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ABSTRACT

In this study, three molecules, namely Piroxicam (PR), Escitalopram (ES)
and Verapamil HCI (V), were selected from three different groups as anti-
inflammatory, antidepressant and calcium channel blocker, respectively, and
were theoretically examined according to their pharmaceutical effects, that
is, treatment groups and sites of action. Selected molecules are used for
therapeutic purposes, but their fate in nature is not taken seriously when they
are eliminated from the body or become waste when they are not used. The
aim of this study is to theoretically elucidate the fate of both the main
molecule and its hydroxylated fragments in nature as they enter the natural
cycle as a result of mixing with wastewater.

Geometric optimizations of the fragments were made on the DFT/B3LYP/6-
31G(d) basic set of Quantum Mechanical Density Functional Theory (DFT)
to theoretically determine all possible reaction pathways of the selected
molecules with the OH radical. Since the reactions of molecules with the OH
radical are important for both water purification and atmospheric chemistry,
calculations were carried out both in the gas phase and in the water phase by
modeling with CPCM in the COSMO (conductor-like screening solvation
model) solvent model.

The Mulliken charges of the molecules, the electronegative atoms in the
molecule and the arrangement of the atoms around them, stable double
bonds, weak bonds at the end of the molecule, calculated energies, bond
lengths and bond angles between atoms were examined; and these data
helped us to select all the fragments that would determine the degradation
mechanism. As a result of examining the molecules in terms of their
reaction with OH radicals in air or water, the fragmentation reaction of each
molecule was written, starting from the low-energy fragments, and their fate
in nature was determined.

Keywords — DFT, Anti-Inflammatory, Antidepressant, And Calcium Channel
Blocker

INTRODUCTION

A pharmaceutical product, also known as a drug, is a finished dosage
form containing active ingredients, usually formulated with one or more
excipients, used in humans for disease prevention, diagnosis, treatment, or
the correction or modification of a function. Every drug consists of two main
parts: the active ingredient(s) and the base. The active ingredient is the
component of the drug that provides diagnostic and therapeutic purposes.
The drug may contain one or more active ingredients. Pharmaceutical raw
materials are either natural or synthetic. Drugs derived from plant, animal,
organic, or inorganic mineral sources, microorganisms, and DNA



recombination are natural; those synthesized in laboratories using chemical
methods are synthetic. The base is the carrier material. Bases in
pharmaceutical formulations are a single substance or a mixture of several
substances. Of course, there are also excipients added to pharmaceutical
formulations as flavour, odour, and palatability enhancers, which help the
medication be easily measured and administered, and which help it work
quickly and as intended (Baron et al, 2023; Alenghat and Golan, 2017; Bade
et al, 2010).

Pharmaceutical products, colloquially known as drugs, are used for
therapeutic purposes, but their fate in nature, whether excreted from the body
or unused and becoming waste, is often neglected. This study aimed to shed
light on this uncertainty and was conducted under theoretical conditions,
without harming nature or the environment. The molecules were selected
from three different groups based on their pharmaceutical effects, that is,
their therapeutic groups and sites of action: anti-inflammatory,
antidepressant, and calcium channel blocker, to provide examples for each
group. In this study, three of the five molecules we investigated in our
scientific research project titled "Investigation of Theoretical Degradation
Mechanisms of Selected Pharmaceutical Product Active Ingredients",
respectively, Piroxicam (PR), Escitalopram (ES) and Verapamil HCI (V),
were selected from, three different groups as anti-inflammatory,
antidepressant and calcium channel blocker, according to their
pharmaceutical effects, in other words, treatment groups and sites of action
(Ommaty, 2006).

Piroxicam (PR) active ingredient, trade name Cycladol or Felden, is a
nonsteroidal anti-inflammatory drug used to relieve symptoms of primary
dysmenorrhea, postoperative pain, rheumatoid arthritis, and osteoarthritis.
Rheumatoid arthritis (RA) has traditionally been defined as a chronic,
inflammatory autoimmune disorder that causes the immune system to attack
the joints. It is a disabling and painful inflammatory condition that can lead
to significant loss of mobility due to pain and joint wear. The disease is often
systemic, affecting many extra-articular tissues in the body, such as the skin,
blood vessels, heart, lungs, and muscles. PR can cause mild elevations in
serum aminotransferases and, in rare cases, lead to clinically apparent acute
liver injury, which can be serious and even fatal. Overdose symptoms are
drowsiness, nausea, stomach pain or vomiting (Camlibel et al.,2019). PR
with [TUPAC name, (8E)-8-[hydroxy-(pyridin-2-ylamino) methylidene]-9-
methyl-10,10-dioxo-10A6-thia-9-azabicyclo [4.4.0] deca-1,3,5-trien-7-one,
chemical formula C5H13N304S, molecular weight 331.348 g/mol has a half-
life of 30-86 hours (O'Neil, 2013).

Escitalopram (ES), commonly known as Cipralex and Citoles, is an
antidepressant in the selective serotonin reuptake inhibitor (SSRI) class. It is
approved for the treatment of depression and anxiety in adults over the age
of 12. The medication is also used in the treatment of panic disorder, social



anxiety disorder, and obsessive-compulsive disorder. It is effective in
reducing the symptoms of premenstrual syndrome. Like other SSRIs,
escitalopram has a negative effect on sexual function. There is evidence that
SSRIs may cause an increase in suicidal ideation, but this increase is not
statistically significant. Headache, nausea, somnolence, insomnia, and
ejaculatory dysfunction are common side effects. Taking escitalopram in
larger amounts than needed causes relatively minor adverse effects such as
tachycardia (Clayton et al., 2006). The IUPAC name of ES is (1S)-1- [3-
(dimethyl amino) propyl]-1-(4-fluorophenyl)-3H-2-benzofuran-5-
carbonitrile and the molecular formula is CyH2FN>O. The melting
temperature of ES is 147-1520C, the half-life is 27-32 hours, and the
molecular weight is 324.399 g/mol (O'Neil, 2013).

Isoptin, marketed as Verapamil HCI (V), is a calcium channel
blocking agent widely used in the treatment of supraventricular
tachyarrhythmias, angina (chest pain caused by insufficient blood flow to the
heart), supraventricular tachycardia, pectoris, hypertrophic cardiomyopathy,
and hypertension. It can also be used to prevent migraines and headaches. It
is administered orally or by injection into a vein. Common side effects
include headache, low blood pressure, nausea, and constipation. Other side
effects include allergic reactions and muscle aches. It is not recommended in
people with a slow heart rate or heart failure. It is believed to cause problems
for the embryo if used during pregnancy (Bhatia et al., 2013). Its [UPAC
name is  2-(3,4-dimethoxyphenyl)-5-[2-(3,4-dimethoxyphenyl)  ethyl-
methylamino]-2-propan-2-ylpentanenitrile, molecular formula is
C27H38N204, molecular formula is 454.6 g/mol, it is a viscous, pale yellow
oil structure and its water solubility is 83 mg/mL (O'Neil M.J.,2013; Haynes,
2014-2015).

The molecules to be studied are organic compounds. Recent studies
indicate that organic pollutants are present in very low concentrations in
water. Therefore, purifying drinking water of organic pollutants is crucial.
Sunlight on Earth helps naturally purify water systems like lakes, rivers, and
other water systems. Large organic molecules are broken down into smaller
molecules by sunlight (Matthews et al. 1993; Verschueren 1996; Eren and
Yalgm Giirkan, 2017).

Organic compounds undergo photolysis, reacting with OH radicals,
and this reaction is the most predominant degradation reaction in the
atmosphere. Biomolecules, which are hydroxyl scavengers at various rates,
are specific detectors for hydroxyl radicals due to their hydroxylation
capabilities. Any hydroxyl radical attack on an aromatic compound result in
the formation of a hydroxylated product, and these newly formed products
can be much more harmful than the original products at the beginning of the
process, so monitoring these products is crucial. The OH radical acts as an
electrophile in its reaction with any organic molecule and therefore readily
binds to unsaturated bonds, whereas the O radical is a nucleophile and



therefore cannot interact with these bonds. If an aliphatic side chain is
attached to an aromatic molecule, the OH radical prefers the aromatic ring
for binding (Anbar et al., 1967; Buxton et al., 1988; Halliwell et al., 1998;
Aschmann et al., 2005, 2010; Ashmann and Atkinson, 2006; Atkinson et al.,
1998; Atkinson and Arey, 2003; Eren and Yalcin Giirkan, 2017).

The primary objective of this study is to monitor new products that
may be more hazardous than the product initially released into the
environment and to elucidate the degradation reaction. During the
degradation reactions of organic pollutants, products that are more harmful
than the main pollutants can be formed. Therefore, there is a great need to
know the intermediate products in air and water treatment. The reactions that
cause organic pollutants to disappear in the atmosphere are reactions with
OH, NO3 radicals, O3, and CI atoms. Among these radicals, the most active
are reactions with OH radicals. Knowing the half-life of these substances in
the troposphere is the most important factor providing information about
whether they will be transported to the stratosphere (Eren and Yalcin
Giirkan, 2021, 2022, 2023a, b).

MATERIALS AND METHODS

Theoretically, to determine all possible reaction pathways for the
investigated molecules, geometric optimizations were performed using the
DFT/B3LYP/6-31G(d) basis set of Quantum Mechanical Density Functional
Theory (DFT), a method of electronic structure. For all fragments, energy
values were calculated using the Gauss View 5.0.8 molecular representation
program and the Gaussian 09 program for orbital calculations, and geometric
optimizations were performed (Gaussian 09, 2009). The fragmentation
reaction energy is affected by water molecules in the aqueous environment.
In addition, geometry stretching in solutions is induced by H,O. In other
words, the presence of a dielectric medium such as H>O causes relaxation of
the solute-related geometry and has a stabilizing effect, reducing the energy
for this mechanism (Eren and Yalcin Giirkan, 2017). Therefore, in this study,
the CPCM in the COSMO (conductor-like screening solvation model)
solvent model in the Gaussian 09 package was used to explain the solvent
effect of H20 on the energetics of the molecule + OH reaction (Gaussian 09,
2009).

The Gaussian 09 programs are the latest in the Gaussian series. They
provide state-of-the-art capabilities for electronic structure modelling.
Gaussian 09 is licensed for a wide range of computer systems. Gaussian 09
is a comprehensive program that includes molecular mechanics, semi-
empirical, and ab initio methods. It offers a wide range of theory and basis
set options for all three methods. The Gaussian 09 program allows the



calculation of atom and molecule energies, geometric optimizations, and
calculation of vibrational frequencies, force constants, and dipole moments.
Gauss View 5.0.8 is a graphical interface designed for creating input files
and visualizing outputs for Gaussian package programs. Gauss View
visualizes molecules, allowing us to rotate, move, and manipulate them as
desired. It also easily prepares input files for even complex calculations. It
allows us to graphically examine the results calculated by the Gaussian
program. These results can include optimized molecular structures,
molecular orbitals, electrostatic potential surfaces, atomic charges, IR,
Raman, and NMR spectra, and normal mode animations based on vibrational
frequencies (Gaussian 09, 2009).
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RESULTS AND DISCUSSION

@ 9 PR

Figure 1: Geometric structure of PR, E, and V molecules optimized by the DFT

method (C atom is represented in grey, O atom is represented in red, N atom is

represented in dark blue, F atom is represented in blue, S atom is represented in
yellow, and H atom is represented in white)
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Figure 2: Bond lengths PR (a) and bond angles PR (b) between atoms in the PR
molecule (C atom is represented in grey, O atom in red, N atom in dark blue, S atom
in yellow and H atom in white)

Although it is predicted that the longest bond and widest bond angle will
break first for any molecule, the determination of the fragmentation pathway
is made by observing the energy values and environments of electronegative
atoms. It should be noted that structures with double bonds or closed rings
are more stable than others, and that if fragmentation occurs, the breakage
from these stable structures will be the final stage (Eren and Yalcin Giirkan,

2023b).
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Table 1: Bond lengths and bond angles between atoms in the PR molecule and
Mulliken atom charges of the PR molecule

LN\
}’W@ Bond (A%) Bond © Mulliken atom
tod PR

lengths angles charges

C24N22 1.43212 C3C201s 114.48394 Cs -0.217406
C20N22 1.43762  C201sH19  107.97561 Cs -0.153878
C20C21 1.46228 N13Ci1Co  113.65489 C7 -0.158379
C2018 1.35164  N22C1C20  117.94558 Cs -0.116532
C20N22H2s  108.04291 Co -0.128762

