclidean 

distance along the line, with a positive constant of proportionality 

dependent on the slope. 

 Distance from a Point to a Line: The distance 
gd  from a point to a line 

was introduced and a general formula for calculating this distance was 

presented. Also, its relationship with the Euclidean distance was 

established through the slope-dependent ratio. 
 Minimum Distance Sets and Midsets: The minimum distance set and 

the midset of two points were examined, and their geometric structures 

were classified based on the classification of the line passing through the 

points. The minimum distance set was shown to be either a line segment 

(on horizontal, vertical and separator lines) or a parallelogram-bounded 

region (on gradual and steep lines). And, the structure of the midset was 

revealed to vary depending on the line's slope, ranging from a line (for 

horizontal, vertical, and separator lines) to the union of two rays and five 

line segments or the union of two regions and five line segments (for 

gradual and steep lines). 
 Triangle Area Formulas: Utilizing the derived distance relationship, 

two new formulas were obtained to calculate the area of a triangle in 

terms of its 
gd -lengths. The Euclidean area of the triangle was expressed 

in terms of the 
gd -length of its base and the 

gd -length of the 

corresponding height. A second formula was provided using the 
gd -

length of the base and the 
gd -distance from the opposite vertex to the line 

containing the base. 

These findings contribute to the understanding of the geometric structure of 

the plane 2

g
 and clearly demonstrate the extent to which this plane differs 

from classical Euclidean plane. This study provides a foundation for future 

research into other geometric objects in the plane 2

g
. 
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ABSTRACT 

This study examines two fundamental issues in taxicab geometry. One 

is the relationship between the area of a taxicab circle sector and the taxicab 

length of its corresponding arc. Similar to the Euclidean formula, this 

relationship is expressed by the formula sec

.

4

r L
=A  where r , L  and secA  are 

the radius of the taxicab circle, the taxicab length of arc and the area of the 

taxicab circle sector, respectively. The other concerns the conditions under 

which a taxicab circle cannot pass through given three points. It is observed 

that a taxicab circle does not pass through three collinear points on a 

horizontal, vertical, gradual, or steep line; however, if the points are collinear 

on a separator line, infinitely many taxicab circles exist. It is also seen that if 

the three lines formed by three noncollinear points are gradual or steep lines, 

there is no taxicab circle containing these points. 

 
Keywords – Taxicab distance; Taxicab circle; Taxicab circle sector area. 

 

 

INTRODUCTION 

Taxicab geometry, also known as Manhattan geometry, is developed 

around the concept of the taxicab distance or the taxicab metric. Taxicab 

geometry is one of the simple non-Euclidean geometries in which the distance 

between two points is defined as the sum of the absolute differences of their 

coordinates. Because of its definition, the taxicab metric gives rise to 

geometric structures that differ significantly from those in Euclidean 

geometry. In particular, geometric objects that involve the concept of distance 

exhibit distinctive properties that make taxicab geometry an area of research. 

(For some references on this subject, see (Kaya et al., 2000:135), (Özcan et 

al., 2002: 381), (Akça and Kaya, 2004:521), (Akça and Kaya, 2004:491), 

(Bayar et. al., 2009:17), (Bayar and Ekmekçi, 2015: 58). This geometry offers 

an alternative distance measurement to Euclidean geometry. While Euclidean 

geometry measures the shortest distance between two points as a straight line, 

taxicab geometry measures this distance using only horizontal and vertical 

movements. One of the well-known differences between Euclidean and 

taxicab geometry lies in the structure of circles. While a circle in the Euclidean 

plane is a smooth curve, a taxicab circle is a square whose sides form a 45° 

angle with the coordinate axes. Consequently, arcs and regions of circular 

segments in the taxicab plane consist of line segments and polygonal elements 
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instead of smooth curves. This structural difference makes the re-examination 

of classical geometric results in the taxicab plane intriguing. 

In Euclidean geometry, it is a basic result that the area of a circle sector 

is equal to one-half of its radius multiplied by the length of the corresponding 

arc. This relationship, which follows directly from the standard formulas for 

the area and circumference of a circle, provides a practical alternative to angle-

dependent computations when determining sector areas. This formula, which 

expresses the sector area in terms of arc length and radius, is also similar to 

the formula for the area of a triangle. 

It is another fundamental result in Euclidean geometry that no circle 

can pass through three distinct collinear points, whereas exactly one circle is 

determined by three distinct non-collinear points. This naturally leads to the 

question of whether analogous statements remain valid in taxicab geometry. 

The validity of these properties in the taxicab plane was first examined by 

(Tian et al, 1997: 727). Subsequently, (Ekmekçi,2001: 96-113) provided 

illustrative examples identifying the configurations of three points for which 

no taxicab circle exists. Later, (Çolakoğlu,2007:67) approached the problem 

from a synthetic perspective and, by using the notion of bisectors, determined 

the number of taxicab circles passing through two or three distinct points.  

This study is organized as follows. In section 2, basic definitions and 

results related to taxicab geometry are reviewed. In section 3, the relationship 

between the area of a taxicab circle sector and the taxicab length of the 

corresponding arc is established. Section 4 includes the conditions under 

which a taxicab circle cannot exist for given three points in the taxicab plane. 

PRELIMINARIES 

 

In this section, some definitions, concepts and theorems used 

throughout this work are presented. 

Definition 2.1. The taxicab distance between two points 
1 2( , )A a a=  and 

1 2( , )B b b=  in the analytical plane is  

1 1 2 2( , )Td A B a b a b= − + − . 

It is seen from the definition that the taxicab distance between the points A 

and B is equal to the sum of the Euclidean lengths of the sides parallel to the 

coordinate axes in the right triangle with the hypotenuse AB. The taxicab plane 

is the analytical plane equipped with the taxicab distance Td and denoted by 

2

TR . 

 Every Euclidean translation preserves the taxicab distance. So, it is an 

isometry in 2

TR . Reflections in the coordinate axes and the separator lines 

through the origin are isometries in 2

TR . The set of axes of these isometric 
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reflections is  0, 0, ,x y y x y x= = = = − . The rotations by  -angle in the set 

, 0,1,2,3
2

k k


 
 

= = 
 

 are isometries in 2

TR . 

In taxicab plane, a circle is still defined as the set of points that are all 

the same taxicab distance (the radius) from a fixed point ( the center), but 

because of the taxicab distance formula, the figure of the circle becomes a 

square rather than a smooth curve, with its sides forming a 45
 angle with the 

coordinate axes. The points on the taxicab circle with the center 𝑀 =  (𝑚1, 𝑚2) 
and the radius 𝑟 satisfy the equation: ∣ 𝑥 − 𝑚1 ∣ +∣ 𝑦 − 𝑚2 ∣= 𝑟. The taxicab 

circle has four vertices at points that are on the horizontal and the vertical lines 

passing through the center. These vertices are 𝐴1(𝑚1 + 𝑟, 𝑚2), 𝐴2(𝑚1, 𝑚2 +
𝑟), 𝐴3(𝑚1 − 𝑟, 𝑚2) and 𝐴4(𝑚1, 𝑚2 − 𝑟).  

In the following theorem, the taxicab distance from a point to a line is 

expressed. 
Theorem 2.2. Let a point 𝑃 = (𝑥0, 𝑦0) be given in the taxicab plane. The 

taxicab distance from the point 𝑃 to the line ℓ with the equation 𝑎𝑥 + 𝑏𝑦 +
𝑐 = 0 is  

dT(P, ℓ) =
|𝑎𝑥0+𝑏𝑦0+𝑐|

max{|𝑎|,|𝑏|}
 , 

( Kaya, Akça,  Günaltılı and Özcan,2000:136). 

Krause classified lines depending on their slope as follows: 

Definition 2.3. Let 𝑚 be the slope of the line ℓ in taxicab plane. The line ℓ is 

referred to as  the steep line, the gradual line and the separator line in the 

cases where | 𝑚 |>1, | 𝑚 |<1 and | 𝑚 |=1, respectively. In the special cases that 

the line ℓ is parallel to 𝑥-axis or 𝑦-axis, it is called the horizontal line or the 

vertical line, respectively,(Krause, 1975:31). 

Definition 2.4. The minimum distance set (or the shortest distance set) of the 

points 1 1 1( , )A x y=  and 2 2 2( , )A x y=  in the taxicab plane is the set 

 2

1 2 1 2( , ) ( , ) ( , )T T T TX d X A d X A d A A + =R  

This set is a rectangular region determined by the vertical and horizontal lines 

through the points 1A  and 2A . In the case that these points are on the same 

horizontal or vertical line, it reduces to the line segment 1 2A A , (Fig. 1). 

 
Figure 1. The taxicab minimum distance sets 
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Definition 2.5. In the taxicab plane, the set of points that are equidistant from 

any two points 𝐴 and 𝐵 in terms of the taxicab distance is called the taxicab 

midset. That is, the taxicab midset is defined as 
{ 𝑋 ∈ ℝT

2: dT(A, 𝑋)=dT(X, 𝐵)}. 

While the midset between two points in Euclidean geometry is a line, in 

taxicab geometry the midset is formed in different structures, due to the 

definition of distance. Therefore, the taxicab midsets are characterized 

according to the positions of the given points as follows: 

1) If the points 𝐴 and 𝐵 are on a line parallel to the coordinate axis, the taxicab 

midset of these points is the line passing through the midpoint of the points 𝐴, 

𝐵 and perpendicular to the line 𝐴𝐵, (Fig.2 b). 

2) If the points 𝐴 and 𝐵 are on a separator line, the taxicab midset consists of 

two regions and a line segment connecting these regions. The line segment 

formed inside the minimum distance set of the points 𝐴 and 𝐵 lies on the other 

separator line passing through the midpoint of them. And, the regions are 

formed by the horizontal and vertical lines passing through the points 𝐴 and 

𝐵, (Fig.2 a). 

3) If the points 𝐴 and 𝐵 are on a gradual line or a steep line, the taxicab midset 

consists of two rays and a line segment connecting these rays. The line 

segment formed inside the minimum distance set of the points 𝐴 and 𝐵 lies on 

the separator line passing through the midpoint of them and having the 

opposite sign of the slope of the line 𝐴𝐵. And, the rays are parallel to the 

coordinate axis such that the initial points of the rays are the endpoints of the 

line segment, (Fig.2 c,d). 

 

Figure 2. The taxicab midsets 

 

The formula for the area of a triangle in the Euclidean plane is generally not 

valid in the taxicab plane. If the taxicab lengths of the base and the 

corresponding altitude of a triangle are known as Tb  and Th , respectively, the 

Euclidean area of the triangle is given by the following proposition in terms 

of these taxicab lengths. 

Proposition 2.6. Let Tb  and Th  denote the taxicab lengths of a given side 

(base) and the corresponding altitude of a triangle in the taxicab plane. If the 

slope of the base is m, then the area of the triangle can be calculated by 
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( )

2

2

1

2 1
T T

m
b h

m

+
=

+
A , 

(Kaya,2006:219). 

 

THE AREA OF THE TAXICAB CIRCLE SECTOR 

 

The formula stating that the area of a circle sector of radius r in the Euclidean 

plane is r/2 times the corresponding arc length is a fundamental result of 

geometry. This formula is derived from the known formulas for the area and 

circumference of a circle and often provides a more practical alternative to 

using the angle when solving circle sector problems. The relationship between 

the area of a circle sector ( secA ) and its corresponding arc length ( L ) is 

expressed by the formula sec

.

2

r L
=A  where r is the radius of the circle. This 

formula makes it possible to determine the area of a circle sector without 

requiring the measure of its central angle. Moreover, the expression closely 

resembles the area formula of a triangle, where the arc length ( L ) and the 

radius (r) serve as the base and the height, respectively. 

In the taxicab plane, it is well known that circle arcs are formed as line 

segments, while circle sectors have polygonal structures. In this section, the 

variation of the area of a circle sector with respect to the taxicab length of the 

corresponding arc is examined.  

 

Theorem 3.1. In the taxicab circle with the radius r, the taxicab length (L) of 

any arc multipled by one-fourth of the radius r is equal to the area ( secA ) of 

the taxicab circle sector corresponding to the arc. That is, the equality 

sec

.

4

r L
=A   

holds. 

Proof. Since every translation preserves the taxicab distances, taking the 

center of the taxicab circle with the radius r as the origin does not affect the 

generality. 

Assume that two distinct points 1 1 1( , )P x y=  and 2 2 2( , )P x y=  are on this 

taxicab circle. The taxicab length of the arc 1 2PP  and the area of the taxicab 

circle sector corresponding to this arc will now be calculated as the following. 

Suppose the points 1P  and 2P  are on the same side of the taxicab circle. Let 

this side be 1 2A A . According to this, the taxicab arc length ( L ) is  

1 2 1 2( , ) 2TL d P P x x= = − . 
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Now, the area sec 1 2( )OPPA  of the taxicab circle sector corresponding to the 

arc 1 2PP  is the area of the triangle 1 2OPP , i.e. sec 1 2 1 2( ) ( ).OPP OPP=A A
 

In this triangle, taking the side 1 2PP
 as the base and the taxicab distance from 

the vertex O to this side as the height, it is seen that 

1 2( , )T Tb d P P=  and Th r=
. 

From Proposition 2.6, the area of the taxicab circle sector is obtained as  

sec 1 2 1 2

.
( ) ( ) .

4

L r
OPP OPP= =A A  

The same result is obtained similarly when the points are on 2 3A A , 3 4A A  and 

1 4A A .  

Assume that the points 1P  and 2P  are on two adjacent sides. First, consider the 

case where the points 1P
 

and 2P  are on the sides 1 2A A  and 2 3A A , 

respectively. Then, the taxicab length of the arc 1 2PP  ( formed in the 

counterclockwise direction) is  

( )1 22 .L x x= +  

The area sec 1 2( )OPPA  of the taxicab circle sector corresponding to this arc is 

found by summing the areas of the taxicab circle sector 1 2OP A  and the taxicab 

circle sector 2 2OA P
 
.It is well known that 

sec 1 2 1 2( ) ( )
2

T Tb h
OP A OP A= =A A

 

where Tb  and Th  are the taxicab lengths of the side 
2OA  and the height 

(perpendicular) from the point 1P  to the side 
2OA , respectively, 

(Kaya,2006:219). Since the side 
2OA  and the height are horizontal and vertical 

line segments, respectively, their taxicab lengths are equal to their Euclidean 

lengths. So, 

1

sec 1 2 1 2( ) ( ) .
2

r x
OP A OP A= =A A

 
Similarly, 

2

sec 2 2 2 2( ) ( ) .
2

r x
OA P OA P= =A A

 
Then, the area sec 1 2( )OPPA  is 

sec 1 2 1 2

.
( ) ( ) .

2 2

r r L
OPP x x= + =A
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In the case of being on adjacent sides, let the points 1P
 and 2P

 be on the sides 

1 2A A
 and 1 4A A

 , respectively. 
Then, the taxicab length of this arc formed  in 

the counterclockwise direction is  

( )1 22 2 .L r x x= + +  

The area sec 1 2( )OPPA  of the taxicab circle sector corresponding to the arc 

1 2PP  is found by summing the areas of the taxicab circle sectors 1 2OP A , 

2 3 4 ,A A A
 4 2OA P . The areas of these taxicab circle sectors are  

1

sec 1 2 1 2( ) ( ) ,
2

r x
OP A OP A= =A A

 
2

sec 2 3 4( ) ,A A A r=A
        

2

sec 2 4( ) .
2

r x
OP A =A

 

Thus, sec 1 2( )OPPA
is found to be

 

sec 1 2 1 2

.
( ) (2 ) .

2 4

r r L
OPP r x x= + + =A

  
Let the points 1P

 
and 2P  be on 2 3A A  and 1 2A A  , respectively. The taxicab 

length of arc formed on the taxicab circle from point 1P  to point 2P  in the 

counterclockwise direction is
 
( )1 22 2 .L r x r r x= + + + −

 

The area sec 1 2( )OPPA  of the taxicab circle sector corresponding to the arc 

1 2PP  is calculated as 

1 22

sec 1 2 1 2

.
( ) (2 ) .

2 2 2 4

y r y r r r L
OPP r r r x r x= + + = + + + − =A

 
When the points 1P

 
and 2P  are on 2 3A A  and 3 4A A  , respectively,  the taxicab 

length of arc formed on the taxicab circle from point 1P  to point 2P  is
 

( )1 22 .L x r r x= + + +
 

The area sec 1 2( )OPPA  of the taxicab circle sector corresponding to the arc 

1 2PP  is calculated as 

sec 1 2 1 2 1 2

.
( ) ( ) ( ) .

2 2 4

r r r L
OPP y y r x r x= + = + + + =A
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When the points 1P
 
and 2P  are on 3 4A A  and 4 1A A  , respectively,  the taxicab 

length of arc formed on the taxicab circle from point 1P  to point 2P  is
 

( )1 22 .L x x= +
 

It is clear that the area sec 1 2( )OPPA  of the taxicab circle sector corresponding 

to the arc 1 2PP  is  

sec 1 2

.
( ) .

4

r L
OPP =A

 
Thus, when the two given points on the taxicab circle are on two adjacent 

sides, it follows that the area of the corresponding sector is equal to 
 
4

r
 
times 

the taxicab length of the associated arc. 

Assume that the points 1P  and 2P  are on two opposite (parallel) sides. First, 

consider the case where the points 1P
 
and 2P  are on the sides 1 2A A  and 3 4A A

, respectively. Then, the taxicab length of arc formed on the taxicab circle 

from the point 1P  to the point 2P  in the counterclockwise direction is 

( )1 22 .L r x x r= + + +
 

The area of the taxicab circle sector corresponding to this arc is found as  
2

1 2

sec 1 2 1 2

.
( ) ( ) .

2 2 2 2 4

x r y rr r r L
OPP r x r x= + + = + + + =A

 
If the points 1P

 
and 2P  are on the sides 2 3A A  and 1 4A A , respectively, then 

the taxicab length of arc formed on the taxicab circle from the point 1P  to the 

point 2P  in the counterclockwise direction is  

( )1 22 .L r x r x= + + +
 

The area of the taxicab circle sector corresponding to this arc is found as  
2

1 2

sec 1 2 1 2

.
( ) ( ) .

2 2 2 2 4

y r x rr r r L
OPP r x r x= + + = + + + =A

 
Thus, for the two distinct points on the taxicab circle, it follows that the area 

of the corresponding circle sector is equal to the taxicab length of the formed 

arc multipled by 4

r

. 
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TAXICAB CIRCLES DETERMINED BY THREE POINTS 

 

It is well known in Euclidean geometry that   

• No circle passes through three distinct collinear points, 

• One and only one circle passes through three distinct non-collinear 

points. 

This raises the question of whether the same properties hold for taxicab 

circles. In (Tian et al, 1997: 727), it was investigated whether these 

propositions were also valid in the Taxicab plane. Then, in (Ekmekçi,2001: 

96-113), it is explained with examples in which cases any three given points 

on the taxicab plane cannot lie the taxicab circle. In (Çolakoğlu,2007:67), the 

same subject is studied synthetically, and by using the concept of bisector, the 

number of taxicab circles passing through two or three distinct points is 

determined. In this section, the cases presented in (Ekmekçi,2001: 96-113) are 

examined in detail. 

In the Taxicab plane, a taxicab circle with the center ( , )h k  and the radius r  

is the set of points satisfying the equality 

x h y k r− + − = .                                                       (1) 

For given three points ( , )i i iA x y= , 1,2,3i =  to be on the taxicab circle in 

(1), there must exist the point ( , )h k  and the positive real number r such that 

for each point, 

i ix h y k r− + − =                                                       (2) 

holds true. From (2), it is reduced to following equalities 

i i j jx h y k x h y k− + − = − + − , i j  .                       (3) 

These implies that the point ( , )h k  is on the taxicab midset of points iA  and

jA . 

The three points iA  can be collinear or non-collinear. If they are 

collinear, the three points can lie on a horizontal, vertical, gradual, steep, or 

separator line. 

I) Assume that the three points iA  are collinear. 

 i) Suppose that points iA  are on the x-axis. The taxicab midset of 

points 1A  and 2A  is the vertical line passing through the midpoint of the points

1A  and 2A . Similarly, the taxicab midset of points 1A  and 3A  is the vertical line 

passing through the midpoint of the points 1A  and 3A  and the taxicab midset 

of points 2A  and 3A  are the vertical line passing through the midpoints of the 

points 2A  and 3A . Since these three vertical lines are parallel, they have no 
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common point. And, there is no point ( , )h k  that satisfies the equalities in (2) 

and (3). Thus, there is no taxicab circle passing through these three points. The 

same result holds when the points are on the y-axis, or on a horizontal or 

vertical line. 

Corollary 4.1. If three collinear points lie on a horizontal or vertical line in 

the taxicab plane, then no taxicab circle passes through these three points. 

Example 4.2. Let 1 ( 2,0)A = − , 2 (0,0)A = , and 3 (4,0)A =  be three 

collinear points on the x-axis in the taxicab plane. Suppose that these points 

lie on a taxicab circle centered at ( , )h k  with radius r. Then the following 

equations hold 

2 h k r− − + = , 

h k r+ = , 

4 h k r− + = . 

From these equations, it follows that 
( , )h k

 must also satisfy the following 

equalities. 

2 h h− − =
 

2 4h h− − = −
 

4h h= −
. 

These equations show that 
( , )h k

 lies on the midsets of the point pairs iA
 and 

jA
. These midsets are the parallel lines

1x = −
, 

1x =
, and 

2x =
, which 

have no points in common. Consequently, there is no taxicab circle passing 

through the given points. 

ii) Suppose that points iA  are on the gradual line. The taxicab midset 

of points iA  and jA  consists of two rays and a line segment connecting these 

rays. The line segment formed inside the minimum distance set of points is on 

the separator line passing through the midpoint of points and having the 

opposite sign of the slope of the line i jA A . And, the rays are parallel to the y-

axis such that the initial points of the rays are the intersection points of the line 

segment and the boundary of the minimum distance set. Also, two of 

minimum distance sets are disjoint. For point pairs with disjoint minimum 

distance sets, the line segments in their midsets are parallel. Similarly, vertical 

rays in these midsets, whose initial points are on the boundary of the minimum 

distance set, are also parallel. And, they have no common point. Therefore, 

there is no point ( , )h k  that satisfies the equalities in (2) and (3) and no taxicab 
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circle passing through these three points. The same result holds when the 

points are on the steep line. 

Corollary 4.3. If three distinct collinear points lie on a gradual line or a steep 

line in the taxicab plane, then no taxicab circle passes through these three 

points. 

Example 4.4. Let 1 ( 3, 1)A = − − , 2 (0,0)A = , and 3 (6, 2)A =  be three 

collinear points on the line 
1

3
y x=  in the taxicab plane.The midsets of the 

points 1A and 2A is 

( )  ( )  ( ) , : 2, 3 0 , : 2, 0 , : 1, 1x y x y x x y x y x y x y+ = − −    = −   = −  −
 

The midsets of the points 2A
 and 3A

is 

( )  ( )  ( ) , : 4,0 6 , : 2, 2 , : 4, 0x y x y x x y x y x y x y+ =    =   = 
. 

 Since these midsets occur in the regions 
( ) , : 3 0x y x−  

and 

( ) , : 0 6x y x   
, they have no points in common. Consequently, there is 

no taxicab circle passing through the given points.
  

iii) Suppose that points iA  are on a separator line and 
1 2 3x x x  . 

Taking the separator line y x=  does not result in a loss of generality. The 

taxicab midset of points iA  and jA  consists of two regions and a line segment 

connecting these regions. The line segment formed inside the minimum 

distance set of points is on the separator line passing through the midpoint of 

points and having the opposite sign of the slope of the line i jA A . And, each 

region is determined by the vertical line through one of the points and the 

horizontal line passing through the other. These midsets are as the following 

( )  ( )  ( ) 1 2 1 2 1 2 2 1, : , , : , , : ,x y x y x x x x x x y x x y x x y x x y x+ = +         , 

( )  ( )  ( ) 1 3 1 3 1 3 3 1, : , , : , , : ,x y x y x x x x x x y x x y x x y x x y x+ = +         , 

( )  ( )  ( ) 2 3 2 3 2 3 3 2, : , , : , , : ,x y x y x x x x x x y x x y x x y x x y x+ = +         . 

Since the intersection of midsets is the set 

( )  ( ) 1 3 3 1, : , , : ,x y x x y x x y x x y x     . 

For every point ( , )h k  in this set, there exists a taxicab circle centered at ( , )h k  

with radius r, where r is the taxicab distance from the point ( , )h k  to the line 

containing the points iA . For example, when 3 1( , ) ( , )h k x x= , the radius 

3 1r x x= − , and the corresponding taxicab circle is given by the equation 



342 
 

3 1 3 1x x y x x x− + − = − . And, infinitely many taxicab circles pass through 

the points iA . Consequently, when the given three points are collinear and lie 

on a separator line, it is seen that infinitely many taxicab circles pass through 

these points. 

Corollary 4.5. Let 1A , 2A , and 3A  be three collinear points. When the points 

lie on a separator line, there exist infinitely many taxicab circles passing 

through them. In all other cases, no such taxicab circle exists. 

II) Let the given three points iA  be noncollinear.  

i) Suppose that the lines i jA A  are three gradual lines. The taxicab 

midset of points iA  and jA  consists of two vertical rays and a line segment 

connecting these rays. The line segment formed inside the minimum distance 

set of points is on the separator line passing through the midpoint of points 

and having the opposite sign of the slope of the line i jA A . And, the initial 

points of the vertical rays are the intersection points of the line segment and 

the boundary of the minimum distance set.  

Let the order between the abscissas of the points be 1 2 3x x x  . The 

minimum distance set of points 1A  and 2A  is the set
 

( ) 1 2 1 2, : ,x y x x x y y y   
. 

The minimum distance set of points 2A  and 3A  is the set
 

( ) 2 3 3 2, : ,x y x x x y y y   
. 

The midset of points 1A  and 2A  is contained in the region 

( ) 1 2, :x y x x x   and, similarly the midset of points 2A  and 3A  is 

contained in the region ( ) 2 3, :x y x x x  .So, these taxicab midsets do not 

intersect. Since there is no point ( , )h k  that satisfies the equations 

1 1 2 2x h y k x h y k− + − = − + −
 

and 

2 2 3 3x h y k x h y k− + − = − + − , 

there is no taxicab circle passing through the points iA .  

The same result holds when the lines i jA A  are three steep lines. 

Corollary 4.6. If three non-collinear points in the taxicab plane are such that 

all of three lines connecting them pairwise are gradual lines (or steep lines), 

then no taxicab circle passes through all of three points. 
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Example 4.7. Let 1 ( 8,2)A = − , 2 (4,3)A = , and 3 (15, 2)A = −  be three 

points in the taxicab plane. These points determine three gradual lines. 

Suppose that these points lie on a taxicab circle centered at ( , )h k  with radius 

r. Then the following equations hold  

8 2h k r− − + − = , 

4 3h k r− + − = , 

15 2h k r− + − − = . 

From these equations, it follows that 
( , )h k

 must also satisfy the following 

equalities. 

8 2 4 3h k h k− − + − = − + −
 

4 3 15 2h k h k− + − = − + − −
 

8 2 15 2h k h k− − + − = − + − −
. 

The first equality represents the midset of the points 1A  and 2A
, which occurs 

in the region 
8 4x−  

. The second equality represents the midset of the 

points 2A
 and 3A

, which occurs in the region 
5 15x 

. It is clear that these 

midsets do not intersect. This shows that there exist no values of h and k 

satisfying the first two equalities. Consequently, there is no taxicab circle 

passing through the given points. 

 

 
CONCLUSION 

In this study, two basic results have been obtained in the taxicab plane. First, 

it is shown that the area of a taxicab circle sector can be expressed directly in 

terms of the taxicab length of its corresponding arc. In particular, the area of 

a sector is proportional to the taxicab arc length, and the proportionality 

constant is one-quarter of the radius. Secondly, given three points in the 

taxicab plane, the conditions under which a taxicab circle cannot pass through 

these three points were analyzed. It was observed that no taxicab circle exists 

when the three collinear points are on horizontal, vertical, gradual, or steep 

lines. Furthermore, it was observed that no taxicab circle exists when three 

lines formed by the three non-collinear points are of the gradual or steep line 

type. 
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ABSTRACT 

 

The ambiguity function represents a cornerstone in time-frequency 

analysis, serving as an indispensable tool for characterizing radar 

waveforms. In radar engineering, it provides a comprehensive framework for 

evaluating critical performance metrics such as time-delay resolution, 

Doppler resolution, and Doppler-tolerance. These parameters are vital for 

distinguishing closely spaced targets and accurately measuring their relative 

velocities. In practical scenarios, ranging from sonar and radar systems to 

advanced biomedical imaging, chirp signals are typically transmitted to 

interact with targets. Upon reflection, these signals often manifest as higher-

order chirps, carrying complex signatures of the target's physical properties. 

Consequently, the precise estimation and analysis of reflected signals are 

paramount for effective signal processing. 

In this work, we introduce a new function space, ( ),a b dA , as a 

specific subspace of tempered distributions ( )d S  based on the ambiguity 

function. This space is defined by the requirement that the ambiguity 

function, ( ),A   , resides within the Lorentz space ( ), 2a b dL  , where    

is a fixed, nonzero function. To establish a rigorous analytical structure, we 

endow ( ),a b dA  with a norm derived from the Lorentz space, denoted as 

( ), ,a b
ab

A  =
A

. Our research demonstrates that for the 

indices 1a b= = , a b= =  , or 1 a    and 1 b   , the space 

( ),a b dA  constitutes a Banach space. Furthermore, we explore its 

structural dynamics, proving its invariance under translation operations and 

dilation operation. Finally, we show that under specific conditions, 

( ),a b dA  acts as a Banach module over ( )1 dL  . 

 
Keywords – Fourier transform, ambiguity function, Banach algebra, Banach 

module, Lorentz space 
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INTRODUCTION 

 

Let M  be a normed algebra. A Banach space E  is termed a Banach 

M -bimodule if it is both a left and a right M -module, where the left and 

right actions, ( ),y x y x→   and ( ),x y x y→   respectively, are linked by 

the compatibility condition ( ) ( )y x z y x z  =    for all ,y z M  and 

x E . In terms of its topological structure, these actions must be jointly 

continuous, meaning there exists a constant 0C   such that the inequalities 

y x C y x   and x y C x y   hold. This dual interaction allows 

the Banach space to inherit a rich algebraic structure from M  while 

maintaining the analytic properties of a complete normed space, (Dales, 

2000). 

Let   beoaofunction on 
d . The translation operator of   is 

( ) ( )T u u  = −  for 
du  and theomodulation operatoroof   is 

( ) ( ) ( )exp 2M u i u u   =   for , du   . The dilation operator of   

is also defined by ( ) ( )u u   = , 0  . 

If  )1,a   theoLebesgue space ( )a dL   is the setoof allocomplex-

valuedomeasurable functionsoono
d  that satisfy 

( ) .
d

a

u du    

If ( )a dL   , the 
aL  norm of   is definedoby 

( )( )
1

.
d

a a

a
u du =    

The space ( )a dL   is complete under the norm 
a
 . 

 For two measurable functions  ,   on 
d , the convolution is 

defined by 

( )( ) ( ) ( )
d

x x y y dy    = −


, 
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provided the integral exists. Under this operation, the space 

( )1 dL  functions as a Banach algebra, as the Young’s inequality for 1a =  

ensures that 
1 1 1

     , thereby satisfying the necessary 

submultiplicative property. Furthermore, the action of ( )1 dL   extends 

naturally to the ( )a dL   spaces for  )1,a  . Specifically, ( )a dL   

constitutes a Banach 
1L -module under convolution, where the inequality 

1p p
      establishes the joint continuity of the module action, 

(Stegeman and Reiter, 2000). 

 Let ( )1 dL   , let us define ̂  by 

( ) ( ) ( )ˆ exp 2
d

ix x dx    = −  ,        
d   

where 
1

d

i ii
ıx x 

=
 =  is the standard dot product. Theofunction ̂  

isocalledothe Fourierktransformoofotheofunction  . 