C2aN22H2s  111.43873 N1z -0.778460

S15 1.190085

O -0.517974

O17 -0.484478

O1 -0.647946

021 -0.479692

N22 -0.745003

Cazs -0.169808

C2s -0.098766

Cz9 -0.146186

N33 -0.460291
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Table 2: AE (energy), AH (enthalpy) and AG (Gipps free energy) values of the PR
molecule and its fragments in the gas and water phases

(Au) PR PR1 PR2 PR3
AE  -1403.115563 -1156.104523 -1100.741683  -1025.537895
Gas phase AH  -1403.114619 -1156.103579 -1100.740739  -1025.536951
AG  -1403.181235 -1156.157405 -1100.792716 -1025.586550
Water phase  -1403.137181 -1156.124152 -1100.760342  -1025.553220
-1403.136237 -1156.123208 -1100.759398  -1025.552275
-1403.202549 -1156.177343  -1100.811954  -1025.601958
PR4 PR5 PR6 PR7
987.424532 912221025 -1327.907680  -1080.896811
-987.423587  -912.220081  -1327.906736  -1080.895867
987.471105  -912.265168  -1327.971661  -1080.948544
-987.441817  -912.235735  -1327.928317  -1080.917087
-987.440873  -912.234791  -1327.927373  -1080.916143
-987.488356  -912.279847  -1327.992153  -1080.969517
PRS PRY PR10
-416.862598  -303.536656  -248.191670
-416.861654  -303.535712  -248.190726
-416.902352  -303.571230  -248.223340
-416.872683  -303.544373  -248.196479
-416.871738  -303.543429  -248.195535
-416.912489  -303.578936  -248.228147

The energy values of the possible reaction pathways for each studied
molecule and all its fragments were calculated in both the gas phase and the
water phase. Every fragment that could be formed by the interaction of the
parent molecules with the OH radical was included in the study. The energy
values calculated for each molecule are given in atomic mass units (Au)
because the numbers after the decimal point are very close when converting
the results to SI units, and the energy differences between the fragments are
not easily observed.
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Figure 3: The degradation pathway (degradation mechanism) of the PR
molecule (in the geometric structures of the PR molecule and all fragments
optimized by the DFT method, the C atom is represented in grey, the O atom in red,
the N atom in dark blue, the S atom in yellow, and the H atom in white)
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Figure 4: Bond lengths ES(a) and bond angles ES(b) between atoms in

molecule ES (C atom is represented in grey, O atom in red, N atom in dark blue, F
atom in blue and H atom in white)
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Table 3: Bond lengths and bond angles between atoms in molecule ES and Mulliken
atom charges of molecule ES

Vi
W Bond (A9) Bond angles ©) Mulliken atom
. ES lengths charges

CagNas3 1.45725 C20N33Cas  112.72454 C2 -0.097081
CasaNass 1.45782 C20N33C3s  111.32834 C4 -0.135495
C20Nass3 1.46331 CasN33Css  110.79615 Cs -0.031043
C20C17 1.53630 N33C20C17 113.91263 O12 -0.766233
C14C17 1.53253 C20C17C14 112.27957 C1s4 -0.005782
C14C13 1.54909 C17C14C13 115.82259 C17 -0.005734
C23C13 1.53119 C14C13Ca2s 112.91547 Cas -0.100330
CaoFa2 1.34847 C2s -0.066436
Ca3Naa 1.16331 Czs -0.061176
N33 -0.642997
Fa2 -0.593329
Nas -0.379025

Figure 1 shows the optimized version of the ES molecule using the
DFT method. First, we must examine the Mulliken charges of the atoms in
this molecule, as shown in Table 3. In this table, O12, N33, F4, and Na4 are
the most electronegative atoms with values of -0.766233, -0.642997, -
0.593329, and -0.379025, respectively.

For all atoms around these atoms, the bond lengths and bond angles
between the atoms attached to them, which are visually shown in Figure 4,
ES (a and b) and given in Table 3, respectively, should be examined. Under
normal conditions, a compound would be expected to begin to decompose at
the point with the longest bond length or the largest bond angle, but this is
not sufficient to decide where the decomposition pathway will begin.

The energy values of the compound and its fragments for
fragmentation pathway determination are also a feature that contributes to
deliberate fragmentation.

Table 3 According to the data presented in Figure 4, if only bond
length is considered, the longest bond, C14Ci3, with a bond length of 1.54909
A, is expected to break first. If only bond angle is considered, the bond with
the longest bond angle, Ci7C14Ci3, with a bond angle of 115.822599, is
expected to break first.

17



Table 4: AE(energy), AH(enthalpy) and AG (Gipps free energy) values of molecule
ES and its fragments in the gas and water phase

(Au) ES E1 E2 Es3
AE -1058.287432 -1019.006223 -979.727904 -924.407026
Gas phase AH -1058.286488 -1019.005279 -979.726960 -924.406082
AG -1058.363136 -1019.079871 -979.797351 -924.473031
Water phase -1058.299230 -1019.018867 -979.740594 -924.417502

-1058.298285 -1019.017923 -979.739650 -924.416557
-1058.375430 -1019.09199%4 -979.809158 -924.483744

E4 Es Es E7
-885.123502 -845.841757 -845.266601 -997.753793
-885.122557 -845.840813 -845.265657 -997.752848
-885.186079 -845.901128 -845.326168 -997.829206
-885.133878 -845.852315 -845.278389 -997.765597
-885.132934 -845.851370 -845.277445 -997.764653
-885.196659 -845.911738 -845.338059 -997.841006

Es Eo E1o
-766.795395 -1004.750251 -905.509577
-766.794451 -1004.749307 -905.508633

-766.860589 -1004.823628 -905.580604
-766.806100 -1004.757610 -905.516797
-766.805156 -1004.756666 -905.515853
-766.871451 -1004.831338 -905.588658

If only Mulliken charges are considered, the fracture is predicted to
begin around the oxygen atom, due to the -0.766233 value of Oi2, the most
electronegative atom. Without comparing the energy values given in Table
4, the data in Table 3 alone are meaningless.

The energy values in Table 4, in air, or in other words, in the gas
phase, and additionally in the water phase, are crucial data for making a
robust prediction about the order in which the compound and its fragments
will decompose spontaneously, in other words without requiring any energy.

18
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Figure 5: Fragmentation pathway (degradation mechanism) of molecule E (In
the geometric structures of molecule E and all fragments optimized by the DFT

method, the C atom is represented in grey, the O atom in red, the N atom in dark
blue, the F atom in blue and the H atom in white)
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Figure 6: Bond lengths V(a) and bond angles V(b) between atoms in
molecule V (C atom is represented in grey, O atom in red, N atom in dark blue and
H atom in white)
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Table 4: Bond lengths and bond angles between atoms in molecule V and Mulliken
atom charges of molecule V

Bond (A°) Bond ©) Mulliken atom

lengths angles charges

Oe3Ces  1.41783  C3011C16  118.05629 C1 -0.233449
Oe2Ce4  1.42853  C2010C12  115.90117 Cs -0.212078
O62Cs6  1.37513  Cs5020C3z  110.59618 Cs -0.181062
Oe3Cs7  1.36801  C20021C27  111.97656  O10 -0.520530
Cs0Cs3 1.51140 C23021C27  110.69769 O11 -0.508682
C47Cs0  1.55419  C20033C3¢  117.94354 Ci2 -0.211808
Ca7Naz  1.46143  C33036Css  110.79542  Cis -0.217527
C39N4az 146110  Csze039Na2  112.93331 C2 -0.053821
C39C36 1.53720  Ca9Na2Csa7  114.13821 C21 -0.068388
C33C3s 1.53589  CasNa2Cs7  113.55979  Ca23 -0.467751
C33C2s 1.56318  Na2C47Cs0  117.05844  C27 -0.462342
O10C12  1.42993  C47C50Css  111.91574 N3z -0.512856
011C16  1.41987 Cs6062C64 115.78038  Caz -0.294416
CeéC2s  1.55091 Ce7063Ces  117.99654 Css -0.280567
O10C2  1.37403 Oe2Cs6Cs7 121.50094  Csg -0.118438
011Cs  1.36488 Oe3Cs7Css 124.88860 N4z -0.368777

C31C2s  1.47879 Cas -0.306045
C21C2z  1.53492 Ca7 -0.133744
C21C2s  1.53840 Cso -0.366942
C20C21  1.59161 Cs4 -0.233387
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Table 5: AE(energy), AH(enthalpy) and AG (Gipps free energy) values of molecule
V and its fragments in the gas and water phases

(Au) \% \%! V2 V3
AE  -1461.419410  -1422.151890  -1382.874885  -752.129548
Gasphase AH  -1461.418466  -1422.150945  -1382.873940  -752.128604
AG -1461.528592  -1422.257547  -1382.976921  -752.198486

Water phase  -1461.438103 -1382.895676 -752.137508
-1461.437159 -1382.894732 -752.136564
-1461.547010 -1382.998122 -752.206442

V4 V5§ Vé \ 4

-712.846017 -673.561744 -634.281419 -595.004130
-712.845072 -673.560800 -634.280475 -595.003186

-712.911090 -673.623308 -634.340093 -595.059226

-712.853890 -673.569635 -634.290529 -595.014602

-712.852946 -673.568691 -634.289585 -595.013658

-712.918953 -673.631492 -634.349227 -595.069831
V8 V9

-634.285567 -595.017138
-634.284623 -595.016194
-634.343917 -595.071615
-634.295396 -595.027040
-634.294452 -595.026095
-634.353615 -595.081480
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Figure 7: Fragmentation pathway (degradation mechanism) of molecule V (In the
geometric structures of molecule V and all fragments optimized by the DFT method,
the C atom is represented in grey, the O atom in red, the N atom in dark blue and the

H atom in white)
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DISCUSSION AND CONCLUSION

Selected pharmaceutical product active ingredients have a water-
soluble structure due to oral administration when the product is completed
and released to the market. Whether used for therapeutic purposes, unused,
or discarded at the end of its shelf life, these organic compounds enter the
natural cycle due to the lack of awareness in our country. Waste, whether
medical or regular, is still recycled, resulting in these organic compounds
entering the natural cycle. These water-soluble compounds constitute a
significant group of air and water pollutants. Their degradation mechanisms
must be elucidated before residues can be removed from air and water.

Experimental kinetic information on the gas-phase and water-phase
reactions of active pharmaceutical ingredients with OH radicals is available
in the literature. However, the reaction mechanisms of these substances have
not been fully determined. In this study, we examined the reactions of
selected molecules with OH radicals and calculated their degradation
mechanisms using the DFT method. First, the gas-phase reactions were
concluded, and due to their potential to cause pollution in wastewater, their
mechanisms in aqueous environments were also investigated under the
influence of solvents. The mechanism of the reactions of compounds with
OH radicals in the atmosphere and in water was fully elucidated, and the
reaction products were also fully identified. By examining the Mulliken
Charges of the atoms in the molecule, the arrangement of electronegative
atoms and surrounding atoms, stable double bonds, weak bonds at the ends
of the molecule, calculated energies, bond lengths, and bond angles between
atoms helped us select all the components that would determine the
degradation mechanism. Figures 3, 5, and 7 show the degradation reaction
pathways of all selected pharmaceutical molecules, respectively.

Before pharmaceutical products are released to the market, all
necessary research experiments are conducted, all potential side effects are
identified, and these studies are ultimately used for human treatment. An
overlooked or underestimated issue is the fate of many pharmaceutical
products used for therapeutic purposes if they enter the environment. This
research, conducted solely on a theoretical basis without using any chemical
products, illuminated the pathways of the active ingredients in the product,
just as they would in nature, in water, or in the atmosphere, namely, the
theoretical degradation reactions involving OH radicals. In addition to the
three molecules examined in this study, research on the molecule Apranax
(AP), marketed as the active ingredient of naproxen or naproxen sodium
(NS), from our study within the same project, has been published, and
degradation melanism has been identified for this molecule (Eren and Yalcin
Giirkan, 2024). The study on the molecule Paxil, marketed as the active
ingredient of paroxetine HCI (PA), also included in the same study, has been
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completed and is currently in the process of being published in the same
journal.