 The following definition constitutes the ambiguity function of 

functionals    and  , which are elements of the ( )2 dL   space: 

( )( ) 2, ,
2 2d

iu zA u e z z dz  
    −     

= + −   
   




. 

If  = , then we write ( ) ( ),A A  = ,(Gröchenig, 2001), (Debnath and 

Shah, 2015). 

In functional analysis, Lorentz spaces, denoted as 
,a bL  where 

 , 1,a b  , are generalizations of the standard Lebesgue spaces 
aL . They 

provide a more refined way to measure the "size" of a function by looking at 

both its height and how its values are spread out. We consider complex-

valued measurable functions   defined on 
d . To define the Lorentz space 

( ),a b dL  , we first introduce the distribution function ( )y , which 

measures the "width" of a function at a specific "height" y : 

( ) ( ) ( ): .dy x x y  =    
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Using this, we define the decreasing rearrangement ( )t 
, which is 

the non-increasing function on ( )0,  that shares the same distribution as 

 : 

( ) ( )  ( ) inf 0 sup 0t y y t y y t    =   =   ,     0.t   

The standard quasinorm for ( ),a b dL   is defined as: 

( )

( )

1
1

0

1

0

, 0 ,

sup , 0 .

b
b

ba

ab

a

t

b
t t dt a b

a

t t a b







−








 
       = 


  = 




 

While this expression is widely used, it does not always satisfy the triangle 

inequality (making it a quasinorm rather than a true norm). To create a true 

norm, we use the elementary average function ( )t 
, defined as: 

( ) ( )
0

1 t

t s ds
t

  =  ,     0.t   

Replacing  
 with  

 in the integral above yields a functional that 

satisfies the triangle inequality. While the quasinorm and this true norm are 

equivalent, they are not strictly equal unless specific conditions are met. 

 When a b= , the Lorentz space 
,a bL  is exactly the same as the 

standard 
aL  space. 

( ),a b dL  is also a Banach space under the norm 

( )

( )

1
1

0

1

0

, 0 ,

sup , 0

b
b

a

ab

a

t

b
t t dt a b

a

t t a b







−






 
    
 = 


  = 



 

if 1a b= = , a b= =  , or 1 a    and 1 b   , (Blozinski, 

1972:255), (Chen and Lai, 1975:247), (Edmunds and Evans, 2004), (Hunt, 

1966:249), (Yap, 1972:315). 
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 Given a multi-index ( )1,...,
d

d   +=  , we write as usual 

1

d

jj
 

=
= , 

1

j
d

jj

 
=

= , 
1

1

1

d

d

d

D
x x






 
= 
 

 for the partial 

derivative and ( ) ( )X x x x  =  for the multiplication operator. 

Taking Fourier transform we get 

( ) ( ) ( ) ( )ˆ2D i
     



=  

and 

( )( ) ( ) ( )ˆ2 ix D
     



− = . 

For suitable test functions, for example, ( )dC    with compact 

support, they are easily verified by a direct calculation. 

 The Schwartz class ( )dS  consist of all C
 -functions   on 

d such that 

( )sup
dx

D X x 


 


 

for all , d  + . Convergence n ⎯⎯→S  means that 

( ) 0nD X   


− →  for all , d  + . Elements in the dual space 

( )d S  of ( )dS  are called tempered distributions. All 
aL  functions, 

 )1,a  , are in ( )d S , (Gröchenig, 2001). 

 

THE FUNCTION SPACE ( ),a b dA : DEFINITION AND BASIC 

PROPERTIES 

 

 Definition 1. Let  , 1,a b   and   be a fixed Schwartz function 

in ( )dS . We denote by ( ),a b dA  the functional space comprising all 

tempered distributions whose ambiguity function resides within the Lorentz 
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space ( ), 2a b dL  . Since .
ab

 defines a norm on the Lorentz space, the 

functional ( ), ,a b
ab

A  =
A

, ( ),a b d  A , is a well-defined norm 

on the linear space ( ),a b dA . Furthermore, because the Lorentz space is a 

translation-invariant Banach function space, the normed space ( ),a b dA  is 

a complete Banach space if 1a b= = , a b= =  , or 1 a    and 

1 b   . The independence of this space from the choice of the test 

function   can be established using a method analogous to the proof of 

Theorem 7 in (Sandıkçı, 2012:263). 

Theorem 2. The space ( ),a b dA  remains unchanged by time-

frequency shifts, provided that ( )1,a   and  )1,b  . In this context, the 

equality 

,, a ba b
T M  =

AA
 

is satisfied, where , d   . 

 Proof. If ( ),a b d  A , we write ( ) ( ), 2, a b dA L    . For 

, d   , we write 

( )( ) 2, ,
2 2d

iu zA T M u e T M z z dz

   

 
    −     

= + −   
   




 

       
2

2 2

2 2d

i z
iu ze z e z dz


  

  
  

 
− + 

−      
= − + −   

   



 

   (Applying the substitution 
2

z p


− + = ) 

        ( ) ( )
2

22

d

iu p
i pe p e p dp


 

    
 

−  + − 
 = + −



 

       
( ) ( ) ( )( )

2
22

d

iu
i u p

e e p p dp


 

 
   

 
−  −  − −  = − −



. 

If we perform the substitution 
2

p t
 −

= + , we obtain 

( )( ), ,A T M u     

( )2 2
2 2

2 2d

iu i u t

e e t t dt

  
       

 

−   
−  − − −  +   

   
− −   

= + −   
   



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( )
( )

2 2
22 2

2 2d

iu i u
i u t

e e e t t dt

  
   

     
 

−   
−  − − −     − −    

− −   
= + −   

   



 

( )

( ) ( )
2 2

2 2 , ,
iu i u

e e A u

  
   

    

−   
−  − − −    

   = − − . 

Leveraging the modulation and translation invariance of Lorentz space, 

(Chen and Lai, 1975:247), we obtain 

( ) ( ) ( ), ,
, ,

a b
ab ab

T M A T M T A     
    = =

A
 

 ( ) ,, a b
ab

A   = =
A

. 

Thus, the assertion is proved. 

 

 Theorem 3. If ( ),a b d  A , then ( ),a b d   A  for all 

0  . 

 Proof. Substitute the dilated function 
   into the integral, we get 

( )( ) 2, ,
2 2d

iu zA u e z z dz    
      −     

= + −   
   




 

   
2

2 2d

iu ze z z dz  
  −     

= + −   
   




 

(with the change of variables p z= ) 

   
2

2 2d

p
iu

d p
e p dp




 
  



− 
−    

= + −   
   




 

  
2 1

2 2d

p
iu

d e p p dp



 

  


− 
−     

= + −    
    




 

   

1
2

2 2d

u
i p

d e p p dp

 

 
   

− 
−    

= + −   
   




 

    

1

, ,d u
A     



−
  

=   
  

. (0.1) 

Let us take any function ( ),a b d  A . By using (0.1), then we write 

( )
( ) ( ) ( )( ) ( )2

,
, : , ,d

A
y u A u y



  
      =    

( )
1

2, : , ,d

d

u y
u A      

  −

     
 =           

  
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( )
1

: , ,d dA y      
   

=     
   

  

   

1

: , ,d du
u A y    



    
      

    

 . 

Under the change of variables   =  and 
u




= , the equation becomes 

( )
( ) ( )

1

,

1
: , ,d d

A
y A y



  
       



   
=     

   

  

( )
1

: , ,d dA y       
   

     
   

  

       ( ) ( )
1

2, : , ,d dA y         
   

=     
   

  

      
( ) ( )1,

d

A
y  

 = . 

Then for 0t  , 

( ) ( ) ( )
( ) ,

, inf 0
A

A t y y t



  
   



=    

          
( ) ( ) 1,

inf 0 d

A
y y t  

 =   , 

if we say 
ds y=  

( ) ( ) ( )
( ) 1,

, inf d

A
A t s s t



  
    


−=   

          
( )

( ) 1,
infd

A
s s t  

 −=   

          ( )
1

,d A t   



−
  

=    
  

. 

Also, for 0x  , 

( )( ) ( ) ( )( ) ( )
0

1
, ,

x

A x A t dt
x

      
 

=   

   ( )
1

0

1
,

x
d A t dt

x
   



−
  

=    
  

  
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   ( )
1

,d A x   



−
  

=    
  

. 

Finally, we have 

( ) ( )( ) ( ),

1
1

0
, ,

a b

b
b b

a

ab

b
A x A x dx

a

         
−  = =     

A
 

        ( )

1

1
1

0
,

b
b

b

da
b

x A x dx
a

   



−
−

      =           

  

       

1

,d

ab

A    −
 

=  
 

. 

The fact that   is a Schwartz function implies 

1

   is as well, due to the 

dilation invariance of ( )dS . Since the space ( ),a b dA  does not depend 

on the particular   selected, the norms associated with   and its dilated 

version are equivalent. We thus obtain the estimate: 

( ),

1

, ,
a b

d

ab

ab

A A          −
 

= =  
 

A
 

          ( ) ,, a b

d d

ab
C A C    − − =

A
. 

The proof of the assertion is therefore complete. 

 

 Teorem 4. The space ( ),a b dA  possesses the structure of a 

Banach module over the convolution algebra
1L . 

 Proof. Let ( ),a b d  A  and ( )1 dh L  . Applying the 

definition of the ambiguity function for h   and using Fubini's theorem, 

we obtain 

( )( ) ( )2, ,
2 2d

iu zA h u e h z z dz  
    −     
 =  + −   

   



 

( )2

2 2d d

iu ze z y h y dy z dz  
 − 

    
= + − −         
 

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( ) 2

2 2d d

iu zh y z y z e dz dy 
  − 

    
= + − −         
 


. 

We use the substitution 
2

y
s z= − , we have 

( )( ), ,A h u    

( ) 2

2 2d d

iu s iu yy y
h y s s e ds e dy  

  −  − 
 − −   

= + −         
 


 

( ) ( )( ), ,
d

iu yh y e A y u dy   − = −


 

( ) ( )( )
2

, ,
d

uM h y A y u dy  
−

= −


 

( )( )
2

, ,uM h A u 
−

 
=   
 

. 

By leveraging the module property of Lorentz spaces with respect to the 
1L  

algebra and the modulation invariance of 
1L , one arrives at the anticipated 

estimate 

( ) ( ),

2

, ,a b uab

ab

h A h M h A    
−

 
 =  =  

 
A

 

         ( )
2 1

,u ab
M h A  −  

         ,1 a bh 
A

. 

Thus, the assertion is proved. 

 

 

 

RESULTS AND DISCUSSION 

 

In this study, we introduce a novel function space, denoted as 

( ),a b dA , constructed as a specialized subspace of tempered distributions 

( )d S  through the lens of the ambiguity function. The defining 

characteristic of ( ),a b dA is the requirement that the ambiguity function, 

( ),A   , belongs to the Lorentz space ( ), 2a b dL  , where  serves as a 
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fixed, non-zero function.To provide this space with a rigorous analytical 

framework, we equip ( ),a b dA  with the norm ( ), ,a b
ab

A  =
A

. Our 

analysis confirms that ( )( ),

, , a b

a b d 
A

A  constitutes a complete Banach 

space, establishing it as a robust environment for further harmonic analysis. 

A significant portion of our discussion focuses on the structural dynamics 

and stability of ( ),a b dA . We demonstrate its fundamental algebraic 

properties, specifically proving that the space remains invariant under both 

translation and dilation operations. These invariance properties are crucial, 

as they ensure that the space's internal geometry is preserved under standard 

time-frequency shifts and scaling transformations.Finally, we establish that 

( ),a b dA  exhibits a sophisticated algebraic structure by acting as a Banach 

module over ( )1 dL  . This modular property suggests that the space is not 

merely a collection of functions but a structured environment capable of 

supporting complex operator theoretic frameworks. These findings provide a 

robust mathematical basis for higher-order signal analysis and the stability of 

radar waveforms in complex environments. 
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ABSTRACT 

 

Weingarten surfaces (W -surfaces) constitute a distinguished class of 

surfaces in classical differential geometry, characterized by a functional 

dependence between their mean curvature ( ) and Gaussian curvature ( ). 

Originally identified by Julius Weingarten in 1861 in the context of 

isometric deformations, these surfaces have evolved from theoretical 

curiosities into fundamental tools for modern computational design and 

engineering. 

This paper provides a detailed mathematical exposition of W -surfaces, 

deriving the Jacobian condition  and analyzing the 

geometry of parallel surfaces. We present a rigorous classification of Linear 

Weingarten Surfaces (LWS) and discuss global rigidity theorems, including 

the seminal works of Liebmann, Chern, and Hartman. Furthermore, we 

explore the contemporary renaissance of W-surfaces in multidisciplinary 

fields: from the computational framework for architectural rationalization 

and mold re-use, to hydrodynamic fairing in naval architecture, and 

variational modeling of lipid bilayers in biophysics. We conclude by 

summarizing why W-surfaces serve as a critical bridge between smooth 

manifold theory and discrete fabrication constraints. 

 
Keywords – Weingarten surfaces, Architectural Geometry, Discrete Differential 

Geometry, Computational Design, Surface Rationalization 

 

 

 

 

INTRODUCTION  

 

The study of surfaces in Euclidean space  is centrally concerned 

with the concept of curvature. The local shape of a smooth surface  is 

completely determined (up to rigid motion) by its first and second 

fundamental forms. From these, one derives the two principal curvatures,  

and , which represent the maximum and minimum bending of the surface 

at a given point (Do Carmo, 1976). 

The two most significant invariants derived from the principal 

curvatures are the Gaussian Curvature  and the Mean Curvature  : 
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While elementary geometry focuses on surfaces where these 

curvatures are constant-such as spheres (  constant), planes (  

), and minimal surfaces (  )-a much broader and geometrically rich 

class of surfaces exists where  and  vary but remain coupled. 

A surface  is defined as a Weingarten surface (or simply a W -

surface) if there exists a non-trivial smooth function  such that: 

 

at every point on the surface. This condition implies that the principal 

curvatures are functionally dependent; the state of the surface at any point is 

constrained to a one-dimensional curve in the (  ) phase plane. 

The importance of Weingarten surfaces cannot be overstated. They 

serve as a testing ground for global theorems in differential geometry, 

solutions to non-linear partial differential equations (PDEs), and, recently, as 

the "Holy Grail" of architectural geometry for their properties related to 

panelization and manufacturing rationalization. 

The theory of W-surfaces dates back to the "Golden Age" of 

differential geometry in the 19th century, a period dominated by the search 

for invariants under deformation. 

Weingarten's Original Problem (1861) 

The German mathematician Julius Weingarten (1836-1910) 

introduced these surfaces in his seminal paper Über die Oberflächen, für 

welche einer der beiden Hauptkrümmungshalbmesser eine Function des 

anderen ist ("On surfaces for which one of the two principal radii of 

curvature is a function of the other") (Weingarten, 1861). 

Weingarten was motivated by the problem of isometric deformation. 

Specifically, he sought to identify all surfaces that could be mapped 

isometrically onto a surface of revolution. A surface of revolution possesses 

rotational symmetry, which implies that its principal curvatures are functions 

of a single parameter (the arc length of the profile curve). Consequently, a 

functional relation exists between them. 

Weingarten proved a remarkable theorem: If a surface  is isometric 

to a surface of revolution such that the lines of curvature are preserved under 

the isometry, then  must satisfy a relation . 

The 20th Century: Rigidity 

Following Weingarten, the focus shifted to global properties. In 

1900, Heinrich Liebmann proved that the only closed, convex surface with 
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constant mean curvature is the sphere (Liebmann, 1900). This was a 

precursor to the more general rigidity theorems of the mid-20th century. 

Research by Chern (1945) and Hartman and Wintner (1954) utilized 

the Maximum Principle for elliptic PDEs to generalize Liebmann's result, 

showing that under convexity conditions, the functional relation 

 forces the surface to be a sphere. These results established W -

surfaces as a rigid class where local curvature relations dictate global 

topology. 

To understand the mechanics of Weingarten surfaces, we must 

derive the condition of functional dependence rigorously using differential 

calculus. 

The Jacobian Determinant Condition 

Let  be a smooth, oriented surface parameterized by 

. Let (  ) be local coordinates.  and  are 

scalar fields on . 

In multivariable calculus, two smooth functions  and  are 

functionally dependent if and only if their level sets (contour lines) coincide. 

This geometric condition is equivalent to the requirement that their gradient 

vectors  and  are parallel everywhere on the domain (Kühnel, 2015). 

Mathematically, two vectors in  are parallel if their determinant 

vanishes. Thus, the necessary and sufficient condition for a surface to be a W 

-surface is: 

Definition (Weingarten Surface). A regular surface  is a Weingarten surface 

if the Jacobian determinant of the map  vanishes identically on  : 

 

If  at a point, the Inverse Function Theorem would imply that  

and  could serve as independent local coordinates, creating a region where 

they can vary independently, which contradicts the relation . 
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The Theory of Parallel Surfaces 

A powerful geometric tool for analyzing W -surfaces is the concept 

of the Parallel Surface (or Offset Surface). For a surface  with unit normal 

vector field , the family of parallel surfaces  at distance  is defined by: 

 

The principal curvatures  of the parallel surface  are related to the 

original curvatures  by the formula: 

 

This transformation is fundamental. It allows us to relate the Mean curvature 

 and Gaussian curvature  of the offset surface to those of the base 

surface: 

 

Theorem (Offset Characterization). A surface  is a Weingarten surface if 

and only if there exists a parallel surface  that has either Constant 

Mean Curvature (CMC) or Constant Gaussian Curvature (CGC). 

Proof. Suppose  has constant mean curvature . Then: 

 

Multiplying through, we get: 

 

This is a linear relation of the form , which satisfies the 

Weingarten condition. The converse is also true locally for Linear 

Weingarten Surfaces. 

This theorem is critical for applications: it tells us that complex W -

surfaces can be generated by simply offsetting simpler, constant-curvature 

surfaces. 
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The class of W -surfaces is vast. To manage it, geometers classify 

these surfaces based on the specific form of the function . 

Surfaces of Revolution 

Any surface generated by rotating a profile curve around an axis is a 

W -surface. Consider the parameterization: 

 

where the profile is parameterized by arc length . The 

principal curvatures are: 

 

Since both depend only on , the Jacobian  vanishes 

identically (  ). Thus, rotational symmetry imposes the W -

surface condition. 

Linear Weingarten Surfaces (LWS) 

The most studied subclass is the Linear Weingarten Surface, defined 

by: 

 

where  are real constants ( ). 

The behavior of LWS depends on the discriminant  : 

1. Elliptic Type (  ): Includes CMC surfaces (  ) and 

CGC surfaces (  ). These surfaces are stable and satisfy strong 

maximum principles. 

2. Hyperbolic Type  : These relate to surfaces of constant 

negative curvature. The asymptotic lines on these surfaces form a 

coordinate system that satisfies the Sine-Gordon equation 

, linking them to soliton theory. 

3. Parabolic Type  : Represents the transition case, often 

associated with developable surfaces (where  ). 

López (1997) and Gálvez et al. (2003) have provided extensive 

classifications of complete LWS immersed in , showing that they 

naturally generalize the classical theory of minimal and constant curvature 

surfaces. 
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Tubular Surfaces 

A tube (or pipe surface) of constant radius  around a central space 

curve  is a W surface. One principal curvature is constant, 

corresponding to the circular cross-section: . The other principal 

curvature  varies with the curvature of . Since  is constant, the relation 

is trivial: . 

Global Theory and Rigidity 

While local examples of W-surfaces are abundant, the global topology 

imposes severe constraints. The most famous results concern the rigidity of 

the sphere. 

Can a "bumpy" sphere be a Weingarten surface? Next theorem answers. 

Theorem (Chern (1945); Hartman and Wintner (1954)). Let  be a closed 

(compact without boundary), oriented surface in . Suppose: 

1.  is strictly convex (  everywhere). 

2.  is a Weingarten surface satisfying a monotonicity condition 

(e.g.,  ). 

Then  is a sphere. 

The proof generalizes the method of the Hopf Differential. For a 

CMC surface, Hopf defined a quadratic differential that is holomorphic on 

the surface. For a sphere (genus 0), the only holomorphic quadratic 

differential is zero. The vanishing of this differential implies  

everywhere (umbilical points). Chern and Hartman extended this to general 

W -surfaces by constructing a similar quantity satisfying an elliptic 

differential inequality. By the Maximum Principle, the function relating to 

the curvatures must be constant, forcing the surface to be totally umbilical, 

and thus a sphere (Hopf, 1989). 

Computational Design 

In the 21st century, the study of W -surfaces moved from pure 

analysis to Computational Design. The driving force is the need to 

rationalize complex architectural forms, utilizing Discrete Differential 

Geometry (Bobenko and Suris, 2008). 

Architects design freeform "blobs" for aesthetic reasons. However, 

fabricating these is expensive because every panel has a unique curvature. 

The question arises: Can we approximate an arbitrary freeform surface with 

a Weingarten surface? 
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Pellis et al. (2021) developed an optimization framework to solve this. 

1. Curvature Diagram: They analyze the input surface by plotting 

pairs  for all points . For a generic surface, this plot is a 

2D cloud. For a W -surface, it is a 1D curve. 

2. Optimization: An algorithm iteratively perturbs the surface 

vertices to collapse the 2D curvature cloud onto a 1D curve. 

3. Result: The implicit relation  is not chosen in advance; it 

emerges from the optimization. 

Industrial Rationalization (Mold Re-Use) 

Why do this? The answer lies in manufacturing economics. 

• Local Congruence: On a W-surface, if two points have the same 

Mean Curvature , they also have the same Gaussian Curvature . This 

implies the surface patches around these points are (up to second order) 

congruent. 

• Mold Re-Use: If a facade is a W -surface, panels with the same 

 value can be manufactured using the same physical mold. 

• Impact: Instead of 5,000 unique molds for 5,000 panels, a W -

surface design might require only 50 molds, drastically reducing costs 

while maintaining the complex appearance. 

The utility of W -surfaces extends far beyond pure mathematics and 

architecture. 

Naval Architecture: Hydrodynamic Fairing 

In ship design, "fairing" is the smoothing of the hull surface. 

• Flow Physics: Abrupt changes in curvature derivatives can 

induce flow separation and turbulence. 

• W-Surface Smoothing: By constraining the hull to be a W-

surface (typically Linear), designers ensure that curvature variation is 

smooth and predictable. This optimizes hydrodynamic efficiency and 

simplifies the bending of steel plates (Bruck et al., 2002). 

Structural Engineering: Torsion-Free Nodes 

Building a glass gridshell requires a steel support structure. 

• The Problem: If beams meet at a node at arbitrary angles, the 

joint requires complex twisting (torsion), which is expensive to 

manufacture. 
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• The Solution: Ideally, the beam axes should align with the 

surface normal. This is only possible if the beams follow the principal 

curvature lines. 

• PQ Meshes: A "Planar Quadrilateral" (PQ) mesh that follows 

curvature lines and possesses a parallel offset (for the beam depth) is 

mathematically equivalent to a Discrete Weingarten Surface. Thus, W-

surfaces are the "Gold Standard" for buildable glass roofs (Pottmann et 

al., 2007). 

Biophysics: The Ouloid 

Nature uses W -surfaces to minimize elastic energy. The shape of 

lipid bilayers (cell membranes) minimizes the Helfrich Energy: 

 

The Euler-Lagrange equations for this function define a class of Generalized 

Weingarten Surfaces. A specific solution, known as the "Ouloid" (Ou-Yang 

and Helfrich, 1989), replicates the biconcave shape of human red blood 

cells, demonstrating that biological equilibrium is governed by Weingarten 

geometry. 

 

 

RESULTS AND DISCUSSION 

Weingarten surfaces represent a profound intersection of local constraints 

and global form. 

• Historically, they solved the problem of isometry classes. 

• Theoretically, they provide deep insights into the rigidity of 

convex shapes and the behavior of elliptic PDEs. 

• Practically, they act as a bridge between the continuous world of 

design and the discrete world of fabrication. 

From the rigid spheres of classical geometry to the optimized freeform skins 

of modern skyscrapers, the functional dependence of  and  remains a 

guiding principle. As computational power grows, the ability to "search" for 

W-surfaces in the space of all shapes will likely unlock new possibilities in 

efficient, sustainable manufacturing across industries. 
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ABSTRACT 

 

This book chapter discusses the latest sample preparation methods in 

glycomic analysis and the powerful innovations focused on speed/automation 

in this stage in recent years. Rapid workflows supported by PNGase F-based 

but adapted to formats such as 96-well filters are prominent in N-glycans, 

while in O-glycans, optimized β-elimination and stable isotope approaches 

that reduce sialic acid loss, along with site-specific enzymatic options, stand 

out. In the enrichment of glycosylated species, alongside multiple lectin 

strategies, methods such as boronate/boric acid chemistry (especially stronger 

dendrimer-based binding), glycoblotting, and HILIC have become essential 

tools to expand the scope of analysis. Finally, it is emphasized that in 

derivatization/labeling, RapiFluor-MS (RFMS) and similar rapid labels 

(InstantPC; procainamide as a cost-effective alternative) increase both FLD 

and MS sensitivity and shorten preparation time, supporting high-throughput 

analyses. 

 
Keywords – Glycomics, Glycan sample preparation, PNGase F (N-glycan release), 

O-glycan release (β-elimination), Glycopeptide enrichment (HILIC / lectin affinity / 

boronate chemistry) 

 

INTRODUCTION  

 

Glycans (carbohydrate chains) are structures found almost 

everywhere in the world of biomolecules; in humans, they comprise more than 

half of proteins and bind to numerous lipids, dramatically influencing their 

properties(Bielik & Zaia, 2010). Glycosylation is the covalent binding of 

glycans to biomolecules via enzymes. It is a crucial post-translational 

modification affecting protein folding, stability, intracellular/extracellular 

transport, and cellular signal transduction(Onigbinde et al., 2025). Unlike 

DNA and proteins, glycans are not synthesized directly according to a genetic 

template. Instead, they possess a highly diverse structural variation, arising 

through complex biosynthetic pathways and branched architectures. This 

diversity gives glycans a wide range of functions. For example, they regulate 

recognition by the immune system and often serve as the first point of 

interaction in cell-pathogen interactions(Varki, 2017).  

 

Abnormal glycosylation is considered one of the features that can be 

used in the recognition of many pathologies, including cancer, inflammatory 

diseases, and neurodegenerative disorders(Krištić, Lauc, & Pezer, 2022; Yue, 

Huang, Lan, Xiao, & Luo, 2023). Therefore, comprehensive and systematic 

study of glycans is gaining increasing interest in terms of biomarker discovery 
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and therapeutic development. However, the analysis of “glycome” (the sum 

of all glycans in a cell or organism) presents significant analytical challenges 

due to factors such as glycan heterogeneity, isomerism, and often low 

abundance(Kayili & Salih, 2021). Traditional glycoanalysis approaches rely 

mostly on labour-intensive chemical derivatization steps, chromatographic 

separations, and mass spectrometry (MS)-based methods to elucidate glycan 

composition and structure(Reyes et al., 2022). 

 

Recent advances in instrumentation and methodology have 

significantly changed this picture. High-sensitivity MS/MS fragmentation 

techniques and high-performance liquid chromatography (HPLC) and 

capillary electrophoresis (CE)-based separation methods enable glycan 

profiling at previously unattainable levels of detail. In parallel, new 

computational workflows and databases supporting the processing and 

interpretation of glycoanalytic data have been developed(Polasky, Yu, Teo, & 

Nesvizhskii, 2020). 

 

This section provides a comprehensive framework for emerging 

glycoanalytic technologies and their applications. First, it summarizes the 

historical development of glycoanalysis techniques. In this context, it 

highlights current innovations in sample preparation, separation, and detection 

steps, as well as the latest advances in glycoinformatics. Finally, it addresses 

the new application areas these developments open up in biomedicine and 

biotechnology. 

 

History of Glycoanalytical Technologies 

Early studies in the field of glycanalysis relied on classical biochemical 

methods. Periodic acid-Schiff staining and lectin agglutination tests provided 

the first evidence of glycans on cell surfaces. The identification of ABO blood 

groups occurred in this way. By the mid-20th century, analytical 

breakthroughs such as paper chromatography and gas-liquid chromatography 

enabled the analysis of the basic monosaccharide composition of glycans(Pan, 

Chen, Aebersold, & Brentnall, 2011). Developments in mass spectrometry in 

the 1980s and 1990s had a dramatic impact on shaping the field. In particular, 

matrix-assisted laser desorption/ionization (MALDI) and electrospray 

ionization (ESI) enabled direct mass profiling of glycans and glycopeptides, 

while collision-induced dissociation (CID) in MS/MS provided structural 

information. These fundamental techniques formed the core glycomic 
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workflow of release, separation, and MS detection, which is still used today. 

Over the last decade, advances in glycoanalytical technologies have greatly 

accelerated the pace of glycan analysis(Bielik & Zaia, 2010).  

The demand for high-throughput and more precise glycan profiling has 

increased in systems biology and clinical studies. This demand has enabled 

the development of automated ultra-high-throughput platforms, allowing for 

the parallel processing of hundreds to thousands of samples for N-glycan 

profiling. One example is the development of 96-well plate workflows 

combining rapid PNGase F glycan release, fluorescent labeling, and UPLC-

MS analysis, which has significantly accelerated glycan biomarker 

studies(Reusch et al., 2015). Similarly, work on the Human Glycome Project 

has highlighted a broader demand for addressing population-scale glycomic 

assays, such as faster solid-phase extractions and robotic sample 

preparation(Habazin et al., 2021). On the identification side, MS instruments 

have advanced with higher resolution and improved ion mobility spectrometry 

(IMS) integration, enabling the separation of glycan isomers previously 

impossible to resolve. Novel fragmentation methods (e.g., electron-based 

dissociation and ultraviolet photodissociation) provide richer structural 

fingerprints for complex glycans. Complementing MS, glycan microarray 

technology, which emerged in the 2000s and matured in the last decade, has 

enabled high-throughput profiling of glycan-protein interactions(Kayili & 

Salih, 2022). All these developments signal a shift from low-throughput, 

expert-focused assays to more automated, sensitive, and comprehensive 

glycomic profiling approaches. The evolution of glycoanalysis, thus reflecting 

other "omics" fields, is progressing from single-target measurements to global 

and integrative analyses. 

 

Emerging Sample Preparation and Enrichment Strategies 

 

Efficient glycoanalysis is highly dependent on sample preparation. 

Prior to glycan analysis, glycans must be released or captured from complex 

biological matrices, enriched, and appropriately derivatized for detection. 

Significant innovations have emerged in these preparation steps in recent 

years(Donohoo et al., 2022). 

Glycan release methods have been developed for both N- and O-linked 

glycans. PNGase F remains the primary enzyme in N-glycan 
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analysis(Turnbull & Field, 2007). However, faster and more easily automated 

protocols have become widespread. For example, filter-assisted rapid N-

glycan release workflows have been introduced, utilizing ultrafiltration 

membranes to combine protein denaturation, PNGase F digestion, and glycan 

capture in a single process, enabling high-throughput processing in a 96-well 

format(Habazin et al., 2021). O-glycans, which are difficult to release 

enzymatically, can now be released more safely using optimized β-elimination 

chemistries that reduce sialic acid cleavage. Wang et al. The O-glycan release 

approach developed by (2017) with stable isotopic labeling enables 

quantitative O-glycomic analysis from small sample volumes. Similarly, 

novel endoglycosidases facilitate site-specific O-glycan analysis by 

enzymatically cleaving O-glycans from specific regions(Wilkinson & 

Saldova, 2020). 

 

Enrichment and purification of glycosylated species is another 

important area of progress. Traditional lectin affinity methods based on 

carbohydrate-binding proteins have been developed to capture glycoproteins 

and glycopeptides. The biggest disadvantage of lectin affinity methods is their 

focus on specific types of glycans. For broader glycoform coverage, multiple 

lectin approaches using multiple lectins with different specificities have been 

adopted(Madera, Mechref, Klouckova, & Novotny, 2007). However, lectin-

based capture, by its nature, cannot cover the entire glycan diversity. 