The results obtained can be compared with the fragments we
obtained in our degradation reactions, if desired, by collecting the necessary
wastewater samples and analysing them with HPLC. We previously
completed a scientific research project on the removal of carbamate and
organophosphate pesticides from nature using advanced oxidation
techniques (Eren and Yalcin Giirkan, 2021, 2022, 2023a). The same method
can be used at the end of this study and form the basis for further research.
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ABSTRACT

In this study, nickel orthoborate (Niz(BOs)2) nanopowder materials were
synthesized using the solution combustion synthesis (SCS) method with two
different organic fuels (tartaric acid and HMTA). Nickel nitrate and boric acid
were used as starting materials, and reaction conditions were optimized
through stoichiometric calculations. The obtained products were calcined at
400°C and 900°C and subsequently characterized. XRD analyses confirmed
the successful production of the Niy(BOs). phase for both fuel types.
Characteristic vibrational bands of BOs units were identified in the FTIR
spectra. The results demonstrated that both fuel type and calcination
temperature significantly influence the crystalline structure and thermal
stability of the products. Samples synthesized with tartaric acid exhibited
more stable structures at higher temperatures, while HMTAderived samples
showed better efficiency at lower temperatures. These findings provide
valuable data for optimizing nickel orthoborate materials for industrial
applications.

Keywords — Nanosized, Nickel Orthoborate, Solution Combustion Synthesis Method
(SCS), XRD, FTIR Spectroscopy.

INTRODUCTION

Transition metal borates have garnered increasing attention in recent years due
to their versatile structural, electronic, and catalytic properties, which make
them promising candidates for applications such as batteries, supercapacitors,
electrocatalysis, and electrochemical sensors [1-3]. Although borates exhibit
desirable physicochemical characteristics, their utilization in energy-related
fields remains limited compared to other transition metal compounds.
Theoretically, transition metals readily form various borates and borides by
combining with boron, enabling the design of materials with tunable
properties [4,5].

Multiple synthesis methods have been employed to fabricate transition metal
borates, including electrodeposition, solvothermal synthesis, solid-state
reactions, in situ co-reduction, microwave irradiation, direct precipitation,
liquid-phase reactions, and hydrothermal techniques. Each approach offers
distinct advantages in controlling particle size, morphology, and phase purity
[6-19].

Among nickel-containing borates, nickel orthoborate (Ni3(BOs)2), a member
of the kotoite family Ms(BOs)2 (where M = Mg, Ni, Co, Zn, Cu, etc.), exhibits
unique magnetic, catalytic, and photoluminescence properties [14,15]. The
chemical stability and multiple oxidation states of nickel in Nis(BOs). enable
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efficient charge storage and redox activity, as demonstrated by changes in
nickel valence states from +2 to +3.6 under applied potentials, making it a
promising electrode material for energy storage devices [10,11,16].

Despite these advantages, nickel borates have been less explored than other
nickel compounds, and reports on their synthesis and electrochemical
applications are limited. Various synthesis techniques such as thermal
decomposition, hydrothermal treatment, surfactant-assisted thermal
conversion, self-assembly strategies, electrodeposition, coprecipitation, and
solid-state reactions have been employed to prepare Niz(BOs). [10,13-20].
Among these, solution combustion synthesis (SCS) is a rapid, cost-effective,
and energy-efficient method capable of producing nanostructured materials
with controlled morphology.

In this study, Nis(BOs): nanopowders was synthesized via the SCS method
using two different fuels. The effects of fuel type on the structural properties
of the resulting materials were systematically investigated through X-ray
diffraction (XRD) and Fourier-transform infrared spectroscopy (FTIR),

This work aims to elucidate the relationship between synthesis parameters and
material properties to optimize Nis(BOs). for potential applications in
optoelectronics and sensing.

MATERIALS AND METHOD

Nickel orthoborate ceramic nanopowders were prepared using the solution
combustion synthesis (SCS) method [20]. The starting materials, Ni(NO3),
H3;BOs; (boric acid), and the fuels were mixed in stoichiometric amounts and
dissolved in a minimum amount of distilled water. The resulting mixture was
continuously stirred on a magnetic stirrer at 370°C until a gel-like consistency
formed, allowing the water to evaporate. The resulting gel-like structure was
then held in a preheated furnace at 400°C for 5 minutes. It was observed that
the as-prepared product displayed different colors depending on the fuel types
used. The annealing process was performed at two distinct temperatures:
400°C for 1 hour and 900°C for 1 hour.

Finally, the obtained products were characterized by XRD and FTIR
techniques. To examine the structural properties of the obtained compounds,
the Rigaku miniflex and multiflex X-ray powder diffractometer with CuKa
(30-40kV, 1020mA, A=1,54056 A) radiation was used and the obtained data
were compared with the JCPDS data cards. The infrared spectra and
corresponding bond vibrations of the obtained products were analyzed using
a PerkinElmer Fourier Transform Infrared (FT-IR) spectrophotometer,
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operating in the spectral range of 4000-400 cm™. For the measurements, the
samples were prepared in pellet form by thoroughly mixing the product with
potassium bromide (KBr) at a weight ratio of 0.1500:0.0010 (KBr: product,
wt/wt), ensuring optimal transparency and uniform distribution for accurate
spectral analysis.

RESULTS AND DISCUSSION

In this study, the Solution Combustion Synthesis (SCS) technique was
employed for the synthesis of nickel orthoborate compound. In the
experimental studies, different organic fuels (hexamethylenetetramine and
tartaric acid) were selected as one of the reaction parameters, and the process
temperature was set within the range of 400-900°C. The reaction duration was
determined to be one hour.

During the synthesis process, various physicochemical changes were observed
in the system depending on the type of fuel used. Particularly notable were the
observed gas emissions during combustion reactions and the resulting distinct
differences in the color and morphological properties of the products. This
demonstrates that the type of fuel used plays a determining role in the final
product characteristics.

Tartaric Acid:

The homogeneous solution exhibited a turbid appearance and transformed into
a green-colored gel at 370°C. A normal amount of gas was released during the
process. After 5 minutes of preheating at 400°C, a rigid brown form was
obtained.

a b

Photo.1 The images of Ni3B,Os samples prepared with tartaric acid fuel a) gel form
b) synthesis
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HMTA:

When the starting materials were dissolved in a small amount of distilled
water, the resulting homogeneous solution was initially light green. However,
as the temperature reached 370°C, a dark green, gel-like structure formed in
the solution. The gas evolution observed during this process was at expected
levels. Subsequently, after a 5S-minute preheating stage at 400°C, the product
turned a dark brownish-black color. Some difficulties were encountered when
trying to remove this solidified product from the evaporating dish.

a b
Photo.2 The images of Ni3B,Os samples for HMTA fuel a) gel form b) synthesis

Structural Characterization Studies of Nickel Orthoborate

The structural properties of nickel orthoborate were determined using
products synthesized at 400°C for 10 minutes and subsequently heated at both
400°C and 900°C. Characterization was performed using X-Ray Diffraction
(XRD) to examine the crystallite size and crystal structures, and FT-IR to
identify the vibrational modes.

FT-IR Spectroscopy Studies

The FT-IR spectra of the synthesized by SCS technique, pure NisB2Os
compound, as illustrated in Figures 1 to 6, reveal a series of distinct absorption
bands corresponding to specific vibrational modes within the structure. These
bands have been carefully analyzed and their assignments were made by
comparing them with well-established vibrational data previously reported in
the scientific literature [21], providing insights into the molecular structure
and bonding environment of the borate compound.

The weak absorption bands assigned at 3431 cm™ and 1635 cm™ are most
likely due to a small amount of physically adsorbed water on the surface of
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the sample, which is a common occurrence in metal borate materials exposed
to ambient conditions.

A prominent and sharp band at 1303 cm™ is attributed to the asymmetric
stretching vibrations of the B—O bonds, indicating the presence of BOs units
in the crystal structure. Another strong absorption band appearing at 1186
cm™ is tentatively assigned to the stretching vibrations of Ni—O bonds,
suggesting strong metal-oxygen coordination within the lattice. Additionally,
the absorption bands observed at 723 cm™ and 633 cm™ correspond to the out-
of-plane bending modes of the B—O groups, further confirming the exclusive
presence of trigonal planar BOs units in the compound.
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These vibrational band assignments are in excellent agreement with the
expected structural features of nickel orthoborate, NizsB2Os, which is
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known to contain only BOs groups rather than tetrahedral BO4 units,
supporting the integrity and phase purity of the synthesized material.
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X-Ray Diffraction (XRD) Studies

The crystallinity and phase composition of the synthesized NizB2Os material
were thoroughly investigated using powder X-ray diffraction (XRD) analysis.
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This technique was employed to examine the structural evolution of the as-
prepared nickel orthoborate samples subjected to calcination at different
temperatures.

The XRD patterns corresponding to the samples sintered at 400 °C and
900 °C, utilizing TA and HMTA as fuels, are presented in Figures 7 and 8,
respectively. At the relatively low calcination temperature of 400 °C, the
recorded diffraction pattern revealed a broad and diffuse background without
any distinct peaks, indicating the presence of an amorphous phase and
suggesting that the crystallization process had not yet commenced at this
stage. However, upon increasing the calcination temperature to 900 °C, a
significant transformation in the phase structure was observed. Well-defined
and sharp diffraction peaks emerged, signifying the formation of a highly
crystalline material.

The peak positions and intensities clearly indicated the successful synthesis of
phase-pure NizB:0Os with no detectable secondary phases. This observation
confirms that 900 °C is a sufficient temperature for complete crystallization
and phase stabilization of NizB2Os.
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The XRD powder diffraction patterns obtained at 900°C exhibited
characteristic reflections at 20 values of 22.6°, 25.8°, 33.8°, 36.7°, 40.5°,
43.3°, 53.2°, 55.5°, 59.5°, 62.2°, and 69.5°, which correspond to the (011),
(101), (121), (211), (131), (040), (202), (132), (321), (330), and (251)
crystallographic planes, respectively. These diffraction peaks are in excellent
agreement with those of orthorhombic NisB:Os [20] and all observed
reflections can be successfully indexed to this structure based on the Joint
Committee on Powder Diffraction Standards (JCPDS) card No. 22-0745. The
data conclusively confirm that the product obtained at 900 °C exhibits a
single-phase orthorhombic crystal structure with high crystallinity,
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demonstrating the efficiency of the calcination process in promoting phase
formation and structural ordering.

In addition to confirming the formation of orthorhombic NisB2Os at elevated
temperatures, further analysis of the XRD data provides valuable insight into
the material's structural characteristics. The sharpness and intensity of the
diffraction peaks obtained at 900 °C indicate a high degree of crystallinity,
which reflects the enhanced atomic ordering within the lattice as a result of
sufficient thermal energy during the calcination process. The absence of any
secondary phases or impurity peaks across the entire diffraction pattern further
confirms the high phase purity of the synthesized product.

To estimate the average crystallite size of the NisB2Os particles, the Scherrer
equation was applied to the most intense diffraction peak, typically located
around 260 =~ 33.8°, corresponding to the (121) plane. The calculated crystallite
size was found to be in the nanometer range, suggesting that while the material
exhibits high crystallinity, it still retains a fine microstructure, which may be
advantageous for various applications, such as catalysis or electrochemical
energy storage, due to the increased surface area.

Moreover, a comparative assessment of the XRD patterns obtained using
different fuels—Tartaric Acid (TA) and Hexamethylenetetramine (HMTA)—
reveals subtle differences in peak broadening and relative intensities. Samples
synthesized using HMTA as fuel tend to exhibit slightly narrower and more
intense peaks compared to those prepared with TA, implying a marginally
higher crystallinity and possibly larger crystallite domains. This observation
can be attributed to differences in combustion behavior: HMTA, being a
nitrogen-rich compound, generally promotes a more uniform and energetic
combustion process, thereby enhancing thermal decomposition and crystal
growth during synthesis.

In summary, XRD analysis confirms that calcination at 900 °C results in the
successful formation of phase-pure, orthorhombic NizB.Os with well-
developed crystallinity. The choice of fuel plays a secondary but noticeable
role in crystallite growth and structural uniformity. These findings highlight
the importance of thermal treatment parameters and fuel chemistry in directing
the structural evolution and phase purity of metal borate materials.
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CONCLUSION

Nickel orthoborate (Nisx(BOs)2) was successfully synthesized using both
tartaric acid (TA) and hexamethylenetetramine (HMTA) as fuels via the
solution combustion synthesis (SCS) method. The reactions were efficiently
carried out with short processing times and at moderate temperature ranges
(400-900°C). Stoichiometric calculations and experimental masses (0.9631 g
for TA and 0.7988 g for HMTA) confirmed the expected yields, with a 4%
excess of HsBOs ensuring complete reaction.