Therefore, chemical enrichment strategies have also come to the fore. One of 

the significant breakthroughs in this field is the use of boric acid/boronate 

chemistry for glycopeptide capture. While simple boronate affinity can miss 

low-abundance species due to weak binding, demonstrated that polyvalent 

benzoboroxol dendrimers form stronger and more synergistic interactions 

with cis-diol groups in glycans. This dendrimer-based approach has 

significantly increased the scope of the glycoproteome, contributing to the 

identification of thousands of glycopeptides, including low-abundance 

species. Other chemical strategies, such as “glycoblotting” based on hydrazide 

binding to oxidized glycans, have also been miniaturized and integrated into 

micro-scale devices for higher throughput(Liu et al., 2022). In parallel, 

hydrophilic interaction liquid chromatography (HILIC) has become one of the 

fundamental methods for enriching released glycans and glycopeptides 

according to their hydrophilicity. HILIC has published studies systematically 
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comparing porous graphitized carbon (PGC) and boronic chemistry. It has 

presented methods for selecting the appropriate method or combining methods 

for maximum coverage(Melmer, Stangler, Premstaller, & Lindner, 2011).  

 

 

Figure 1. The structure of procainamide tag. 

 

Derivative and labeling strategies are another rapidly advancing area. 

Labeling glycans with chromophore or fluorophore not only facilitates optical 

detection but can also increase MS sensitivity by enhancing ionization. The 

introduction of RapiFluor-MS (RFMS) in 2015 was a milestone in this regard. 

RFMS reacts with released glycans within minutes, generating derivatives that 

significantly enhance the MS signal(Zhang, Reed, Birdsall, Yu, & Chen, 

2020). Similar rapid labels (e.g., InstantPC) support high-throughput glycan 

profiling in clinical laboratories by increasing sensitivity while shortening 

sample preparation time. Recently, the procainamide tag (Figure 1) has been 

presented as the most cost-effective alternative to these tags, and its ability to 

generate strong FLD and MS signals has been demonstrated in various 

studies(Kayili, 2020). 
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ABSTRACT 

 

Glycosylation is one of the most common and functionally important post-

translational modifications affecting protein stability, biological activity, and 

disease-related processes. Advances in mass spectrometry enable detailed 

characterization of glycans and glycoproteins. However, due to the inherent 

structural complexity of glycans, analyses of glycan-containing molecules 

require well-designed analytical workflows and specialized bioinformatics 

tools. This book chapter provides a clear and practical overview of integrated 

glycomic and glycoproteomic workflows for N-glycosylation analysis. 

Released N-glycan-based glycomic workflows are described, including 

enzymatic glycan release, labeling strategies, chromatographic separation, 

mass spectrometric analysis, structural annotation, and relative quantification. 

In parallel, site-specific glycoproteomic workflows focusing on protein 

digestion, glycopeptide enrichment, LC-MS/MS analysis, database-driven 

identification, and reliable assignment of glycosylation sites and glycoforms 

are briefly summarized. This section highlights how the glycomic approach, 

which provides a global glycan repertoire, and the glycoproteomic approach, 

which performs protein and site-based glycosylation mapping, complement 

each other. By offering simplified yet robust workflows, this section aims to 

guide researchers in selecting and implementing appropriate strategies for N-

glycosylation analysis in complex biological samples, including serum and 

biopharmaceutical products. 

 
Keywords – Glycomics; Glycoproteomics; N-glycosylation; Mass spectrometry, 

Glycan profiling 

 

 

 

 

INTRODUCTION  

 

Glycomics and glycoproteomics are complementary fields aimed at 

characterizing the structure and function of glycans. Glycomics is generally 

defined as the comprehensive study of the glycome—the entirety of glycans 

produced by a cell or organism under specific conditions(Apweiler, 

Hermjakob, & Sharon, 1999; Campbell et al., 2011). Glycoproteomics, on the 

other hand, examines these glycans in the context of proteins, determines 

which proteins are glycosylated, and identifies the locations and structures of 

linked glycans. Glycosylation is known to be one of the most common post-

translational modifications in nature. It is estimated that more than half of 

mammalian proteins and the vast majority of secreted and membrane proteins 

are glycosylated(Cao, 2024). These carbohydrate modifications play critical 
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roles in biological processes such as intercellular communication, immune 

recognition, and protein stability, and changes in glycosylation patterns have 

been associated with many diseases(Cooper, Gasteiger, & Packer, 2001). 

Furthermore, glycosylation can alter the efficacy and safety of 

biotherapeutics, highlighting the importance of glycan analysis in 

biopharmaceutical development(Cummings & Pierce, 2014). Despite their 

importance, glycans are difficult structures to analyze due to their immense 

structural complexity. Unlike linear DNA or protein polymers, glycans are 

branched with various monosaccharide building blocks, linkages, and 

modifications. A single glycoprotein can be found in numerous glycoforms, 

and each glycosylation site may be partially occupied(Damerell et al., 2012). 

This complexity means that the glycome cannot be directly inferred from 

genomic or proteomic data, and structures need to be determined 

experimentally(Zeng et al., 2016). Advances in mass spectrometry (MS) have 

played a key role in advancing the fields of glycomics and glycoproteomics, 

enabling the efficient detection of glycans and glycopeptides in complex 

samples(MacLean et al., 2010). However, the interpretation of MS data for 

glycan structures or glycopeptides is a process requiring specialized software 

and databases(Mereiter, Balmaña, Campos, Gomes, & Reis, 2019). In recent 

years, a range of bioinformatics tools have emerged to aid in glycomic and 

glycoproteomic data analysis, from the identification of glycan compositions 

to the mapping of site-specific glycosylation on proteins. This section 

provides an overview of these tools, including their functions, usage 

workflows, and an evaluation of their strengths, limitations, and recent 

developments. 

 

Glycomics Workflow Example – Released Glycan Analysis  

When a researcher wants to profile N-linked glycans in an antibody 

drug or cell culture supernatant, the first goal is to reliably determine the 

structures in which glycans are present and their relative abundances in the 

sample. For this purpose, the process usually begins with a controlled sample 

preparation step, followed by MS-based measurement, composition/structure 

determination, quantification, and biological interpretation. In the first step, 

glycans are enzymatically released from glycoproteins using PNGase F(H. M. 

Kayili & Salih, 2021). The released glycans are often labeled with a 

fluorescent tag (e.g., 2-AB or 2-AA) to facilitate detection and quantification. 

After labeling, the sample undergoes a cleanup step to remove proteins, salts, 

and other matrix components that could interfere with the measurement. This 
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results in a more consistent input material in terms of both chromatographic 

separation and MS signal quality. The labeled glycans are then separated, 

usually by a chromatographic method suitable for glycans such as HILIC, and 

fed into mass spectrometry (e.g., ESI-QTOF or MALDI-TOF for profiling; 

different platforms in the context of LC-MS)(H. Mehmet Kayili, Atakay, 

Hayatu, & Salih, 2022). The main output of this step is the MS1 spectra 

showing the molecular ions of the glycans. Each glycan is seen as a peak at a 

specific m/z value; the mass of the glycan can be recalculated back to its 

“unlabeled equivalent” mass, considering the mass of the label and possible 

mass/charge states. Alongside MS1, the MS/MS spectra obtained for the 

selected glycan ions provide critical information for structural verification. 

Fragmentation patterns (especially B/Y ions and in some cases cross-ring 

fragments) provide clues about the composition of the antennas, branching 

characteristics, and partly about linkage/isomer possibilities. Although a 

single MS/MS condition may not definitively separate every isomer, the 

appropriate fragments are powerful in narrowing down structural hypotheses. 

These fragments are then separated using a chromatographic method 

suitable for glycans, such as HILIC, and fed into mass spectrometry (e.g., ESI-

QTOF or MALDI-TOF for profiling; different platforms in the context of LC-

MS). The first practical step in data processing is the compositional 

identification of the glycan peaks observed in MS1. This is where tools like 

GlycoMod come into play: the observed mass(s) are entered, and the software 

lists possible composition candidates such as Hex/HexNAc/Fuc/NeuAc for 

each mass. For example, an observation corresponding to a labeled mass 

might match a common N-glycan composition such as Hex₅HexNAc₄ among 

the candidates. The researcher can narrow the candidate list to a more realistic 

range by applying constraints based on the biological context of the sample 

(e.g., limiting the number of fucos in a mammalian sample). If the sample is a 

well-characterized system (e.g., human IgG), many compositions can be 

quickly associated with forms such as G0F, G1F, G2F in IgG glycan notation. 

Once compositional candidates are identified, the researcher cross-references 

them with databases such as UniCarbKB or GlyTouCan to match them with 

known glycan structures. For example, the composition 

Hex₃HexNAc₂Fuc₁NeuAc₁ might match a sialylated complex biantennary 

structure (with abbreviations like A1F) in a database query. Such databases 
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often provide information on possible connections and sometimes even 

examples of sources where the structure has been reported. 

To more robustly validate the structures, the MS/MS spectrum of each 

glycan is described in detail. Software like GlycoWorkbench is quite useful at 

this point: the researcher draws one or more candidate structures for each 

composition using GlycanBuilder and uploads them to the software. 

GlycoWorkbench generates theoretical fragments for these structures and 

matches them with the observed MS/MS peaks; thus, a semi-automatic 

annotation can be performed by highlighting peaks that correspond to B/Y 

ions. For example, the spectrum of a biantennary glycan might show 

fragments corresponding to a single antenna; in cases where two antennas 

carry different decorations (e.g., one branch is sialylated, the other is not), this 

difference can be reflected in the fragment pattern(H. M. Kayili, 2020). 

However, some uncertainties may remain (e.g., Galβ1-4 to Galβ1-3 linkage or 

isomer discrimination); in this case, multiple hypothesis annotations are 

evaluated side-by-side to select the most consistent explanation. In the 

quantification phase, if glycans are fluorescently labeled, relative abundances 

can be estimated via the fluorescence signal, or alternatively via the MS signal. 

For automated/semi-automated reporting, tools such as the GRITS Toolbox 

can take MS data, assign peaks to structures using a glycan database, and 

generate a glycan profile report (e.g., 20% G0F, 50% G1F variants, 20% G2F, 

10% sialylated forms, etc.). Furthermore, side-by-side comparison of profiles 

between samples can more quickly identify batch differences, cell 

line/condition effects, or product quality trends. Without GRITS, researchers 

can manually integrate LC peaks or use vendor software to retrieve domains, 

combine composition/structure assignments with GlycoMod and MS/MS 

validation, and calculate percentages (Figure 1). 

 

Glycoproteomic Workflow Example – Glycopeptide Analysis  

A glycoproteomic workflow can be implemented to map N-

glycosylation sites in the serum proteome and to see how the glycans carried 

in each site differ between disease-control and disease-control. Because serum 

is a very complex matrix (many proteins and many peptides), the approach 

needs to be highly throughput and selective. In the first step, serum proteins 

are denatured, disulfide bonds are reduced, and after alkylation, the proteins 

are digested with trypsin(Wuhrer, Catalina, Deelder, & Hokke, 2007). An 
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additional protease can be used to increase digestion efficiency(Pan, Chen, 

Aebersold, & Brentnall, 2011). The post-digestion mixture contains thousands 

of peptides, only a small fraction of which are glycopeptides. Therefore, 

enrichment is essential to highlight the glycopeptides(Xiao, Chen, Smeekens, 

& Wu, 2018). Common options are affinity enrichment with lectins that bind 

to N-glycans or HILIC-based enrichment. This process results in a 

significantly enriched sample of glycopeptides, but it is not completely 

purified; some unglycosylated peptides may remain in the medium. The 

enriched glycopeptides are then analyzed by LC-MS/MS. Data collection can 

be performed in DDA or DIA format. CID or HCD is most commonly used 

for fragmentation. This produces both peptide fragments (b/y ions) and glycan 

fragments (oxonium ions and Y ions) within the same spectrum. For more 

robust site validation or to complement glycan-peptide information, methods 

such as EThcD can be applied in addition to HCD. Characteristic oxonium 

ions indicating the presence of glycans are frequently seen in glycopeptide 

spectra; for example, peaks such as m/z 204.086 (HexNAc) and m/z 366.14 

(Hex-HexNAc) are strong indicators that the spectrum is of glycopeptide 

origin. 

After MS/MS data is obtained, glycoproteomic search engines are used 

for identification. To increase coverage and confidence, two search engines, 

such as Byonic and MSFragger-Glyco, can be run in parallel(Kong, 

Leprevost, Avtonomov, Mellacheruvu, & Nesvizhskii, 2017). A protein 

sequence database (human FASTA or a subset of the target protein) is selected 

for the search. Additionally, an allowed list of glycan compositions for N-

glycans is defined; this list can be derived from a glycomic catalog previously 

obtained from the same samples. When both software programs are run with 

the appropriate settings, they produce result lists containing glycopeptide 

spectrum matches (PSMs) and their scores. Results are generally filtered at 

the PSM and/or glycopeptide level with 1% FDR, and reliable matches are 

reported. In a typical output example, the N residue in the peptide 

“SWPAVGNYR” is marked as glycosylated, and it is stated that this peptide 

carries a specific glycan composition (e.g., Hex5HexNAc4Fuc1). This 

assignment is supported by two types of evidence: Y/oxonium ions confirming 

the glycan mass and b/y ions confirming the peptide sequence and 

glycosylation site. Thus, both “which protein/peptide” and “which N-glycan 

composition” are determined simultaneously (Figure 1). 
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Figure 1. Integrated glycomics and glycoproteomics workflows for N-glycosylation 

analysis. 
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ABSTRACT 

 

The primary aim of this study is to establish new double integral 

inequalities for functions whose higher-order partial derivatives are convex 

with respect to the coordinates. By employing a fractional integral identity 

introduced in a previously published work, we derive Ostrowski-type 

inequalities for double integrals associated with mappings whose higher-

order partial derivatives, in absolute value, exhibit coordinated convexity. 

Also, an Ostrowski type inequality of double integrals for mappings whose 

powers of higher-order partial derivatives in modulus are co-ordinated 

convex funtions are obtained by using a same fractional integral identity. 

Furthermore, the connections between the inequalities presented in this work 

and similar inequalities previously introduced in the literature are presented. 

. 

 
Keywords –Fractional integrals, Co-ordinated convex functions, Ostrowski type 

inequalities, Double integrals 
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INTRODUCTION 

 

The Ostrowski inequality, first introduced by Alexander Markovich 

Ostrowski in 1938 (Ostrowski, 1938), is regarded as one of the most 

fundamental integral inequalities in mathematical analysis. This classical 

inequality can be stated in the form of the following theorem. 

Theorem 1.  Let    be a differentiable mapping on    

whose derivative    is bounded on    i.e.,  

  Then, the inequality holds: 

 

for all   The constant    is the best possible. 

The Ostrowski inequality (1) is widely acknowledged as a 

fundamental result with extensive applications across various branches of 

mathematical analysis, particularly in numerical integration and the theory of 

special means. It serves as an essential tool for deriving error estimates 
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associated with a variety of quadrature formulas, including the midpoint, 

trapezoidal, Simpson, and related rules. In many classical treatments, the 

establishment of such error bounds for specific quadrature formulas is 

commonly based on the Peano kernel method. These traditional analyses 

typically assume that the functions under consideration admit bounded 

derivatives of order higher than one, an assumption that guarantees both the 

validity and precision of the resulting estimates. 

We now proceed by recalling the definitions of the fractional integral 

operators that are essential for the development of our main results. 

 

Definition 1. (Kilbas, 2006) Let   The Riemann-Liouville 

integrals    and    of order    with    are defined by  

 
and 

 
respectively. Here,    is the Gamma function and  

  

The definitions of the Riemann-Liouville fractional integrals for two-

variable functions are now provided as follows. 

 

Definition 2. (Sarıkaya, 2014) Let    The 

Riemann-Liouville fractional integrals          and    

are defined by  
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and 

 

 
Finally, the concept of co-ordinates convex, which will be used in this 

article, will be mentioned. Let us now consider a bidimensional interval     

  in    with    and   . A mapping       is 

said to be convex on    if the following inequality: 

 

holds, for all    and   . A function       is 

said to be on the co-ordinates on    if the partial mappings  ,  

  and   ,    are convex where 

defined for all    and    (Dragomir, 2001). 

A formal definition for co-ordinated convex function may be stated as 

follows: 

 

Definition 3. A function    will be called co-ordinated canvex 

on   , for all    and   , if the following inequality 

holds: 

 

 
 

Clearly, every convex function is co-ordinated convex. Furthermore, 

there exist co-ordinated convex function which is not convex, (Dragomir, 

2001). 

In his important works (Dragomir, 2017a; Dragomir, 2017b), 

Dragomir established a series of Ostrowski-type inequalities by utilizing 

novel integral identities derived from the sum of right- and left-sided 

Riemann-Liouville integrals. This methodology yielded significant error 

bounds for various classes of functions, including those of bounded 

variation, Hölder continuous functions, Lipschitzian functions, and 

absolutely continuous functions in Lebesgue norm spaces. Furthermore, 

several other significant contributions to this topic include studies in which 

Hermite-Hadamard and Ostrowski inequalities were established for 

fractional integrals of functions of two variables in (Sarikaya, 2014) and 

(Latif et. al, 2012), respectively.  Recently, Erden et al. (2020a) provided 

some Ostrowski type inequalities including Riemann-Liouville fractional 
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integrals for functions in class of functions       and    respectively. 

Moreover, Erden et al. (2020b) established new double fractional Ostrowski-

type inequalities for functions of bounded variation in two variables. 

Researchers who wish to pursue a more detailed investigation on these topics 

may also consult the sources listed in the references (Anastassiou et. al, 

2009; Sarıkaya and Filiz, 2014; Sarikaya, 2010; Yaldız, 2017). 

In many branches of analysis and applied mathematics, one frequently 

encounters problems that require the consideration of derivatives of arbitrary 

order, extending beyond the classical first- and second-order cases. This 

observation naturally motivates the investigation of Ostrowski-type 

inequalities for functions possessing higher-order derivatives. Accordingly, 

considerable attention has been directed toward the development of such 

inequalities involving higher-order derivatives, underscoring their 

importance in both theoretical analysis and a broad spectrum of practical 

applications. For foundational works that present results concerning single-

variable functions with higher-order derivatives and two-variable functions 

with higher-order partial derivatives, the reader may consult the references in 

(Anastassiou, 1995; Cerone et. al, 1999; Sofo, 2002; Wang and Zhao, 2009; 

Changjian, and Cheung, 2010; Hanna, 2002; Ujević, 2003). It is also 

important to highlight the inequalities involving Riemann--Liouville 

fractional integrals of functions of two variables. Ostrowski-type inequalities 

involving Riemann--Liouville fractional integrals for various classes of 

functions of two variables have been investigated extensively in the 

literature. For results obtained within this framework, the reader may consult 

the references in (Erden et. al, 2024; Erden and Uyanık, 2025; Latif and 

Hussain, 2012; Sarıkaya, 2023). 

For Ostrowski-type inequalities involving Riemann--Liouville 

fractional integrals obtained under the assumption that the partial derivatives 

are co-ordinated convex, the interested reader is referred to references 

(Erden and Altun, 2024; Erden and Özdemir, 2025a; Erden, 2025, Erden and 

Özdemir, 2025b). These works develop several generalized forms of the 

Ostrowski inequality by incorporating fractional integral operators and 

exploiting the convexity properties of the involved partial derivatives, 

thereby extending the classical results to a broader analytical framework. 

Motivated by the aforementioned studies, this paper establishes new 

Ostrowski-type inequalities involving Riemann-Liouville fractional integrals 

for functions whose higher-order partial derivatives are convex with respect 

to each coordinate. New Ostrowski-type results are also presented for 

functions whose powers of the absolute values of higher-order partial 

derivatives are convex with respect to the coordinates. It should also be 

emphasized that the inequalities presented herein represent generalizations 

of the inequalities established in references (Erden, 2025) and (Erden and 

Özdemir, 2025b), applicable to partial derivatives of arbitrary order 
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FRACTIONAL DOUBLE INTEGRAL INEQUALITIES  

 

In this section, we introduce the fundamental identities that form the 

basis for the derivation of the main results. As integrals involving higher-

order partial derivatives are generally difficult to evaluate and express in 

closed form, we adopt suitable notation to facilitate a clearer and more 

concise presentation of the identities that follow. 
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The following equality involving fractional integrals of functions of 

two variables are established by Erden and Uyanık (2025). 

 

Lemma 1. Suppose that    is an 

absolutely continuous function such that the partial derivatives    

exists and are continuous on    for       with  

 . Then, for any    one has 

 

           
 

where    is defined by 

 

          
and the expressions    

 and   are as defined in (2)-(6), 

respectively. 

Now, we observe some double integral inequalities involving 

Riemann-Liouville fractional expressions by considering the above identity 

and co-ordinated convex functions. 

 

Theorem 2. Suppose that    is an 

absolutely continuous function such that the partial derivatives    

exists and are continuous on    for       with  

 . If    is a convex function on the co-ordinates on    

then we have the Riemann-Liouville fractional inequality 
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for all   and    

 

Proof. Taking absolute value of both sides of the equality (7), because 

of the definition of    it follows that  
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Since    is a convex function on the co-ordinates on  

  we  have 

 

        

Therefore, from the inequality (10), it is clear that  

 

           

          
 

Then, it follows that 
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Similarly, since    is a convex function on the co-ordinates on  

  one has 

 

 

         

         

Since    is a convex function on the co-ordinates on  

  we have 

 

 

          

         

and since    is a convex function on the co-ordinates on  

  we have 

 

 

          

         
  

If the above four results are substituted in right hand side of (9) inequality, 

the desired inequality (8) can be obtained. 
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Remark 1. With    and the same assumption of Teorem 2, the 

sum symbols disappear and    is substituted insted of    and    in the 

remaining expressions, one possesses the inequalities 

 

           

           

           

 

 

 

 

which was provided by Erden (2025). 

Now, we observe some double integral inequalities involving 

Riemann-Liouville fractional expressions by considering the above identity 

and co-ordinated convex functions. 

 

Theorem 3. Suppose that    is an 

absolutely continuous function such that the partial derivatives    

exists and are continuous on    for       with  

 . If    is a convex function on the co-ordinates on  

 for    with    then we have the Riemann-Liouville 

fractional inequality 
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for all   and    

 

 Proof. Taking absolute value of both sides of the equality (7), 

because of the definition of    it follows that  
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Since    is a convex function on the co-ordinates on  

  we  have 

 

 

 

Using the above inequality, which was obtained for a function whosepowers 

of the absolute value of the partial derivatives in moduls is convex on the 

coordinates, together with the use of Hölder's inequality, it is clear that  

 

 

 

 

Then, it is found that 
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To complete the proof, we must calculate two integrals in the right side of 

the result (13). Applying the change of the variable    and  

  for the first integral, it is found that  

 

 

 

 
And similarly, we have  

 

 
Then, it is clear that 
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To complete the proof of the theorem, the results of the remaining three 

integrals on the right-hand side of inequality (12) must be obtained. We first 

present the basic integrals required for this computation. Applying the 

change of the variable    and    for the second 

integral, it is found that  

 

 

 
,and one has  

 

 

Then, since    is a convex function on the co-ordinates on  

  one has 
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Since    is a convex function on the co-ordinates on  

  we have 

 

                 

 

 

and since    is a convex function on the co-ordinates on  

  we have 
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If the above four results are substituted in right hand side of (12) inequality, 

the desired inequality (11) can be obtained. 

Remark With    and the same assumption of Teorem t1, 

the sum symbols disappear and    is substituted insted of    and    in the 

remaining expressions, one possesses the inequalities 

 

 

 

 

 

 
which was provided by Erden and Özdemir (2025b). 
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ABSTRACT 

 

Because they are a rich source of naturally occurring bioactive chemicals, 

medicinal plants have been essential to healthcare throughout history. 

Furthermore, these plants and their volatile oils have played a crucial role in 

traditional medicine and still have a lot of potential for use in the food, 

cosmetic, and pharmaceutical industries today.  Rosemary, or Rosmarinus 

offi cinalis, is a common household plant that is grown all over the world 

and is a member of the Lamiaceae family. It is a woody, perennial herb with 

white, pink, purple, or blue flowers and aromatic, evergreen, needle-like 

leaves. Bitter principle, resin, tannic acid, volatile oils, and flavonoids are 

among the chemical components. Borneol, bornyl acetate, camphene, cineol, 

pinene, and camphor make up the volatile oil. It is applied to issues 

pertaining to the central nervous system, cardiovascular system, genito-

urinary disorders, liver therapies, reproductive system, and respiratory 

system. The plant's volatile oil is used in lotions and oils to treat a variety of 

conditions, including gout, arthritis, neuralgia, muscle soreness, and wounds. 

It is also rubbed into hair to stimulate new activity in the hair bulbs and 

prevent premature baldness. A brief review will be given including 

taxonomy, distribution, chemical composition and biological activities of 

Rosmarinus officinalis. 

 
Keywords – Lamiaceae, chemical composition, biological activity, medicinal plant, 

volatile oil  

 

INTRODUCTION  

 

 

Rosemary, or Rosmarinus officinalis L., is a fragrant, medicinal shrub in the 

Lamiaceae family. Although the plant has a large cultural range today, it 

only grows in Mediterranean nations (Allegra et al., 2020:24; Andrade et al., 

2018:4). Salvia rosmarinus Schleid. and Rosmarinus angustifolius Mill. are 

reported synonyms for the plant R. officinalis (Borges et al., 2019:16; 

Heinrich et al., 2006:4). It is recognised in the literature as belonging to the 

Lamiales order, Asteridae subclass, and Magnoliopsida class based on 

scientific categorisation (Begum et al., 2013:13). Scientific research has 

demonstrated that there are numerous variations of R. officinalis, which are 

distinguished by morphological distinctions such as leaf size, calyx, and 

corolla variances (Zaouali et al., 2010:8)  
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Botany 

Taxonomical position [22]: 

Clade: Angiosperms 

Order: Lamiales 

Family: Lamiaceae or Labiatae 

Genus: Rosmarinus 

Number of species: Five 

Accepted name: Rosmarinus officinalis L. (Salvia rosmarinus Scheid.) 

Synonyms: 21 (R. angustifolius, R. latifolius, R. tenuifolius, etc.) 

Common name (some European countries): Romero (Spanish), 

alecrim (Portuguese), rosemary (English), rosmarin (French and German), 

rosmarino (Italian), and δενδρολίβανο (Greek). 

 

Commercial varieties: 

 22 different cultivars, the most common varieties being: “Arp”, 

“Hill1” (synonymous “Hill Hardy”), “Albus”, “Bendenen Blue”, “Goodwin 

Creek”, “Herb Cottage”, “Logee’s Light Blue”, “Jessup’s Upright”, 

“Russian River” and “Salem” (Begum et al., 2013:13). Morales indicates 

that there are more than 100 varieties in the world (Morales, 2010:4). 

 

 

Fig. 1: Geographic distribution of Rosmarinus officinalis according to the Global 

Biodiversity Information Facility (GBIF, 2025). 
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Fig.2. The pictures of Rosmarinus officinalis L. (a) The plants with side view; (b) 

flowers; (c) the plants with top view; (d) twig; (e)leaf with dorsal view above and 

ventral below (Qiu et al., 2024:12). 

 

Distribution and cultivation of R. officinalis  

 

Rosmarinus officinalis, also known as rosemary in Turkish, is a 

valuable essential oil and spice plant belonging to the Lamiaceae family. 

This plant is a perennial, semi-shrub or shrub-like plant. Rosemary (R. 

officinalis) is one of the characteristic plants of the Mediterranean (Hussain 

et al., 2010:8; Borrás-Linares et al., 2014:21). It grows naturally in countries 

bordering the Mediterranean, especially on the coasts and mountain slopes 

facing the coast.  

Rosemary eventually made its way to the West Indies and was seen as 

invasive in Cuba (Acevedo-Rodríguez and Strong, 2012:1192). It can 

flourish in a variety of soil types, including poor, dry, sandy, and rocky soil 

forms, and it can tolerate dry spells and warm weather (Mesoamericana, 

2014:6). The Mediterranean region is home to both wild and cultivated R. 

officinalis.  

 

The most important cultivated rosemary species is R. officinalis. In 

Türkiye, this species is distributed from the Mediterranean and Aegean 

coasts up to altitudes of 1000 m. However, economically, it is mostly 
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produced in Mersin and Adana provinces, collected wild from the coasts and 

mountain slopes facing the coast at altitudes of 100-250 m (Arıhan, 

2003:226; Gülbaba and Özkurt, 2004:8; Baydar, 2009; 347). 

Rosemary is an evergreen, perennial, shrub-like plant with a strong 

main root, a plant height of 50-100 cm, needle-shaped leaves, and pale blue 

flowers, and it is cross-pollinating (Malaylıoğlu, 2010:8). 

This plant, which can grow up to 2m in height, has aromatic, leathery 

leaves that contain volatile oils in their characteristic shield-shaped, full 

glandular hairs (Marin et al., 2006:4). Due to its rich metabolites, it has a 

wide range of uses in many sectors such as food, pharmacology, and 

cosmetics (Begum et al., 2013: 13; Kulak, 2019:24; Aziz et al., 2022:15; 

González-Minero et al., 2020:17). R. officinalis L. exhibits many biological 

activities, including anticancer, antimicrobial, insecticidal, antioxidant, and 

neuroprotective effects, due to the secondary metabolites it contains (Bai et 

al., 2010:4; Hussain et al., 2010:8). 

These plant species are now grown as decorative and fragrant plants in 

numerous agricultural areas throughout the world (Kadri et al., 2011:5; Alavi 

et al., 2021:15). In Europe, rosemary has adapted to a variety of growing 

environments and is primarily grown in areas with a warm climate. 

Additionally, it thrives on a variety of land types, including rock hills in 

Bermuda (Erkan et al., 2020:7), arid valleys in Bolivia (Jørgensen et al., 

2014:74), and lower mountain and/or wet forests in Colombia.  

 

 

Application in the Food Industry 

 

Plant-derived essential oils (EO) exhibit strong antimicrobial properties 

(Lahmar et al., 2018:8). It simultaneously activates the enzyme system 

linked to cellular respiration and enhances the permeability of the cell 

membrane (Witwit, 2018:8). Minas Frescal cheese's microencapsulated 

rosemary essential oil inhibits the growth of mesophilic bacteria. There are 

no preservatives and a high moisture level in the Minas Frescal cheese. 

According to Fernandes et al. (2017:9), rosemary essential oil prolongs the 

shelf life of Minas Frescal cheese by preventing microbiological 

development. The bacterial growth that causes mozzarella cheese to 

deteriorate can be inhibited by rosemary essential oil (Fig. 1)  
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Figure 3. Rosemary potential application in the food industry (Aziz et al., 2022:15). 

 

By neutralising free radicals and preventing the oxidation of 

unsaturated fatty acids, rosemary essential oil functions as an antibacterial 

agent in mozzarella cheese, protecting it from Listeria monocytogenes 

(WitWit, 2018:8). Foods can be stored for longer thanks to the essential oil 

of rosemary (Baj et al., 2018:9). In order to improve product quality, 

rosemary essential oil (EO) lowers lipid peroxidation in meals like meat and 

fish items kept in refrigeration (Wang et al., 2018:11). A variety of goods, 

including fresh sausages, burgers, and chicken breasts with a longer shelf 

life, were used to evaluate the rosemary essential oil.  

It stops the production of aldehyde, which is necessary for effectively 

keeping meat, by preventing the growth of bacteria (Al-Hijazeen and 

Rawashdeh, 2017:8). Because of the active oxygen packaging, the study on 

lamb cutlets found that the sprayable EO shields the entire meat muscle food 

from oxidation and inhibits microbiological growth (Pesavento et al., 

2015:9; Lahmar et al., 2018:8). 

R. officinalis is used in cooking and is a strong antioxidant (Andrade et al., 

2018:4). In order to preserve the freshness of packaged prawns and provide a 

longer shelf life of up to four days, low-density polyethylene-based active 
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packaging film is made using rosemary essential oil (Dong et al., 2018:8; 

Moczkowska et al., 2020;14).  

While fresh silver carp are coated with 0.5% EO to extend the shelf life of 

fish fillets by changing their chemical properties, the coating solution with 

EO contains 4.7% protein powder in a water and ethyl alcohol mixture in the 

ratio [3:1, v/v] (Abdeldaiem et al., 2018:11). 