XRD analyses revealed distinct phase formations at different temperatures. At
400°C, amorphous or low-crystallinity phases were dominant, while at 900°C,
well-crystallized Nis(BOs): phases characterized by sharp diffraction peaks
were observed.

FT-IR spectra confirmed the presence of BOs groups through bands at 695-
720 cm™ (bending), 1010-1065 cm™ (symmetric stretching), and 1220-1245
cm™' (asymmetric stretching). HMTA-derived samples exhibited sharper
peaks at 900°C, indicating better structural ordering compared to TA.

This study demonstrates that HMTA is more suitable for producing high-
crystallinity products, highlighting the versatility of the SCS method for
Nis(BOs): synthesis.
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ABSTRACT

Sterilization is a critical process in medical technology, ensuring the
elimination of viable microorganisms from materials and devices to prevent
contamination before clinical application. This study provides an in-depth
look into wvarious sterilization methods. While methods like heat and
ethylene oxide have long been utilized, their drawbacks, such as material
degradation and toxicity, have spurred the development of advanced
alternatives like gas plasma and pulsed light. Understanding these effects is
paramount for selecting the optimal sterilization method to ensure both
product safety and long-term material integrity for biomedical applications.

Keywords — Sterilization, Ethylene Oxide, Poly(Lactic-Acid) (PLA).

INTRODUCTION

Sterilization plays a vital role in ensuring the safety of medical devices,
pharmaceuticals, and healthcare facilities. Its purpose is to eliminate all
forms of microbial life, including bacteria, viruses, spores, and fungi, from
surfaces, instruments, and materials [1]. While traditional sterilization
methods like moist heat (autoclaving), dry heat, and chemical sterilants have
been used for decades, the emergence of new polymeric materials and the
demand for low-temperature processes have driven innovations in
sterilization technologies. This paper explores conventional and advanced
sterilization methods and analyzes their effects on biocompatible polymer
materials, particularly poly(lactic acid) (PLA) and cyclic olefin copolymers
(COCs) [2-3].

Medical devices utilized in patient diagnostics and treatments can serve as
carriers of infectious microorganisms, leading to hospital-acquired infections
(HAIs) through direct or indirect contact. HAIs affect millions of patients
annually in countries, incurring substantial healthcare costs and significantly
impacting patient well-being and quality of life. Severe HAls can escalate to
life-threatening organ dysfunction such as sepsis, underscoring the urgent
need for effective sterilization and disinfection. In light of the recent
COVID-19 epidemic, the importance of these techniques for human health
has gained even greater attention [4]. Therefore, applying economical and
effective sterilization techniques is essential to control environmental
pollution and safeguard lives. Sterilization is crucial for controlling
microorganisms in liquids, gases, and on surfaces, and their widespread use
has played a major role in reducing the incidence of infectious diseases like
pneumonia, gastroenteritis, and healthcare-associated illnesses [3].

44



OVERVIEW OF STERILIZATION METHODS

There are two types of sterilizing methods utilized in healthcare facilities:
high-temperature and low-temperature. But the most recent advancements in
sterilization technology used in medical facilities have mostly concentrated
on low temperature sterilization systems. Low-temperature procedures are
typically used for medical equipment that can not tolerate high temperatures
(>60 °C) and high humidity levels. Ethylene oxide and hydrogen peroxide
are examples of gaseous chemical sterilants used in low temperature
sterilization procedures. Hot steam under pressure (autoclaving) is typically
used in high temperature sterilizing procedures [1].

High-Temperature Sterilization

These processes typically utilize hot steam under pressure (autoclaving).
They are primarily applied to medical and surgical devices made of heat-
stable materials.

Dry Heat Sterilization: This method is generally performed at high
temperatures, approximately 160 °C for about 2 hours, though duration and
temperature vary based on targeted microorganisms. The mechanism
involves the coagulation of microbial proteins. Advantages include less
operational complexity, no need for pressure vessels or exterior jackets, and
lighter weight. However, it requires more time, is a slower process, and is
specific to certain materials. It can be used for heat-resistant polymers, but
high temperatures can cause thermal transitions like melting or softening, so
temperatures must be below the polymer's melting and degradation points.
Dry heat is suitable for materials damaged by steam, such as powders, sharp
instruments, petroleum products, and certain containers where steam cannot
be used. It is also used in hospitals, space technology, and the
pharmaceutical industry for steel instruments, glass syringes, and metal
scalpels. Ovens are the simplest source for dry heat sterilization, requiring
even temperature distribution, often aided by a fan. Infrared heaters and
microwave radiation have also been used for dry heat sterilization, though
microwaves can result in uneven heating. Dry heat is not as effective as
steam sterilization at the same temperature [4].

Moist Heat Sterilization (Autoclaving): This is considered the oldest and
safest known method of sterilizing medical equipment, using very high
temperatures. In a steam sterilization autoclave, temperatures can reach 121—
148 °C with approximately 15 P.S.I. pressure. Steam under pressure has a
greater penetration effect on microorganisms and their spores. The process
has an inverse relationship between time and temperature, with cycle time
depending on equipment size and temperature. Autoclaving is effective for
hard items, surgical instruments (not moisture sensitive), wrapped items,
liquids in vented containers, waste, and glassware. The basic mechanism is
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the destruction of microorganisms by irreversible coagulation and
denaturation of enzymes and structural proteins by high-temperature steam.
Moist heat, in the form of steam, is widely used, being non-toxic,
inexpensive, sporicidal, and rapidly microbicidal. The effectiveness of steam
sterilizers is monitored using biological indicators containing Geobacillus
stearothermophilus spores. Gravity displacement autoclaves (GDA) and
high-speed pre-vacuum autoclaves (HSPA) are the basic types of steam
sterilizers [4,5].

Low-Temperature Sterilization (LTS)

These processes are generally applied to medical devices that can not
withstand high temperatures (>60 °C) and high humidity. LTS relies on
chemicals rather than physical treatments for sterilization. Common
examples of gaseous chemical sterilants include ethylene oxide (ETO)and
hydrogen peroxide.

Ethylene Oxide (ETOQ): Used as a sterilant for LTS processes since the
1950s for temperature and moisture-sensitive devices. It can be used in
combination  with  stabilizing  gases like  carbon  dioxide,
hydrochlorofluorocarbons, immersion in peracetic acid, and gas plasmas.
ETO is effective for porous materials due to its penetration capability. It has
virucidal, sporicidal, fungicidal, and bactericidal properties, acting as an
alkylating agent [1,6].

Hydrogen Peroxide (H:0:): Hydrogen peroxide-based sterilizers are
used in LTS processes. The Sterrad Sterilizer System, for example, uses
hydrogen peroxide vapors and plasma to sterilize heat and moisture-sensitive
devices. Another sterilizer, STERIZONE VP4, uses a multiphase process
with both ozone and hydrogen peroxide, where ozone reacts with residual
hydrogen peroxide to form hydroxyl radicals. Hydrogen peroxide is eco-
friendly, degrading into oxygen and water. It deactivates various
microorganisms, including fungi, yeast, bacteria, spores, and viruses. It
oxidizes the outer cell of bacteria or viruses, damaging their outer walls [7].

Nitrogen Dioxide (NO,) gas sterilization: This is a recent advancement,
offering advantages like low sterilant concentration, operation at room
temperature, fewer sterilant residues, and fast microbicidal activity. It works
as a powerful oxidizing agent at room temperature and requires about one
percent of ambient pressure gas, preventing condensation. NO> sterilization
is effective under vacuum conditions due to improved gas flow, penetration
rate, and air elimination.
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Radiation-Based Sterilization

Gamma irradiation and electron beam sterilization are used extensively for
pre-packaged disposable medical products. Ionizing radiation disrupts
microbial DNA, rendering them nonviable. Gamma rays, typically emitted
from cobalt-60 sources, penetrate deep into materials, making them suitable
for bulk sterilization. However, the high energy levels involved can damage
sensitive polymers, causing chain scission and oxidation [8].

STERILIZATION EFFECTS ON PLA-BASED BIOPLASTICS

Poly(lactic acid) (PLA) is a biodegradable, biocompatible thermoplastic
derived from renewable sources. It is increasingly used in medical
applications, including surgical implants and drug delivery systems. PLA's
response to sterilization is highly dependent on the method employed.

Krug et al. (2024) investigated the degradation behavior of PLA after EtO
and gamma irradiation sterilization, followed by accelerated aging [11]. The
study found that:

e Gamma irradiation caused significant molecular weight reduction
due to chain scission in the amorphous regions.

e Crystallinity increased as degraded chains reorganized.

e Thermal and mechanical properties declined, leading to
embrittlement.

e Discoloration occurred, particularly in PLA types containing
plasticizers.

In contrast, EtO-sterilized PLA exhibited only minor moisture uptake and
slight crystallinity increase, with no substantial degradation. These results
suggest that EtO is a more compatible sterilization option for maintaining
PLA's structural and functional integrity during shelf-life.
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EFFECTS OF GAMMA IRRADIATION ON COC MATERIALS

Cyclic olefin copolymers (COCs) are a class of amorphous thermoplastics
valued for their optical clarity, chemical resistance, and low moisture
absorption. Their application in diagnostic devices and pharmaceutical
packaging has grown, especially where sterilization is required.

Zhang et al. (2024) evaluated the impact of gamma radiation (up to 30 kGy)
on COCs with varying norbornene contents [12]. The findings indicated:

e Increased norbornene content led to higher concentrations of
radiation-induced free radicals.

e Oxidative degradation intensified, resulting in color changes
(yellow-green tint) and lowered glass transition temperatures.

e Cross-linking dominated in COCs with lower norbornene levels,
while chain scission prevailed in those with higher norbornene.

e Melt flow index and thermal stability shifted significantly, indicating
macromolecular structural changes.

These changes highlight the need to tailor sterilization doses and methods
based on COC composition to preserve desired material properties.

IMPLICATIONS FOR MEDICAL DEVICE DESIGN AND
SHELF-LIFE

Sterilization compatibility is a critical consideration in the design of
polymer-based medical devices. The sterilization method not only affects
immediate functionality but also influences long-term aging, shelf-life, and
regulatory approval.

Accelerated aging studies (ASTM F1980-21) simulate long-term storage
conditions to assess degradation. Krug et al. (2024) used this approach to
demonstrate that sterilization-induced changes in PLA significantly
influenced aging kinetics [11]. The degradation proceeded in two stages,
with a rapid decline in mechanical properties during the second phase,
especially in gamma-irradiated samples.

For manufacturers, this means:

o Selecting sterilization techniques based on polymer sensitivity.
¢ Conducting aging tests post-sterilization.

48



e Adjusting packaging and storage conditions to mitigate degradation.

EMERGING TRENDS IN STERILIZATION TECHNOLOGIES

Recent innovations aim to combine multiple sterilization mechanisms to
enhance efficacy and material compatibility. Examples include:

e Dual sterilant systems (ozone + H,0,) for broad-spectrum action.
e Plasma-enhanced disinfection for complex geometries.
e Microwave-assisted sterilization for PPE reuse.

Such hybrid systems are promising for next-generation biodegradable and
high-performance polymers but require more research into their long-term
effects on device materials and function [1-5].