Together with the low pH or other specific components of the apple juice, 

the rosemary extracts (V20, V40) inhibit the formation of Alicyclobacillus 

spores and decrease their vegetative cells (Piskernik et al., 2016:9). 

 

Components, extraction methods, and potential applications of 

Rosmarinus officinalis L. 

Addittionaly to Fig. 1 components, extraction methods, and potential 

applications of Rosmarinus officinalis L. are given in Fig. 2.  

 

Minerals, Volatile and non volatile components etc. obtained from 

different parts of this plants, their extraction methods are given. 

 

 

Fig. 4: Components, extraction methods, and potential applications of Rosmarinus 

officinalis L. (Quiu et al., 2024:12) 

 

Mineral components of Rosmarinus officinalis L. 

The roots of rosemary can absorb trace mineral elements from the soil, or the 

leaves can directly absorb these elements from the air. A few noteworthy 
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research and composition assessments on the mineral components of 

rosemary have been conducted due to its unique nutritional value; the 

reported total minerals of rosemary are summarised as indicated in Table 1. 

 

Table 2: Mineral components of R. officinalis L. 

 K Ca Mg Fe Na P Al Si 

Aerial parts 1 198.2 178.8 34.

2 

45.

0 

11.6 35.6 24.

6 

1.4 

Leaves 1 141.5 83.5 13.

7 

23.

8 

7.3 32.8 17.

2 

3.1 

Stems 1 272.3 301.1 62.

3 

42.

1 

9.2 56.5 15.

8 

5.0 

Conc. 

(mg/100g) 

2035.5 1246.4 45.

9 

45.

3 

92.3 477.

3 

/ / 

Proportion 

(%) 

73 % 15% 9% 2% 1% / / / 

Reference: changed based on Ouknin et al. (2021:8) Ali et al. (2021:15) 

Tahri et al. (2013:7) 1mg/kg 

 

As can be seen in Table 2, aerial parts, leaves and stems of R. 

officinalis are containing high amounts of K, Ca and Mg. We can see also 

remarkable amounts of Fe, Na, P, Al and Si in R. officinalis. 

 

Essential oils 

Nearly all plants, particularly medicinal plants, contain Essetial oils (EOs) 

primarily in their flowers, leaves, and other sections (Elyemni et al., 2019:6). 

The production of essential oil, which is widely utilised in the 

cosmetics industry and has garnered growing interest for its culinary 

applications, is one of the most significant usage aspects in the industrial 

potential of R. officinalis. Steam distillation is typically used to extract R. 

officinalis essential oil due to its cost-effectiveness and operational safety 

(Salamon et al., 2019:5). 

The most important essentail oils present in R. officinalis are given in 

Fig. 5. 

 

 



417 

α- and β-pinene:  

Pinene (C10H16) is a terpenoid hydrocarbon with two bicyclic bonds 

(Winnacker et al., 2018). Two isomers, α- and β-pinene, are present in 

nature, such as in essential oils (EOs) from pine (coniferous trees). They are 

among the most well-known members of a large class of monoterpenes. 

Due to their varied biological activity, these two phytochemicals have 

a wide range of applications and functions, including fungicidal agents, 

flavours, perfumes, and antiviral and antibacterial agents (da Silva et al., 

2012). Moreover, renal and hepatic medications contain α- and β-pinene 

Sybilska et al. (1994). Additionally, because of their harmful effects on 

membranes, α- and β-pinene are utilised as antibacterials (Alma et al., 2004). 

Furthermore, leukaemia and breast cancer have been demonstrated to be 

inhibited by α- and β-pinene (You et al., 2004). The use of pinenes extends 

beyond natural medicine; for example, it has been demonstrated that they are 

highly versatile in the synthesis of polymers (Winnacker et al., 2018:16; 

Kamagaito et al., 2017:45; Thomsett et al., 2019:7; Manfredi, 2007:214), 

and polymers made from pinenes are superior to other polymers (Satoh et 

al., 2014:8). 

 

 
Fig. 5: Structures of the main monoterpenes in rosemary essential oil (Quiu et al, 

2024:12) 
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1,8 Cineole (Eucalyptol): 

Eucalyptol, also known by its synonym cajeputol, is a natural 

compound with the formula C10H18O and is generally considered safe. 

Eucalyptol can easily cross the blood-brain barrier and directly act on 

enzymes and receptors in the brain (Seol and Kim, 2016:9; Moss and Oliver, 

2012:10). 

Studies in the literature have documented the pharmacological effects 

of 1,8-cineole, which is a common component of essential oils (Murata et 

al., 2013:5). The essential oils of several plants, including eucalyptus, 

rosemary, thyme, and sage, include 1,8 cineol (eucalyptol), which has a 

number of benefits, including anti-inflammatory, antioxidant, antibacterial, 

analgesic, and anticancer effects (Hoch et al., 2023:16). Cytotoxicity studies 

involving colon (Murata et al., 2013:5), lung (Rodenak-Kladniew et al., 

2020:13), ovarian (Abdalla et al., 2020:12), skin (Sampath et al., 2018:11), 

and liver (Rodenak-Kladniew et al., 2020:13) have demonstrated the 

anticancer properties of 1,8 cineole. 

 

Camphor 

Camphor is a bicyclic monoterpene ketone and is known as a naturally 

occurring monoterpenoid. It is one of the most important secondary 

metabolites. Its chemical formula is C10H16O.  

It is a key ingredient in many essential oils used in cosmetics and 

medicine. Its insect repellent and insecticidal properties have been widely 

confirmed. It has been used topically for various symptoms, such as redness, 

as an antiseptic, and as an antipruritic. It plays a key role in ointments used 

to relieve redness, reduce irritation, have mild analgesic properties, and 

alleviate neuralgia and similar conditions. It has also been reported to 

possess antiviral, antimicrobial, anticancer, antitussive (cough suppressant), 

antimutagenic, immunomodulatory, antiproliferative, hypoglycemic, 

antihyphal, and antibiofilm activity (Altınöz, 2023:25). 

 

Verbenone: 

Verbenone (trimethyl-bicyclo-heptenone) is a natural bicyclic ketone 

mono-terpene found in D. carota and other medicinal plants, including 

Rosmarinus officinalis. It can also be produced through the oxida tion of α-

pinene from turpentine oil (Hu et al., 2017). This colourless, minty liquid is 
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only soluble in non-polar solvents. It is employed as an anti-aggregation 

pheromone to control insects, a cough suppressant, and in aromatherapy for 

its pleasant scent. Other investigations have revealed its anticancer, anti-

inflammatory, hemolytic, bronchodialat ing, antiviral, and antioxidant 

properties (Ju et al., 2013; Mander et al., 2019). 

 

Borneol: 

Borneol, a highly lipid-soluble bicyclic terpene derived primarily from 

plants, is an example of monoterpenoids. Modern medicine has discovered 

that borneol has a variety of pharmacological properties and is used to treat a 

variety of disorders, mainly cardiovascular and cerebrovascular diseases. 

The critical function in boosting drug delivery and increasing bioavailability 

has received a lot of attention. In addition, borneol is frequently used in the 

food, everyday chemicals, fragrance, and flavour sectors (Hu et al., 

2024:24). 

 

          Camphene: 

Camphene (C10H16), also known as 2,2-dimethyl-3-

methylidenebicyclo[2.2.1] heptane, is a volatile chemical from the terpenoid 

family, specifically monoterpene hydrocarbons. It is found as a secondary 

metabolite in a variety of aromatic and medicinal plants, particularly in the 

Thymus, Origanum, and Salvia genera, and is regarded a primary component 

of their essential oils (Hachlafi et al., 2023). Numerous in vitro and in vivo 

studies have demonstrated camphene's biological capabilities, which include 

antibacterial, antifungal, anticancer, antioxidant, antiparasitic, antidiabetic, 

anti-inflammatory, and hypolipidemic activity. Furthermore, camphene has 

been shown to have anti-leishmanial, hepatoprotective, antiviral, and anti-

acetylcholinesterase actions (Chen et al., 2023:14). 

 

α-Terpineol: 

Many plant essential oils contain α-terpineol, a monocyclic 

monoterpenoid tertiary alcohol with a lilac-like scent. α-terpineol has 

numerous biological actions, including antioxidant, anti-inflammatory, 

antibacterial, anticancer, analgesic, gastroprotective, cardioprotective, 

neuroprotective, and antidiarrheal properties. α-terpineol's positive effects, 

unique aroma, and safety make it suitable for use in various industries, 
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including food, cosmetics, medicine, agriculture, and chemicals(Chen et al., 

2023:14). 

 

 Terpinen-4-ol: 

Terpinen-4-ol (T-4-ol), a bioactive monoterpene alcohol and the 

primary component of tea tree oil (TTO), has made its way into translational 

research. This compound possesses a wide range of pharmacological 

activities, including antibacterial, antivirulent, antioxidant, anti-

inflammatory, antihypertensive, and anti-cancer actions (Prerna et al., 

2024:12).  

 

α-Terpinene: 

Essential oils contain the monoterpene α-terpinene, which is used as a 

scent component. It is one of the components that contribute to tea tree oil's 

antioxidant properties. α-Terpinene, like other monoterpenes like limonene, 

undergoes autoxidation and forms allergenic chemicals when exposed to air 

(Rudbäck et al., 2012:8). 

 

Limonene: 

Limonene (C10H16) is an olefinic hydrocarbon that exists as a 

colourless liquid at ambient temperature. Its chemical formula is 1-methyl-4-

(1-methylethenyl) cyclohexane3. Limonene has a wide range of medicinal 

and non-therapeutic applications. Traditionally, it has been employed in the 

manufacturing of soaps and perfumes, as it has the characteristic odour of 

lemons, as well as the production of insecticides and insect repellents (Devi 

et al., 2025:27). 

 

Bornyl acetate: 

Bornyl acetate (BA), a bicyclic monoterpene, is an active volatile 

component found in a wide range of plants worldwide. BA is commonly 

employed as an essence and food flavouring agent, as well as in perfumes 

and food additives (Zhao et al., 2025:15). 

 

Linalool: 

 Linalool (C10H18O, 3,7-dimethyl-1,6-octadien-3-ol) is a monoterpene 

acyclic tertiary alcohol. As a fragrance chemical, it has a wide range of 
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applications, including perfumes, lotions, soaps, and shampoos, as well as 

non-cosmetic household items like detergents and cleansers (Mazka et al., 

2022:19). 

 

Myrcene: 

Myrcene (β-myrcene) is a common monoterpene found in many plant 

species, including hops and cannabis. It is a common flavouring and 

fragrance agent (food additive) used in the production of foods and 

beverages. β-myrcene is known for its anxiolytic, antioxidant, anti-aging, 

anti-inflammatory, and analgesic activities (Surendran et al., 2021:14). 

 

 

RESULTS AND DISCUSSION 

 

R. officinalis, an ancient plant in the European Pharmacopoeia, is used 

medicinally. Throughout history, it has been widely utilised to treat many 

diseases. Scientific evidence of the plant's medical advantages has been 

established through in vitro, in vivo, and human studies during the past 

decades. Phytotherapy, which uses plant materials such phytocompounds, 

extracts, essential oils, and tinctures, has been shown to be effective in 

alternative or complementary medicine. 

Rosemary essential oil has acquired popularity due to its numerous 

pharmacological characteristics and applications in medicine, cosmetics, and 

gastronomy. Despite its expanding importance, there is still a lack of 

information about how extraction processes influence the chemical makeup 

and medicinal efficacy of essential oils.  

 

CONCLUSION 

 

Advances in molecular biology, genetics, and high-accuracy analytical 

techniques have made it possible to isolate plant compounds that are present 

in microscopic levels. These developments have made it possible to study 

their chemical composition and therapeutic potential, which enables the 

molecule to be modified to produce new, more focused medicinal medicines. 

Due to in vitro and in vivo study on a range of biological qualities, including 

as analgesic, anti-inflammatory, and antioxidant qualities previously 

documented in ethnobotanicals studies, rosemary has gained increased 

interest since the 1990s for its potential therapeutic benefits. 

R. officinalis has a bright future in medicine, particularly in the treatment 

and prevention of viral diseases, a variety of malignancies, and newly 

developing conditions like depression, Parkinson's disease, and Alzheimer's 

disease. The safety and effectiveness of many herbal treatments are still 
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questionable, with insufficient or inconsistent methodology, thus these 

research into herbal remedies should be given more weight. In light of this, 

more trustworthy studies are required in the future to assess the safety and 

effectiveness of R. officinalis active phytocompounds in treating various 

pathological disorders. 
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ABSTRACT 

 

Hirudinean organisms are characterized by a particular emphasis on 

ectoparasitic taxa that feed on vertebrate blood. Ectoparasitic medicinal 

leech species belonging to the class Hirudinea have been used for therapeutic 

purposes throughout human history. The aim of this study was to describe 

the anatomical and morphological characteristics of Hirudo verbana 

specimens collected from Lake Karamık. The specimens were collected 

from Lake Karamık. In total, 16 Hirudo verbana specimens were examined. 

The leech specimens exhibited reddish-orange, rosary-like or narrow black 

mottled stripes on the dorsal surface. The paramedian lines of H. verbana 

were broad and orange. The ventral surface displayed yellowish-green 

pigmentation with black or dark brown stripes. Between these two dark 

bands, a light-colored region without spots was observed. Hirudo verbana 

specimens possessed oval suckers at both the anterior and posterior ends. 

The caudal sucker was larger than the anterior sucker but did not exceed the 

maximum body width. Five pairs of eyes appeared as black dots on the 

anterior-dorsal terminal region. Three keratinized jaws were located 

approximately 2–3 mm from the anterior sucker, and the jaws bore evenly 

distributed fine teeth along their edges. This study characterized the 

anatomical and morphological features of Hirudo verbana obtained from 

Lake Karamık and contributes to the understanding of the geographical 

distribution and evolutionary homogeneity of this species. 

 

Anahtar Kelimeler – Anatomy, Hirudo verbana, Lake Karamık, Morphology 

 

INTRODUCTION 

 

Hirudinean organisms are characterized by a particular emphasis on 

ectoparasitic taxa that feed on vertebrate blood. Ectoparasitic medicinal 

leech species belonging to the class Hirudinea have been used for therapeutic 

purposes throughout human history (Živić et al. 2015). Among these species, 

Hirudo medicinalis and Hirudo verbana were historically grouped under the 

name Hirudo medicinalis due to insufficient knowledge of their biology and 

reproductive systems (Kutschera and Elliott 2014). Consequently, detailed 

taxonomic studies were conducted in subsequent years, which demonstrated 

that the majority of medicinal leeches in Türkiye belong to Hirudo verbana 

(Apakupakul et al. 1999; Sağlam 2011; Sağlam et al. 2016, 2018; Sağlam 

2019). 

In this study, the anatomical and morphological features of Hirudo 

verbana specimens collected from Lake Karamık are described for the first 
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time. The findings of this study will contribute to a better understanding of 

the species Hirudo verbana. 

 

MATERIALS and METHODS 

 

Study Area   

Lake Karamık is located in the Aegean Region of Türkiye (Figure 

1). The study area is situated in the southern part of a tectonic depression 

extending in a north–south direction, east of the Sultandağları Mountains and 

west of Kükürt Mountain. Lake Karamık lies at an elevation of 1002 m 

above sea level and has a surface area of approximately 56 km². The 

drainage basin covers an area of 342 km² (Figure 2). Lake Karamık is a 

shallow and eutrophic lake, with a water depth ranging between 2 and 3 m 

(Hasbek and Arı 2018).    

 

Collecting of Hirudo verbana Samples 

In this study, Hirudo verbana specimens were collected from Lake 

Karamık. To attract the leeches, disturbances were created in the water, 

prompting them to move toward the area of activity. The specimens were 

then captured using a plastic scoop and transferred into plastic bottles 

containing lake water (Figure 3). The collected specimens were transported 

to the research laboratory, where they were fixed at 37 °C in 70% ethanol 

and subsequently stored in 95% ethanol for anatomical and morphological 

investigations (Figure 4-6). 