CONCLUSION

Sterilization technologies have evolved to meet the growing demands of
modern healthcare, especially with the increasing use of sensitive polymeric
materials. While traditional methods like autoclaving remain relevant, low-
temperature and radiation-based techniques offer greater flexibility for
advanced materials. However, they can significantly impact the structural
and functional integrity of polymers like PLA and COC. Therefore, material-
specific sterilization protocols and aging assessments are essential to ensure
safety, performance, and regulatory compliance. In conclusion, the goal of
sterilization techniques is to eliminate all living germs by the use of low-
temperature chemical treatments like ethylene oxide, hydrogen peroxide, and
nitrogen dioxide gas, or high-temperature approaches. Pulsed light, ultrahigh
pressure, gas plasma, supercritical  fluid  sterilization, and
photocatalytic/catalytic ozone oxidation are examples of advanced
procedures that provide efficient solutions and typically have the benefits of
reduced processing times and the lack of hazardous consequences. They
may, nevertheless, also have certain restrictions. For the particular sample
under study, each needs to be meticulously designed. Especially, impacts of
materials on surfaces should be assessed in sterilization investigations since
certain alterations may reduce the material's lifespan or alter its
characteristics. Additionally, better sterilizing methods can even enhance
surface cleaning qualities.
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OZET

Organik sentez kimyasinda, ¢evre dostu, ekonomik ve siirdiiriilebilir
tekniklerin gelistirilmesi oldukca onemlidir. Ozellikle secici oksidasyon
siireglerinde, geleneksel oksitleyici maddeler yerine 1sikla aktive edilen
molekiiler oksijenin kullanilmasi, yesil kimya prensipleriyle uyumlu
yenilik¢i yontemler ortaya koymaktadir. Bu tlir goriiniir 151k destekli foto-
oksidasyon tepkimelerinde, metalloftalosiyaninler fotosensitizer olarak 6n
plana ¢ikmakta; yiiksek 1s1k sogurma kapasiteleri, kimyasal dayanikliliklar:
ve gevreye duyarli yapilari sayesinde tercih edilmektedir. Bu galismada,
MCM-41 destekli ¢inko ftalosiyanin (ZnPc) iceren heterojen fotokatalizoriin
I-naftoliin fotooksidasyonu ile 1-naftakinonun elde edildigi model
reaksiyondaki  katalitik performansinin  incelenmesi  sunulmaktadir.
Heterojen katalizér, MCM-41'in 3-kloropropiltrietoksisilan (CPTES) ile
fonksiyonellestirilmesiyle elde edilen MCM-41-Cl {izerinde ZnPc’nin
hareketsizlestirilmesi ile hazirlanmistir. Elde edilen MCM-41-ZnPc
fotokatalizoriiniin fotokatalitik performansi, goriiniir 1g1k altinda 1-naftoliin
1,4-naftokinona secici oksidasyonunda degerlendirilmistir. Fotooksidasyon
deneyleri laboratuvar tipi bir fotoreaktor kullanilarak gergeklestirilmistir.
Isik kaynagi olarak ise ticari olarak temin edilebilen, 630—-660 nm dalga
boyuna sahip 200 W giiciinde kirmizi LED 1g1k kullanilmustir.

Heterojen fotokatalizor, oksidant olarak hava kullanildiginda, 15
dakikada %78 donisim ve %99'dan fazla segicilik saglamigtir. Kontrol
deneyleri, 151k, oksijen ve ftalosiyanin  bilesiginin  1-naftoliin
fotooksidasyonu i¢in temel gereksinimler oldugunu gostermistir. Katalizor,
birden fazla kullanimda yiiksek kararlilik ve siirdiiriilebilir 6zellik
gostermektedir. Farkli tip ¢oziiciilerde iyi performans gdstermesine karsin en
yiiksek aktivite asetonitril ¢oziiclisiinde elde edilmistir. MCM-41'in destek
olarak kullanilmasi, agregasyon sorunlarimi etkili bir sekilde en aza
indirmekte ve katalizér dispersiyonunu iyilestirerek fotokatalitik verimliligi
artirmaktadir. Bu ¢aligma, yesil kimyasal sentez igin pratik ve 6lgeklenebilir
coziimler olarak 6zel fotoreaktorlerle birlestirilmis diisiik maliyetli heterojen
sistemlerin potansiyelinin vurgulanmasinda énemli bir yer tutmaktadir.

Anahtar Kelimeler — Fotokatalizor, Ftalosiyanin, Organik Sentez, Fotoreaktor,
Yiikseltgenme.

GIRiS

Tarim, gida ve saglik gibi bircok alanda kullanilan islevsel
molekiillerin  tiretimi, organik sentetik kimyanm temel uygulama
alanlarindan birini olugturmaktadir (Chojnacka, 2024:100898). Bu alanda
onemli teknolojik ilerlemeler saglanmis olmasina ragmen, hedef bilesiklerin
sentezi hidld zaman agisindan olduk¢a maliyetli ve zahmetli bir siiregtir
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(Devanshi vd., 2024:246). Ustelik, uygulanan bazi sentetik yontemler
cevreye zarar verebilecek unsurlar barindirmaktadir (Dutta vd.,
2024:120103). Bu nedenle hem dogayla uyumlu hem de insan sagligina
olumsuz etkisi olmayan alternatif {retim stratejilerinin gelistirilmesi
gerekliligi giin gectikge daha da 6nem kazanmaktadir.

Fotokataliz, yesil kimya kapsaminda, 151k enerjisini kimyasal enerjiye
doniistiirebilme 6zelligiyle 6ne ¢ikan etkili bir yontemdir (Oh ve Stache,
2022:5745). Bu yaklagim, organik tepkimelerin daha az enerji tiiketen, daha
hafif kosullarda ve cevresel etkileri en aza indirerek gerceklesmesine imkan
tamr.  Ozellikle goriiniir 151k altinda  yiiriitiilen ~ fotooksijenasyon
reaksiyonlari, organik bilesiklere oksijen kazandirarak, ilag {iretiminde
degerlendirilebilecek onemli yapilarin sentezine katki saglar. Bu yontem,
geleneksel olarak kullanilan hidrojen peroksit veya tert-butil hidroperoksit
gibi oksitleyicilere ihtiyag duymadan daha c¢evre dostu bir ¢oziim
sunmaktadir (Yu vd., 2025:774).

Fotooksijenasyon reaksiyonunun gerceklesmesi igin yalnizca
molekiiler oksijen ve goriiniir 151k spektrumunu sogurabilen bir katalizor
yeterlidir. Ancak ¢ogu organik bilesik goriiniir 15181 dogrudan
absorplayamaz; bu nedenle, bu tiir doniisiimler icin 15181 etkin bigcimde
yakalayabilen 6zel kimyasal yapilar gereklidir. Bu yapilar, " fotosensitizer"
olarak adlandirilir (Nguyen vd., 2022:3324). Porfirinler (Akbar vd.,
2023:114648), Rose Bengal (Body vd., 2023:114648), fullerenler (Hou vd.,
2022:13), Ru(Il) kompleksleri (Ankathatti Munegowda vd., 2022:214712)
ve metaloftalosiyaninler (Channabasavana Hundi Puttaningaiah ve Hur
2024:113491) yaygin olarak kullanilan fotosensitizer ornekleridir. Bu
bilesikler, goriiniir 15181 emdikten sonra enerjiyi molekiiler oksijene aktararak
singlet oksijen Uretimini saglar ve bu da secici ve cevreyle uyumlu
oksidasyon reaksiyonlarinin ger¢eklesmesine olanak tanir. Singlet oksijen,
cevre dostu ve ekonomik organik sentez yontemlerinin temel bilesenlerinden
biridir. Bunun yani sira, su aritimi (Nidheesh vd., 2025:195) ve fotodinamik
kanser tedavisi (Cui vd., 2024:1274) gibi dogrudan insan yasam kalitesine
etki eden alanlarda da 6nemli bir rol oynamaktadir.

Metaloftalosiyaninler, goriiniir spektrumun kirmizi bolgesinde yiiksek
molar absorpsiyon katsayilarina sahip olmalar1 (Moreira vd., 2008:741; Gok,
2014:750; Gok wvd., 2023:1887), Ru(ll) komplekslerine (Ravelli vd.,
2013:97) kiyasla cevreye duyarli yapilarn ve diger organik boyalara gore
istiin termal ve foto kararli Ozellikleri sayesinde oldukga ¢ekici
fotosensitizerlerdir (Zheng vd., 2021:213548). Ancak, yaygin ¢oziiciilerde
diisiik cozlintrlikleri ve cozeltide agregasyon egilimleri, bu bilesiklerin
pratik uygulamalarin1 sinirlayan temel sorunlar arasinda yer almaktadir (Li
vd., 2018:2098; Gok ve Gok, 2019:55). Homojen fotokataliz sistemlerinde
bu smirlayict ozellikler; katalizoriin - geri kazamim zorlugu, yiiksek
konsantrasyonlarda 1sik penetrasyonunun azalmasi ve foto kararliligimin
diismesi gibi problemlere yol agmaktadir (Croxall vd., 2023:1463). Bu
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sorunlara ¢oziim olarak, son yillarda heterojen fotokatalizorler biiyiik ilgi
gormiistiir.  Geri  doniistliriilebilirlikleri, —arttirilmis  kararhiliklart  ve
endiistriyel uygulamalarda maliyet etkinlikleri nedeniyle heterojen sistemler
tercih edilmektedir (Kou vd., 2017:1445).

Heterojen fotokatalizorler, katalitik olarak aktif tlirlerin uygun bir
destek malzemesi iizerinde hareketsizlestirilmesi yoluyla hazirlanir.
Giiniimiize kadar nanopartikiiller (Schétz vd., 2010:8950), magnezyum oksit
(Julkapli ve Bagheri 2016:1), titanyum dioksit (Bagheri vd., 2014:727496),
grafen (Julkapli ve Bagheri 2015:948) ve mezogozenekli malzemeler (Pal
2015:24363) gibi ¢esitli destek malzemeleri kullanilmistir.  Destek
malzemesinin se¢imi, hedef uygulamaya ve istenen Ozelliklere gore
degisiklik gostermektedir. MCM-41 (Mobil Composition of Matter No. 41),
diizenli mezogdzenekli yapiya sahip silika bazli bir malzemedir. 1992
yilinda Mobil Oil Corporation arastirmacilari tarafindan kesfedilmis,
gozenek boyutlar1 2 ila 10 nanometre arasinda degisen, oldukca diizenli ve
biiyiik ylizey alanina sahip bir malzemedir (Beck vd., 1992:10834). Yapisal
olarak hekzagonal mezogozenek yapisi ile bilinir, bu da diizenli silindirik
gozenekler anlamina gelir. MCM-41, kimyasal ve yapisal oOzellikleri
sayesinde ¢ok cesitli uygulamalarda kullanilabilecek esnek bir malzemedir.
Yiiksek ylizey alani, diizenli mezogozenek yapisi ve kimyasal kararlilig ile
kataliz, ilag tasima, cevresel temizlik ve sensor teknolojileri gibi birgok
alanda biiylik bir potansiyele sahiptir. Literatiir, heterojen fotokatalizorlerin
zaman zaman homojen muadillerine kiyasla daha yiiksek katalitik aktivite
gosterebildigini ortaya koymustur (Ma vd., 2023:4285).

Bu baglamda, ¢6ziiniirliik ve agregasyon sorunlari nedeniyle homojen
sistemlerde diisiik aktiviteye sahip ftalosiyanin bilesiklerinin uygun bir
yilizeyde hareketsizlestirilmesi, fotokatalitik performanslariin artirilmasi
acisindan etkili bir strateji olarak degerlendirilmektedir. Nitekim literatiirde,
farkli destek malzemeleri kullanilarak ftalosiyanin bazli heterojen
fotokatalizorlerin sentezine ve bu malzemelerin gesitli organik doniisiim
reaksiyonlarindaki performansina dair birgok c¢alisma mevcuttur (Szymczak
ve Kryjewski 2022:2532; Aralekallu ve Koodlur Sannegowda 2024:
2400088). Bu calismalardan bazilari, 1-naftoliin fotooksidasyonu {iizerine
odaklanmistir (Chen ve Ng 2022:3567; Gok vd., 2025: €202500207).
Ozellikle destek malzemesi olarak MCM-41"in bir ftalosiyanin bilesigi ile
birlestirilmesiyle elde edilen bir heterojen fotokatalizoriin, 1-naftoliin
fotooksidasyonu iizerindeki etkisi dikkate deger 6nem tagimaktadir.

Bu calismada, MCM-41 destek malzemesine immobilize edilmis bir
heterojen fotokatalizor olan MCM-41-ZnPc’in fotokatalitik performansi
sunulmaktadir. Katalizér, 1-naftoliin goriiniir 151k altinda gergeklestirilen
fotooksidasyonu i¢in test edilmistir. Tiim deneyler, 3B yazic1 teknolojisi
kullanilarak iiretilen ve kirmizi giic LED’i ile donatilmis, 6zel tasarlanmig
diisiik maliyetli bir fotoreaktdrde gerceklestirilmistir.
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Deneysel Calismalar
Materyal ve Metot

Calismada kullanilan MCM-41, daha 6nce grubumuz tarafindan
yapilan calisma kapsaminda sentezlenmis bu ¢aligmada da kullanilmistir
(Gok ve GOk, 2024:¢7359). MCM-41-ZnPc heterojen fotokatalizorii
literatiirde sunulan ¢alisma kapsaminda sentezlenmis olup (Gok vd.,
2025:e00411), 1-naftoliin fotooksidasyonundaki aktivitesi bu calisma
kapsaminda incelenmistir. Caligma kapsaminda kullanilan ticari kimyasallar
yurtdist kimyasal tedarikgilerinden temin edilmis olup, c¢oziiciiler
Armarego’da verilen yontemler takip edilerek saflastirildi veya kurutuldu
(Armarego, 2022).

Caligma kapsaminda elde edilen malzemelerin FT-IR spektrumlari,
Shimadzu IR Affinity-1S cihazinda KBr disk teknigi yardimi ile 400-4000
cm’! araliginda kaydedilmistir. Malzemelerin hazirlanmasinda IKA RCT
Basic marka 1siticili manyetik karistirict kullanilmistir. Kurutma iglemleri,
Memmert marka etiivde, yakma islemleri ise Niikleon marka kiil firininda
yapilmistir. Coziici uzaklagtirma islemlerinde IKA RV8 model doner
buharlagtirict kullanilmistir. 1-naftoliin 1,4-naftokinon'a donisiimii, diyot
dizisi dedektorii (DAD) ve YMC Amiloz-C kolonu ile donatilmis bir
Shimadzu Prominence LC-20A yiiksek performansli sivi kromatografi
sistemi kullanilarak izlendi. Fotokatalitik ¢aligmalar i¢in 200 W giiciinde
kirmiz1 giic LED'i kullanilda.

1-naftoliin MCM-41-ZnPc ile Fotooksijenasyonu

I-naftoliin 1,4-naftokinona fotooksijenasyonu, heterojen katalizor
MCM-41-ZnPc 'in fotokatalitik verimliligini degerlendirmek icin bir model
reaksiyon olarak kullamilmistir. Her deneyde, atmosferik oksijene maruz
birakilan acik tiiplere MCM-41-ZnPc (8 mg), degisen miktarlarda 1-naftol
(0,03-0,6 mmol) ve uygun bir reaksiyon ¢oziiciisii eklenmistir. Reaksiyon
karigimlar1 daha sonra ilgili tablolarda belirtilen siireler boyunca kirmizi
LED 1sikla (640 nm) 1sinlanmigtir. Reaksiyon tamamlandiktan sonra 0,1 mL
numune alinmis, izopropil alkol ile 1 mL'ye seyreltilmis ve bir siringa filtresi
kullanilarak filtrelenmistir. Elde edilen ¢ozeltiler, DAD detektorlii bir
Shimadzu Prominence LC-20A HPLC sistemi veya Rxi-5 ms kolonu ile
donatilmis bir Shimadzu GC-2010 gaz kromatografisi kullanilarak analiz
edildi. Doniisiim oranlar ve iiriin segiciligi, ekteki tablolarda sunuldugu gibi,
kromatografik pik alanlarinin entegre edilmesiyle hesaplandi.
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BULGULAR VE TARTISMA

Onceki calismalar, ¢inko ftalosiyanin bilesiklerinin, uygun dalga
boyundaki 1sikla 1sinlandiginda bir enerji transfer mekanizmasi yoluyla
temel haldeki molekiiler oksijeninden singlet oksijen iiretebildigini
gostermistir (Wysocki vd., 2025:112751). MCM-41-ZnPc fotokatalizoriiniin
684 nm'de giiclii bir emilim band1 sergiledigi goz Oniine alindiginda, uygun
151k 1s1mim1 altinda aerobik oksidasyon reaksiyonlarinda katalitik aktivite
gosterebilecegi diisiiniilebilir. Bunu test etmek icin, I-naftoliin 1,4-
naftokinon'a fotooksijenasyonu model bir reaksiyon olarak segilmistir.
Baslangicta, MCM-41-ZnPc 'nin fotokatalitik aktivitesi, asetonitril i¢inde
100:1'lik  bir substrat-katalizor mol oran1 kullanilarak agik havada
degerlendirilmistir (Tablo 1, 1-5. denemeler).

Tablo 1 Heterojen fotokatalizor MCM-41-ZnPc, MCM-41 varliginda ve katalizorsiiz
ortamda acik havada 1-naftoliin fotokatalitik oksidasyonu®

Deneme Katalizor Dﬁ(l(l,jgiim 1,4- m(l‘f/tz;kinon Sef‘:/?)hk
1 - 6,88 6,88 100
2 MCM-41 11 11 100
3 MCM-41-ZnPc 77,63 77,63 100
4 MCM-41-ZnPc* 13,46 13,46 100
5 MCM-41-ZnPc? 13,41 13,41 100

*Reasiyon sartlari: ¢dziicii: asetonitril (1,25 mL), 1-naftol (0,03 mmol),
katalizor (8 mg), substrat/katalizér orani: 100/1, 200W LED 15 dakika i¢in O»
varhiginda (hava). *Déniisiim HPLC ile belirlendi. “Fotoreaktor kullanilmadan ortam
1s181nda. ‘Karanlikta

Sonuglar, hem MCM-41-ZnPc katalizorliniin varliginin hem de 151k
isinmminin verimli fotooksidasyon igin gerekli oldugunu ortaya koymustur.
15 dakikalik 151k maruziyeti altinda sistem, %100 segicilikle %77,63'lik
yiiksek bir doniisiim degerine ulagsmistir (Tablo 1, deneme 3). Buna karsilik,
MCM-41-ZnPc, ¢ciplak MCM-41 ile degistirildiginde (doniisiim: %]11) veya
tamamen ¢ikarildiginda (doniistim: %6,88) doniisiimlerde biiylik oranda
diisiis kaydedilmistir; bu da ZnPc kisminin fotoaktif merkez olarak énemli
bir role sahip oldugunu gdstermektedir (Tablo 1, deneme 1 ve 2). Karanlikta
veya ortam 1g1ginda, herhangi bir doniisim elde edilememistir (Tablo 1,
deneme 4 ve 5), bu da reaksiyonun 1s1ga bagl oldugunu gostermektedir. Bu
bulgular, 151k 151n1minin, havanin (oksijen kaynagi olarak) ve MCM-41-ZnPc
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fotokatalizoriiniin varliginin, 1-naftoliin etkili ve segici fotooksidasyonu igin
gerekli olan parametreler oldugunu dogrulamaktadir.

Ideal ¢oziiciiyii belirlemek igin reaksiyon ayni kosullar altinda farkli
coziiciiler icinde gerceklestirildi (Sekil 1a). Uriin secicilifinin tiim
durumlarda yiiksek kaldigi gozlenirken, doniisiim verimliliginin 6nemli
Olciide degistigi gézlenmistir. En yiliksek doniisiimiin asetonitrilin ¢oziiciisii
icinde oldugu belirlenmistir. Farkli hacimlerde asetonitril ile tekrarlanan
reaksiyonlar, ¢6zlicii hacmindeki degisimin doniisiim ve segicilik degerlerini
etkilemedigini gostermistir (Sekil 1b).
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Sekil 1 a) Coziici tiiriiniin ve b) asetonitril ¢éziicli miktarinin doniisiim ve segicilik
tizerindeki etkisi.

Ayrica, substrat konsantrasyonunun etkisi yine ayni sartlarda
incelendi. 1-naftol miktarinin artirilmasinin, segiciligi  etkilemese de
doniisiimde bir azalmaya neden oldugu gozlenmistir (Sekil 2). 100:1'lik
substrat-katalizor oraninda, 15 dakikadaki en yiiksek doniisim %77,63
olurken, 2000:1 gibi daha yiiksek oranda, segicilik ayni kalmasia karsin
doniisiimiin ciddi oranda diistiigii (%17,85) belirlenmistir. Test edilen tiim
kosullarda, firiin segiciligi yiiksek elde edilmis fakat substrat oraninin
arttirllmasiyla doniisiimiin azaldig1 belirlenmistir.
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Sekil 2 Heterojen fotokatalizor MCM-41-ZnPc ile 1-naftoliin fotokatalitik
oksidasyonunda substrat/katalizor oraninin doniisiim segicilik lizerine etkisi

Stirdiiriilebilir heterojen kataliz icin temel gereklilik, katalizoriin
yeniden kullanilabilirligidir. MCM-41-ZnPc’nin  kararliligmi ve tekrar
kullanilabilirligini degerlendirmek i¢in siizme ve yeniden kullanim testleri
gergeklestirildi. Fotokatalitik reaksiyon sonrasi katalizér siizme islemi ile
geri kazanildi ve bes ardisik fotokatalitik dongiide tekrar kullanildi. Elde
edilen sonuglar, her dongii sonrasi yiiksek doniisiim ve segicilik degerlerinin
korundugunu ortaya koymustur. Bu da katalizoriin  kararliligim
gostermektedir (Sekil 3).
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1 2 3 4 5
Déngli sayisi
Sekil 3 MCM-41-ZnPc'nin yeniden kullanilabilirlik testi

Katalizoriin heterojen yapisim biitiinligiinii gérmek ve reaksiyonun
ilerleyisi sirasinda ortamdan uzaklastirilmast durumunda reaksiyon
ilerleyisinin durup durmadigm belirlemek icin sicak siizme testi
gergeklestirildi. MCM-41-ZnPc reaksiyon karigimindan 15 dakika sonunda
siiziilerek  uzaklastirilmast  durumunda, triin  olusumunun  durdugu
goriilmistiir (Sekil 4). Bu da aktif tiirlerin kat1 destek iizerinde hareketsiz
olarak kaldigin1 ve heterojen biitlinliiglin bozulmadigini gdéstermektedir.
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Sekil 4 Heterojen katalizor MCM-41-ZnPc i¢in sicak filtrasyon testi

I-naftoliin fotokatalitik oksidasyonundan sorumlu aktif tiirleri
belirlemek ig¢in, radikal siipiiriiciiler kullanilarak bir dizi kontrol deneyi
yiiritilmistir. Isik ile uyarilma sonrasi olusan pozitif bosluklart (h"),
stiperoksit radikallerini (*O*) ve hidroksil radikallerini (*OH) soéndiirmek
icin sirasiyla etilendiamintetraasetik asit (EDTA), benzokinon ve
izopropanol (IPA) kullanilmigtir. Elde edilen sonuglar Sekil 5'de
gosterilmektedir. EDTA ve IPA ilavesinin reaksiyon hizi iizerinde ihmal
edilebilir bir etkisi olmustur. Buna karsilik, benzokinon varlig1 {iriin
olusumunu 6nemli Ol¢iide engellemis ve reaksiyonu neredeyse tamamen
bastirmistir. Bu sonuglar, siiperoksit radikallerinin (+O?) fotokatalitik siireci
yonlendirmede baskin bir rol oynadigini agikca gostermektedir.
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Sekil 5 Heterojen katalizor MCM-41-ZnPc i¢in radikal siiplirme testi
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SONUC

Bu c¢alisma, MCM-41 destekli ZnPc heterojen fotokatalizoriiniin
gOriiniir 151k altinda, hava atmosferinde 1-naftoliin yiiksek verim ve
secicilikle 1,4-naftokinona doniistiiriilmesinde oldukca etkili oldugunu
ortaya koymustur. Reaksiyon kosullarinin optimize edilmesiyle sistemin
katalitik etkinlik degerleri oldukca yiiksek bulunmus, ayrica yeniden
kullanilabilirlik agisindan gii¢lii bir performans sergilemistir.

Bu bulgular, ¢evre dostu, diisiik maliyetli ve pratik olarak
uygulanabilir fotokatalitik sistemlerin gelistirilmesine Onemli bir katki
saglamaktadir. Grubumuzun g¢aligmalar1 bu yonde devam etmektedir.
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ABSTRACT

In this study, we investigate the Hyers-Ulam stability of a nth-order
differential equation by employing the Open Mapping Theorem. The concept
of Hyers-Ulam stability provides a framework to determine whether
approximate solutions of a differential equation remain close to exact
solutions under small perturbations. By formulating the problem in an
appropriate Banach space setting, we transform the given n-th order
differential equation into an equivalent operator equation. The application of
the Open Mapping Theorem ensures the boundedness and surjectivity
properties of the associated linear operator, which in turn yield explicit
stability bounds for the solutions. The obtained results extend and generalize
existing stability theorems for first and second-order equations to the n-th
order case, and provide a rigorous functional-analytic approach for further
stability analysis.

Keywords — Hyer-Ulam Stability, n-th Order, Banach Space, Open Mapping,
Differential Equation.

INTRODUCTION

In 1940, Ulam discussed the problem of the stability of homomorphism. If
the answer is affirmative, the functional equation for homomorphisms is said
to have the Hyers-Ulam stability because the first result concerning the
stability of functional equations was presented by D.H. Hyers (see [D.H.
Hyers [4]).

The stability problems of various functional differential equations have been
investigated by many autors ( see [1]-[16]). In the literature, first, Obloza [5]
initiated the study of the Hyers stability for the ordinary differential equation

x"'= f(t,x).