The specimens were identified based on their anatomical and 

morphological characteristics using an Olympus SZ30 stereomicroscope, an 

Olympus CH20 light microscope, and a ZEISS Axio Imager microscope, 

following the identification criteria described by Neubert and Nesemann 

(1999). 
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Figure 1. Location of Lake Karamık (Anonymous 2023). 

 

 
 

Figure 2. Koçbeyli district from Lake Karamık (original). 



 433 

 
 

Figure 3. Collecting activity of Hirudo verbana samples from Lake Karamık 

(original). 

 

 
 

Figure 4. Relaxing and fixation of the samples in warmish ethanol medium 

(original). 
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Figure 5. Hirudo verbana samples flattened from dorso-ventral side (original). 

 

 
 

Figure 6. Samples of Hirudo verbana preserved in ethanol medium (original). 
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RESULTS 

 

Anatomic and Morphologic Features of Hirudo verbana Samples 

In this study, a total of 16 Hirudo verbana specimens were 

examined. The largest specimen measured 10.3 cm in length and weighed 

6.80 g, whereas the smallest specimen measured 3.8 cm in length and 

weighed 0.26 g (Table 1).  

Anatomical and morphological characteristics of the specimens were 

determined as follows. 

The body of H. verbana is slightly dorsoventrally flattened and consists of 

segments, or metamers. The leech specimens exhibited reddish-orange, 

rosary-like or narrow black mottled stripes on the dorsal surface. The 

paramedian lines of H. verbana were broad and orange. The ventral surface 

showed yellowish-green pigmentation with black or dark brown stripes. 

Between these two dark bands, a light-colored region without spots was 

observed (Figures 7, 8). 

Hirudo verbana specimens possess oval suckers at both the anterior 

and posterior ends. The caudal sucker is larger than the anterior sucker but 

does not exceed the maximum body width (Figures 9, 10).  

Five pairs of eyes appear as black dots on the anterior-dorsal 

terminal region. Each pair of eyes is located within the same annulus, and 

the eyes are arranged in an arc-shaped symmetrical pattern (Figure 11). 

The mouth is situated at the center of the anterior sucker, and the 

muscular pharynx is well developed. Three keratinized jaws are located 

approximately 2–3 mm from the anterior sucker, and the jaws bear 

uniformly fine teeth along their edges (Figures 12, 13). 

The stomach, or mid-intestine, constitutes the largest part of the 

digestive system and is a wide, thin-walled tubular structure. Eleven pairs of 

gastric caeca are present along the stomach. The hindgut is short, and the 

anus is located dorsally, just anterior to the posterior sucker (Figure 14). 

Genital pores are located in the clitellar region on the XI and XII 

metamers. The male genital opening is situated in the groove between the 

fourth and fifth annuli of segment XI, whereas the female genital pore is 

located between the fourth and fifth annuli of segment XII (Figure 15).  

Epididymis is small, and the ejaculatory (discharge) bulb is 

elongated. The penis sheath is long and well developed, and the vagina is 

tubular in form. The specimens possess ten pairs of oval-shaped testicular 

sacs (Figure 16). 
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Table 1. Body measurement values of Hirudo verbana samples. 

 

Collected 

Date 
Location Samples No 

Length 

(cm) 

Width 

(cm) 

Weight 

(gr) 

1
3
. 

0
9
. 

2
0
2
1
 

K
ar

am
ık

 L
ak

e,
 K

o
çb

ey
li

 l
o
ca

ti
o

n
 

Hv-1 10.3 1.90 6.80 

Hv-2 9.0 1.55 4.20 

Hv-3 8.4 1.80 2.82 

Hv-4 8.4 1.50 3.00 

Hv-5 8.3 1.65 2.90 

Hv-6 7.5 1.60 2.17 

Hv-7 7.4 1.20 1.86 

Hv-8 6.9 1.20 1.86 

Hv-9 6.4 1.55 1.58 

Hv-10 6.3 0.90 1.30 

Hv-11 6.1 0.95 1.10 

Hv-12 5.4 0.85 0.56 

Hv-13 4.9 0.70 0.78 

Hv-14 4.0 0.60 0.42 

Hv-15 4.0 0.55 0.38 

Hv-16 3.8 0.45 0.26 

 
Figure 7. General view of Hirudo verbana specimens from dorsal and ventral 

(original). 



 437 

 
Figure 8. Dorsal view of Hirudo verbana (original). 

 

 
 

Figure 9. Ventral view of mouth sucker of Hirudo verbana (original). 
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Figure 10. Ventral view of posterior sucker of Hirudo verbana (original). 

 
Figure 11. Eye spots from the anterior dorsal side of Hirudo verbana (original). 
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Figure 12. Position of jaws of Hirudo verbana (original). 

 
Figure 13. Ridges of teeth on jaws of Hirudo verbana (original). 
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Figure 14. Anus opening on posterior region of Hirudo verbana (original). 

 
Figure 15. Position of genital organs of Hirudo verbana (original). 
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Figure 16. Position of genital organs in body cavity of Hirudo verbana (original). 

 

DISCUSSION and CONCLUSION 

 

Today, medicinal leeches are used effectively in the treatment of 

many diseases in numerous countries. They are the primary hematophagous 

organisms employed in the management of post-operative sites in humans 

and various animals, including cats, dogs, horses, and birds, as well as in the 

treatment of inflammatory conditions, edema, and painful areas. Among the 

bioactive substances present in medicinal leech saliva, hirudin is the most 

potent anticoagulant and exhibits an effect similar to that of heparin. Hirudin 

has also been reported to have beneficial effects in mitigating diabetic 

complications and in the treatment of blood-related disorders such as 

intravascular coagulation syndrome and polycythemia (Abdisa 2018). 

When medicinal leeches are used directly in postoperative 

procedures, bacteria present in their digestive systems may cause secondary 

bacterial or viral infections. The bacterial and viral flora of medicinal 

leeches varies among species as a result of their symbiotic ecology. 

Therefore, accurate and reliable identification of the taxonomic status of 

medicinal leech species is one of the essential prerequisites for safe 

(Baskova et al. 2008). 

Within the taxon Hirudinea, three species of medicinal leeches 

(Hirudo medicinalis, Hirudo verbana, and Hirudo troctina) are widely 
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distributed across Eurasia (Utevsky et al. 2010). Until recent years, H. 

medicinalis and H. verbana were collectively referred to as Hirudo 

medicinalis due to insufficient knowledge of their biology, a distinction that 

was only definitively resolved through molecular analyses (Siddall et al. 

2007). 

In recent years, the distribution range of Hirudo medicinalis has 

been defined more accurately through extensive taxonomic and molecular 

studies (Utevsky et al. 2008; Westendorff et al. 2008; Utevsky et al. 2010; 

Elliott et al. 2011; Živić et al. 2015). Moreover, it has been demonstrated 

that the majority of medicinal leech populations in Türkiye belong to Hirudo 

verbana rather than H. medicinalis (Apakupakul et al. 1999; Siddall and 

Burreson 1998; Sağlam 2011; Sağlam et al. 2018; Ceylan et al. 2019; 

Sağlam 2019; Ceylan and Çetinkaya 2021). 

Anatomical and morphological features observed in this study are 

typical of medicinal leeches and clearly distinguish this species from other 

European leeches of the genus Hirudo (Trontelj and Utevsky 2005; Siddall 

et al. 2007; Utevsky et al. 2008, 2010; Elliott and Kutschera 2011; Trontelj 

and Utevsky 2012; Kutschera and Elliott 2014). The similar coloration and 

consistent dorsal and ventral patterning observed among the examined 

specimens indicate that all medicinal leeches studied belong to a single 

species, Hirudo verbana. These findings support existing knowledge that 

Hirudo verbana is widely distributed throughout Anatolia.    

Ceylan et al. (2015) reported that the smallest individual among 

Hirudo verbana specimens collected from Lake Eğirdir weighed 1.85 g. 

Wilkin and Scofield (1991) recorded that the minimum weight of mature 

medicinal leeches decreased from 3.07 g to 1.30 g. The weight values of the 

smallest mature Hirudo verbana specimens examined in the present study 

are consistent with those reported by previous researchers. The H. verbana 

population in Lake Karamık also exhibits similar bio-ecological 

characteristics. Understanding these bio-ecological characteristics is 

essential for assessing the population dynamics of medicinal leeches 

collected from their natural habitats for medical use and for ensuring the 

sustainable conservation of their populations (Karataş and Dernekbaşı 2018). 

 

CONCLUSION 

In conclusion, this study provides a detailed description of the 

anatomical and morphological characteristics of Hirudo verbana specimens 

collected from Lake Karamık and reliably confirms their taxonomic identity 

based on diagnostic morphological traits. The findings contribute to a more 

precise understanding of the geographical distribution of H. verbana in 

Anatolia and support previous reports indicating that this species represents 

the dominant medicinal leech taxon in Türkiye. Accurate species 

identification is of particular importance for the safe and effective clinical 

use of medicinal leeches, as species-specific biological and symbiotic 
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characteristics may influence therapeutic outcomes and infection risks. 

Moreover, the bio-ecological information obtained in this study may serve as 

a baseline for future population monitoring and conservation strategies, 

supporting the sustainable use and protection of natural H. verbana 

populations. Further studies integrating molecular analyses and ecological 

assessments are recommended to better understand population structure, 

genetic diversity, and long-term conservation status of this medically 

important species.   

 

ACKNOWLEDGEMENTS 

 

This study was produced from a master's thesis. It was supported by 

Afyon Kocatepe University Scientific Research Projects Unit within the 

scope of project number 21.Fen.Bil.01. 

 

REFERENCES 
Anonymous (2023). www.google.com.tr/maps/ 

Abdisa T. (2018). Therapeutic Importance of Leech and Impact of Leech in 

Domestic Animals, MOJ Drug Des Develop Ther, 2 (6), 235‒242. 

 Doi: 10.15406/mojddt.2018.02.00068 

Apakupakul K & Siddall M E, Burreson E M. (1999).  Higher level relationships of 

leeches (Annelida:   

Clitellata: Euhirudinea) based on morphology and gene sequences, Mol. 

Phylog. Evol, 12, 350-359. 

Baskova I P, Kostrjukova E S, Vlasova M A, Kharitonova O V, Levitskiy S A, 

Zavalova L L, Moshkovskii S A, & Lazarev V N. (2008). Proteins and 

peptides of the salivary gland secretion of medicinal leeches Hirudo 

verbana, H.medicinalis, and H.orientalis, Biochemistry-Moscow, 73, 315-

320. 

Ceylan M & Çetinkaya O. (2021). Size and structure of the Mediterranean 

Medicinal Leech, Hirudo verbana Populations Inhabiting Wetlands Around 

Lake Eğirdir, Turkey, Ege Journal of Fisheries and Aquatic Sciences, 38, 

437-447. Doi.org/10.12714/egejfas.38.4.05 

Ceylan M, Çetinkaya O, Küçükkara R & Akçimen U. (2015). Reproduction 

Efficiency of the Medicinal Leech Hirudo verbana Carena, 1820. Turkish 

journal of fisheries and aquatic sciences, 15, 411-418. 

Doi.org/10.4194/1303-2712-v15_2_27 

Ceylan M, Küçükkara R & Akçimen U. (2019). Effects of Broodstock Density on 

Reproduction Efficiency and Survival of Southern Medicinal Leech, 

Hirudo verbana Carena, 1820, Aquaculture, 498, 279-284.  

Elliott J M & Kutschera U. (2011). Medicinal Leeches: Historical Use, Ecology, 

Genetics, and Conservation, Freshwater Reviews, 4 (1), 21-41. 

Hasbek M & Ari Y. (2018). Bizim Gölümüzü Bize Vermeyecekler: Karamik 

Gölü’nün Kültürel ve Politik Ekolojisi, Doğu Coğrafya Dergisi, 23 (40), 

37-60.  

Karataş E & Dernekbaşı S. (2018). A Research on the Culture of Medicinal Leech 

(Hirudo verbana Carena, 1820) in Aquarium Conditions, Gaziosmanpasa 

http://www.google.com.tr/maps/search/karamık+lake/@38.5048449,30.2315761,9z
https://doi.org/10.12714/egejfas.38.4.05
https://doi.org/10.4194/1303-2712-v15_2_27


 444 

Journal of Scientific Research, 7 (2), 27-37.  

Kutschera U & Elliott J M. (2014). The European Medicinal Leech Hirudo 

medicinalis L.: Morphology and Occurrence of an Endangered Species, 

Zoosyst. Evol, 91 (2), 271–280.  Doi 10.3897/zse.90.8715 

Neubert E & Nesemann H. (1999). Annelida, Clitellata: Branchiobdella, 

Acanthobdellea, Hirudinea Sübwasser Fauna von Mitteleuropa 6/2, 

Spektrum Akademischer Verlag, Heidelberg, 178p.  

Saglam N. (2011). Protection and Sustainability, Exportation of Some Species of 

Medicinal Leeches (Hirudo medicinalis L., 1758 And Hirudo verbana 

Carena, 1820), Journal of Fisheries Sciences, 5 (1), 1-15.  

Saglam N, Saunders R, Lang S A & Shain D H. (2016). A New Species of Hirudo 

(Annelida: Hirudinidae): Historical Biogeography of Eurasian Medicinal 

Leeches, BMC Zoology, 1(5), 2-12.  

Sağlam N. (2019). Internal and External Morphological Characteristics of the 

Medicinal Leech Species Hirudo sulukii and Hirudo verbana, Turkiye 

Parazitol Derg, 43 (4), 204-209. 

Sağlam N, Özbay Ö, Demir T, Balcı M, Pala A & Kılıç A. (2018). Effect of Water 

Quality on Monthly Density Variation of the Endangered Southern 

Medicinal Leech Hirudo verbana Carena, 1820 (Hirudinea: 

Arhynchobdellida: Hirudinidae), Acta Zool Bulg, 70 (3), 433-441. 

Siddall M E. & Burreson E M. (1998). Phylogeny of leeches (Hirudinea) based on 

mitochondrial cytochrome c oxidase subunit I, Mol Phylog Evol, 9, 156-

162. 

Siddall M E, Trontelj P, Utevsky S Y, Nkamany M & Macdonald K S. (2007). 

Diverse Molecular Data Demonstrate that Commercially Available 

Medicinal Leeches are not Hirudo medicinalis, Proceedings of the Royal 

Society B, 274, 1481–1487. Doi: 10.1098/ rspb.2007.0248 

Trontelj P & Utevsky S Y. (2005). Celebrity With a Neglected Taxonomy: 

Molecular Systematics of the Medicinal Leech (Genus Hirudo), Mol 

Phylogenet Evol, 34, 616–624. Doi:10.1016/j.ympev.2004.10.012. 

Trontelj P & Utevsky S Y. (2012). Phylogeny and Phylogeography of Medicinal 

Leeches (Genus Hirudo): Fast Dispersal and Shallow Genetic Structure, 

Molecular Phylogenetics and Evolution, 63, 475–485. 

Doi:10.1016/j.ympev.2012.01.022 

Utevsky S Y, Zinenko A I, Atemasov A A, Huseynov M A, Utevska O M & 

Utevsky A Y. (2008). New Information on the Distribution of the 

Medicinal Leech (Genus Hirudo) in the Iberian Peninsula, the Caucasus 

and Central Asia, Lauterbornia, 65,119–130. 

Utevsky S, Zagmajster M, Atemasov A, Zinenko O, Utevska O, Utevsky A & 

Trontelj P. (2010). Distribution and status of medicinal leeches (genus 

Hirudo) in the western palaearctic: anthropogenic, ecological, or historical 

effects? Aquatic Conservation, 20, 198–210. Doi:10.1002/aqc.1071. 

Westendorff M, Kalettka T & Jueg U. (2008). Occurrence of Leeches (Hirudinea) in 

Different Types of Water Bodies in Northeast Germany (Brandenburg), 

Lauterbornia, 65, 153–162. 

Wilkin P J & Scofield, A M. (1991). Growth of the Medicinal Leech, Hirudo 

medicinalis, under Natural and Laboratory Conditions, Freshwater Biology, 

25, 547-553. 

Živić I, Radosavljević T, Stojanović K & Petrović A. (2015). The First Molecular 



 445 

Characterization of the Genus Hirudo on the Territory of Serbia: 

Estimation of Endangerment, Aquat Ecol, 49 (1), 81–90. 

  



 446 

 