Later, Obtoza [8] considered two kinds of stability, Hyers stability and
Lyapunov stability, for the ordinary differential equation x" = f(¢, x), where

f:R?* >R s a continuous function, Lipschitzian with respect to the

second variable. The author discussed the Hyers stability and the Lyapunov
stability.

In 2010, Jung and Brzdek [12] investigated approximate solutions of the
delay differential equation y'(t) = §y(t — ) with an initial condition. The
authors showed that approximate solutions can be “approximated” by
solutions of the equation that are constants on the interval [—t, 0] and,
therefore, have quite simple forms. Their results correspond to the notion of
stability introduced by Ulam.
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In 2013, Otrocol and Ilea [13] explored the Hyers-Ulam stability of delay
differential equation of the form

x'(1) = f(t,x(1),x(g(1)))-

Otrocol and Ilea [13] obtained two results on the Hyers-Ulam stability of the
solution on a compact interval [a,b] and the generalized the Hyers-Ulam-

Rassias stability on an interval [a,).
For more detailed definitions of the Hyers-Ulam stability and the Hyers-
Ulam-Rassias stability refer to [1-6].

Huang and Li (2015) discussed stability of some classes of linear functional
differential equations using open mapping theorem. They showed that the
Hyers-Ulam stability holds true for

v =g(O)y(t —7)+ h(1).

In this paper we investigate Hyers-Ulam stability of the neutral differential
equation with variable delay of the form

n—1
Y (0= Y a0yt -7, (1)) +g @) (1)
il
using open mapping theorem for te[m(0),T],
a,,a,,...a, ,g € Clm(0),T], where

m (0) =inf{t —7,(£),t >0}, m(0)=min{m (0),1<i<n-1}.

STABILITY

In this section, we study the Hyers- Ulam stability of functional differential
equation (1) on [0,T].

Let P: A — B be a bounded linear operator and let ker P denote the kernel

of P. Define the induced one-to-one operator P from the quotient space
A/ker P into B by

P(u+ker P):= Pu, Yue A
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Definition 2.1. If there is a constant K with the following properties, then
the operator P has the Hyers-Ulam stability:

Forany g € P(A),e >0 and f € A satisfying ||Pf—g|| < ¢, there exists
fo € A such that Pf; =g and ||f—f0|| < Kg, where K is a Hyers-Ulam

stability constant of operator P.

Definition 2.2. If there is a constant K with the following properties, then
the equation Pf = g has the Hyers-Ulam stability:

For any € >0 and f € A satisfying ||Pf—g|| < ¢, there exists f, € 4
such that Pf, = g and

|| f- f0|| <Keg, where K is a Hyers-Ulam stability constant of equation
Pf=g.

Remark. If operator P has the Hyers-Ulam stability and g € P(A4), then
equation Pf = g has the Hyers-Ulam stability.

Theorem 2.1. Let A and B be Banach spaces and P be a bounded linear
operator from A4 into B . Then the following statements are equivalent:

(i) P has the Hyers-Ulam stability
(ii) The range of P is closed
(iii) P is a bounded linear operator.

Definition 2.3. If there exists a constant K >0 with the following property,
then equation (1) with g(¢) = 0 has the Hyers-Ulam stability. That is, for

every £ >0, ye C([m(0),b],R), if
¥00) - S a0y - )| < £
for all  €[0, 5], then there exists some ¥, € C([m(0),b],R) satisfics
3 (0) = gaxz)ys”(r 7))

for all ¢ € [0,5], with |y(¢) — y,(t)| < K& forall £ €[m(0),b].
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Theorem 2.2. Fora, €[m(0),b], the equation of

n—1
y (0= a0y (t-7,(1)
i=1
()
has the Hyers-Ulam stability on [m(0),b].

Proof. Let y € C([m(0),b],*R). Define

[l = max( sup ().

1<i<n-1 m(0),b]

is a Banach space. Define an operator

IO =10 Y a0 -5 0)

forall f(¢) € C([m(0),b],R).
Then T is well-defined and is a linear operator. Moreover,

7= sup |7

ANOE Za O (t=7,(1))

=sup sup
17]=1 rel0,5]

< sup sup (‘f(”)(t)‘Jr Za ) St —7,1)))

/=1 eef0.b]

<1+ sup (|al(t)| +|a2(t)| +..+
1€[0,b]

a,, (1)) <o,

for 1<i<n-1. Since a, are continuous functions on [0,b5], T is a linear

bounded operator.

Moreover, it is clear that for every f € C([m(0),b],'R), Tf < C[0,b],
C[0,b] is a Banach space and for every y e C[0,b], there are some
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f € C([m(0),b],R) such that Tf = y (from the basic theory of functional

differential equations). Thus the range of T is closed.

From Theorem 2.1 we said that operator 7' has the Hyers Ulam stability. Then
if forall £ €[0,b], f € C([m(0),b],R) satisfies

SO0 =D a0 =7 0) = XS = @) <

So there is a constant K , for every & = 0. Thus there exists a solution
fo € C([m(0),b],°R) of Equation (1) with

t [Slggb]lfo(t)—f(t)l <|f-fl<Ke,

from the definition of the norm in C([m(0),b],R). This completes our
proof.

Corollary. The nonhomogenous equation

n—1

()= Zai Oyt =7,(0))+g(1)

also has the Hyers-Ulam stability.
Proof. Let

(HY D= Y (0~ 3,0y (~7,0) - (1)

It sufficies to show that the operator (/y)(¢) has the Hyers-Ulam stability.
Since g € C[0,b] and the

operator 7 has the Hyers-Ulam stability, we obtain that for any
a, €C[0,0] (I1si<n-1), &2 0 and f € C([m(0),b],'R) with

HYf—(alo +a, +...+a(n_1)0)—gH <&

There exists an /o € C([m(0),b],R) such that
Ify —(a, +a, +...+a,, )—g=0

with a Hyers-Ulam constant K. That is:
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Forany a, ,b, € C[0,b] (1<i<N)é&20 and f € C([m(0),b],R) with

HHf —(a, +a, +ota, )H < ¢, there exists an f, € C([m(0),b],R)
such that

Hf,—(a, +a, +..+a,, )=0

with a Hyers-Ulam constant K. Thus A has the Hyers-Ulam stability.

Theorem. If a function f € C([m(0),z,],R) satisfies

FO0-X a0 -5 0)-gw)|<e

for all ¢t €[m(0),¢,], then there exists a solution f, € C([m(0),¢,],'R) of

n—1

»"(0)= Z:,a,-(t)y(”(f —7,(1)) +g(1)
with
[fO~f (0] <Ke
for all £ €[m(0),z, ], where K is a positive constant.

Proof. Define a function f, € C([m(0),T],R) by
So(O) = f(0),t €[m(0),0]

Uz Uy 1

Sy = L U] Q@) £y = 7,0)) + g + 130 ) el

4 4 4 =l

+fo@)du, + f,(@) . teltt,]

for every k € {0,1,...,m—1} where £ (0)= £ (0") for all
0<r<n-landf”(t)=f"( ) forall k>1,0<r<n-1.

Then, f, is well-defined and it is a solution of Eq. 1. and

/@)= f(0)]=0
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on [m(0),0],

n—1

ORI E Za(r)fo(r L) +20= 24O -70)-gw)

HIO 0 Y a0 f (-2 0)-g0)

n—1

Za(t)fo(t (AG) Za(f)f(l (1)

+¢&

-1

Z Jt—7.(t)— ft—7,(0)| sup |a,(t)|+¢

i=1 tE[l/ 1» j]

on [z, ,¢,] forall 1< j<m and

Jj-1°

sup [£,7(0) 7 (0)|< sup

[lt] tetlt]

L= 10—t

HAO @ D=0

forall 0<7<n-1 and 1< j <m. We define a sequence {q, ;},,, by

0<j<m

a,,=0, VO<r<n

a,; =a,; . sup |ai(t)|+1, Vi<j<m

teft; 1.t;]

a +ta, VO<r<n-I.

rg = r+1/

From this, we obtain
0 @0- 0w <a, .
on [¢, ,¢,] foreach 0<7<n andeach 1< j<m.
Forall 0< j<m,sinceevery a, ; is nonnegative, q,,, 2 a, ;. So,
o= F )| <a,,6

for all £ €[m(0),z,].
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ABSTRACT

Plasmonic metal nanoparticles, particularly those composed of gold,
silver, and other noble metals, have emerged as powerful nanomaterials
capable of manipulating light at subwavelength scales. This chapter explores
the fundamental principles of localized surface plasmon resonance (LSPR), a
phenomenon where collective oscillations of conduction electrons in
metallic nanoparticles lead to intense light absorption, scattering, and near-
field enhancement. By tailoring the shape, size, composition, and dielectric
environment of these nanoparticles, their optical properties can be finely
tuned to meet the requirements of various technological applications. We
highlight how these unique plasmonic effects are leveraged across modern
disciplines, including biomedical imaging and photothermal therapy,
ultrasensitive molecular sensing via surface-enhanced Raman scattering
(SERS), and advanced solar energy harvesting through light trapping and hot
carrier generation. The chapter also examines the role of plasmonic
nanoparticles in catalysis, metasurfaces, and emerging quantum photonic
systems, underscoring their versatility in bridging the gap between photonics
and nanotechnology. In addition to reviewing key applications, we discuss
material choices, synthesis strategies, and integration challenges associated
with the deployment of plasmonic nanoparticles in real-world devices.
Emerging trends—such as active plasmonics, bioplasmonics, and plasmon-
enhanced environmental sensing—are also explored, revealing the dynamic
evolution of this field. By presenting a comprehensive overview of both
foundational concepts and state-of-the-art technologies, this chapter provides
researchers, engineers, and technologists with a detailed understanding of
how plasmonic resonance in metal nanoparticles is shaping the future of
nanophotonics and modern optoelectronic applications.

Keywords — Plasmonics, Metal, LSPR, Gold, Silver, Nanoparticles.

INTRODUCTION

Plasmonics, the study of collective oscillations of free electrons in
metallic nanostructures under electromagnetic excitation, has emerged as a
transformative domain across physics, chemistry, and engineering (Halas,
Lal, Chang, Link, & Nordlander, 2011; Krasavin, Ginzburg, & Zayats,
2018). Among its most exciting components are plasmonic metal
nanoparticles—typically made of noble metals such as gold (Au) and silver
(Ag)—which exhibit localized surface plasmon resonances (LSPRs) when
illuminated by light (Khurana & Jaggi, 2021). These resonances amplify
electromagnetic fields near the nanoparticle surface, enabling a wide range
of phenomena and applications (Wang, Hasanzadeh Kafshgari, & Meunier,
2020).
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In the realm of nanotechnology, few phenomena have sparked as
much interest and innovation as plasmonic resonance (Babicheva, 2023;
Roy, Sashikant, Basak, Ayaan, & Kumar, 2024). At the heart of this
phenomenon lie metal nanoparticles—typically composed of noble metals
like gold, silver, and aluminum—whose interaction with light gives rise to a
collective oscillation of free electrons known as localized surface plasmon
resonance (LSPR). This resonant behavior, observable at the nanoscale,
imparts metal nanoparticles with extraordinary optical, electronic, and
sensing capabilities, making them indispensable in modern technological
advancements across diverse fields (Ghosh & Pal, 2007; Hartland, 2011; G.
Liu, 2024b).

Plasmonics, as a discipline, emerged from the convergence of
classical electromagnetism and quantum-scale phenomena (Fitzgerald,
Narang, Craster, Maier, & Giannini, 2016; Savage, 2012). When light strikes
a metal nanoparticle, it can excite the conduction electrons at specific
frequencies, leading to strong electromagnetic field enhancement near the
particle surface. This field amplification not only alters the particle’s optical
absorption and scattering properties but also facilitates various nonlinear and
quantum effects. These properties can be precisely tuned by controlling the
nanoparticle’s size, shape, composition, and dielectric environment—an
attribute that has made plasmonic nanoparticles central to the design of next-
generation photonic and optoelectronic devices (Babicheva, 2023).

Historically, the optical properties of metal colloids have been noted
since the Middle Ages, as evidenced by the vivid stained glasses of
cathedrals and the Lycurgus Cup of ancient Rome (Patkar & Sharan, 2019).
However, it was not until the advent of modern spectroscopy and electron
microscopy that the underlying plasmonic principles were systematically
explored. Today, metal nanoparticles are engineered with unprecedented
precision, allowing researchers to leverage LSPR for applications in
biosensing, photovoltaics, photocatalysis, optical data storage, and even
cancer theranostics (Halawa, Ahmed, Abdelrazek, Nagy, & Abdelraouf,
2025; G. Liu, 2024a).

One of the most transformative applications of plasmonic
nanoparticles lies in biosensing and medical diagnostics. The sensitivity of
LSPR to changes in the local refractive index makes metal nanoparticles
ideal for label-free detection of biomolecular interactions at extremely low
concentrations. Platforms such as surface-enhanced Raman scattering
(SERS) and plasmonic photothermal therapy (PPTT) exploit this capability
to achieve both real-time detection and targeted treatment, particularly in
cancer diagnostics and infectious disease monitoring (Huang, Zhao, Zhao, &
Cheng, 2024).

In the field of energy conversion, plasmonic nanoparticles are being
integrated into solar cells to improve light absorption and carrier generation.
By enhancing the local electromagnetic field or facilitating hot electron
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injection, these nanoparticles can surpass the Shockley—Queisser limit of
traditional photovoltaic devices (Zanatta, 2022). Additionally, in
photocatalysis, plasmonic nanostructures act as efficient antennas and
reactive centers, initiating chemical transformations under visible light that
would otherwise require ultraviolet radiation or higher energy inputs (D. Liu
& Xue, 2021).

Beyond biomedical and energy sectors, plasmonic nanoparticles are
finding roles in nanophotonics, metamaterials, and data encryption, where
their unique spectral signatures and tunable responses are leveraged for
information processing and optical switching (Butt, 2025). Emerging
techniques in nano-fabrication and self-assembly continue to expand the
design space for tailored plasmonic architectures, including core-shell
systems, nanorods, prisms, and hybrid materials that combine metallic and
dielectric components (Ganesh et al., 2024).

Despite these promising developments, challenges remain. Issues
related to thermal stability, biocompatibility, and large-scale fabrication
must be addressed to fully integrate plasmonic technologies into commercial
platforms (Tokel, Inci, & Demirci, 2014). Furthermore, ongoing research in
quantum plasmonics and machine learning—assisted design is opening new
frontiers in the theoretical understanding and functional control of plasmonic
phenomena (Ding, Tserkezis, Mystilidis, Vandenbosch, & Zheng, 2025).

This chapter will explore the fundamental principles of plasmonic
resonance, the synthesis and characterization of metal nanoparticles, and
their application landscape in modern technology. By examining both the
opportunities and limitations, we aim to provide a comprehensive overview
of how harnessing plasmonic effects at the nanoscale is reshaping fields as
diverse as medicine, energy, and computing.

FUNDAMENTALS OF PLASMONIC RESONANCE

Localized Surface Plasmon Resonance (LSPR)

LSPR occurs when conduction electrons in a metal nanoparticle
collectively oscillate in resonance with incident light. This resonance leads
to strong absorption and scattering of light and results in intense localized
electromagnetic fields near the nanoparticle surface (Zhao, Xue, Ji, Li, & Li,
2021).

Key parameters influencing LSPR include (Lv, Du, Wu, Cai, & Zhou,
2022; Yockell-Leliévre, Lussier, & Masson, 2015):

e Material properties (permittivity of the metal)

e Particle size and shape
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e Surrounding dielectric environment
e Wavelength of incident light
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Figure 1. LSPR and SPR schematic diagrams. a) LSPR mechanism in which
incident light forces the electrons on the surface of metal nanoparticles to oscillate.
b) SPR process where the incident light induces the electrons on the metal and
dielectric surface to collectively oscillate. ¢) The SPR effect on the principle of
sensors (Chao et al., 2024).

The resonant condition for spherical particles in the quasistatic
approximation is given by:

Em(w) = —2¢4 (1)

Where €,,, is the dielectric function of the metal, and €; is the dielectric
constant of the surrounding medium.
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Optical Properties of Metal Nanoparticles
Plasmonic nanoparticles exhibit:

Strong optical absorption and scattering

Size- and shape-dependent resonance tunability

Near-field enhancement

Surface-enhanced optical effects (e.g., Raman, fluorescence)

These properties underpin a variety of advanced technologies.

MATERIAL CHOICES AND NANOPARTICLE DESIGN
Common Plasmonic Metals

Gold (Au): Chemically stable, biocompatible, and exhibits strong
LSPR in the visible to NIR range. Silver (Ag): Highest quality factor for
LSPR but prone to oxidation. Aluminum (Al): Suitable for UV plasmonics,
more earth-abundant. Copper (Cu): Cost-effective alternative, though less
stable than Au or Ag (Cui et al., 2023; Shanivarasanthe Nithyananda Kumar,
Martulli, Lizin, & Deferme, 2025).

Shape and Dimensional Control
LSPR can be tuned via nanoparticle shape:
e Spheres: Single resonance peak, predictable Mie theory behavior.
e Nanorods: Exhibit both transverse and longitudinal modes.
e Nanoshells and nanostars: Offer multiband resonances and enhanced
field localization.
Advanced fabrication techniques such as seed-mediated growth,

lithography, and template-based synthesis allow precise control over
nanoparticle geometry.
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Figure 2. Polaritons formation from strong coupling between excitons and plasmons
(Lee, Kim, & Park, 2023).

PLASMONIC NANOPARTICLES IN MODERN
TECHNOLOGIES

Biomedical Imaging and Therapy
Bioimaging

Gold nanoparticles serve as contrast agents in various imaging
modalities (Fu, Lin, Karimi-Maleh, Chen, & Zhao, 2023; Shi, Wang, Li,
Feng, & Cao, 2025; Wu et al., 2025):

e Dark-field microscopy: Leveraging strong scattering from LSPR.

e Photoacoustic imaging: Nanoparticles absorb light and generate
ultrasound signals.

e Multiphoton and fluorescence imaging: Enhanced by field
amplification near plasmonic surfaces.

Photothermal Therapy

Plasmonic nanoparticles convert absorbed light into heat, enabling
localized hyperthermia to destroy cancer cells. NIR-absorbing nanorods or
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nanoshells are often used for deep tissue penetration (Debnath et al., 2024;
Tabish et al., 2020).

Sensing and Detection
Surface-Enhanced Raman Scattering (SERS)

Plasmonic nanoparticles dramatically enhance Raman signals of nearby
molecules due to:

e Electromagnetic field amplification
e Charge transfer between molecule and metal

SERS enables single-molecule detection, making it a powerful tool for
chemical and biological sensing.

LSPR Sensing

Changes in the dielectric environment near a nanoparticle shift its
resonance peak. This principle underpins label-free biosensors used to
detect:

e Proteins

e DNA/RNA

e Pathogens and viruses

Plasmonic biosensors offer real-time, highly sensitive detection and are
integrated into portable diagnostics and lab-on-a-chip platforms.

Plasmonic Photovoltaics
Light Trapping in Solar Cells

Embedding plasmonic nanoparticles into solar cells enhances light
absorption through:

e Scattering: Increasing optical path length.
e Near-field enhancement: Boosting local absorption.

e Hot-electron injection: Contributing additional carriers.

These effects are particularly useful for thin-film photovoltaics and
semiconductors with poor absorption in the visible range (e.g., TiOx, Si).
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Hot Carrier Solar Cells

In plasmonic hot carrier devices, energetic electrons generated from
plasmon decay are extracted before thermalization. These systems aim to
surpass the Shockley—Queisser limit, although significant challenges in
carrier extraction remain.

Plasmon-Enhanced Photocatalysis

Plasmonic nanoparticles serve as visible-light photocatalysts or co-
catalysts, promoting chemical reactions such as:

e  Water splitting

e (COz reduction

e Organic synthesis
Mechanisms include:

e Photothermal heating

e Hot carrier transfer to reactants

e Field-enhanced excitation of catalytic sites

Hybrid structures (e.g., Au-TiO2) are often used to combine plasmonic
and catalytic functionalities.

EMERGING APPLICATIONS AND FRONTIERS
Plasmonic Metamaterials and Metasurfaces

By arranging plasmonic nanoparticles into periodic or quasi-periodic
arrays, designers create:

e Metasurfaces with tailored reflection, refraction, or absorption.

e Optical cloaks, flat lenses, and holographic devices.

e Chiral nanostructures for polarization control and enantioselective
sensing.
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Quantum Plasmonics

At nanometer and sub-nanometer scales, classical descriptions of
plasmonics break down. Quantum plasmonics explores:

¢ Nonlocal effects
¢  Quantum tunneling in nanogaps
e Strong coupling with excitons or quantum dots

These effects are critical for ultrasensitive detectors and quantum
information processing.

Plasmonic Nanosensors for Environmental Monitoring
Plasmonic nanoparticles are used for detecting:

e Heavy metal ions
e Air and water pollutants
e Hazardous gases (e.g., H2S, NO»)

Portable plasmonic sensors allow in-situ and real-time monitoring,
critical for environmental protection and public health.

DESIGN CONSIDERATIONS AND CHALLENGES

Despite their promise, plasmonic technologies face several design and
implementation challenges:

e Material limitations: Oxidation, aggregation, and instability of
metals like Ag and Cu.

e Thermal effects: Heat generated during operation can alter
performance or damage substrates.

¢ Cost and scalability: Fabricating uniform, reproducible nanoparticles
at large scale remains a hurdle.

e Integration: Incorporating plasmonic elements into commercial
systems without compromising performance or compatibility.
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Strategies to address these challenges include:

e Coating with protective layers (e.g., silica, polymers)

e Alloying or doping to tailor properties

e Using alternative materials (e.g., doped semiconductors, conducting
oxides)

FUTURE DIRECTIONS

The field of plasmonics continues to evolve, with exciting frontiers such
as:

e Active plasmonics: Dynamic tuning using phase-change materials,
electric fields, or optical pumping.

e Bioplasmonics: Real-time tracking of cellular processes, gene
expression, and protein dynamics.

e Plasmonic neural interfaces: Leveraging optoelectronic stimulation
for brain—machine interfacing.

e Integrated plasmonic—photonic systems: Combining plasmonic
nanoantennas with silicon photonics for on-chip applications.

Furthermore, advances in machine learning and computational design
are enabling the inverse design of plasmonic structures for targeted
functionality.

CONCLUSION

The exploitation of plasmonic resonance in metal nanoparticles—
particularly gold and silver—has revolutionized modern nanotechnology by
enabling unparalleled control over light-matter interactions at the nanoscale.
In this chapter, we have explored the fundamental principles of localized
surface plasmon resonance (LSPR), the synthesis and tunability of
plasmonic nanoparticles, and their diverse applications across sensing,
photonics, biomedicine, and energy technologies.
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Plasmonic nanoparticles exhibit unique optical properties that are
highly sensitive to size, shape, composition, and the surrounding dielectric
environment. These features enable the engineering of responsive systems
where light can be manipulated with extraordinary precision. Advances in
fabrication techniques, such as pulsed laser deposition (PLD), colloidal
synthesis, and electron beam lithography, have allowed for scalable and
reproducible production of nanostructures with tailored plasmonic responses.

In practical applications, plasmonic nanoparticles have demonstrated
exceptional performance in surface-enhanced spectroscopies (like SERS),
biosensors with single-molecule sensitivity, photothermal cancer therapy,
and light-harvesting in photovoltaic devices. Their ability to localize and
amplify electromagnetic fields has opened new frontiers in nano-optics and
metamaterials, making them central to next-generation photonic circuits and
lab-on-chip technologies.

Despite these advances, challenges remain in achieving precise
control over nanoparticle placement, stability under high-power illumination,
and integration with semiconductor platforms. Future research will likely
focus on hybrid plasmonic—photonic systems, dynamic tunability using
stimuli-responsive materials, and exploration of non-metallic plasmonic
alternatives.

In summary, the control and application of plasmonic resonance in
metal nanoparticles continue to unlock innovative solutions across scientific
disciplines. As fabrication, simulation, and characterization techniques
advance, plasmonics will play an increasingly vital role in shaping the future
of optical and nanotechnological innovation.
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ABSTRACT

We investigate the stability properties of impulsive differential
equations with piecewise constant argument of generalized type, where abrupt
changes in the state of the system are accompanied by memory effects due to
the presence of delayed and discretely sampled information. These systems
arise naturally in various scientific and engineering applications, including
control systems, population dynamics, neural networks, and other hybrid
systems where the state evolves continuously but is subjected to instantaneous
changes at specific discrete moments. The combination of continuous state
evolution, discrete impulses, and memory effects creates significant
challenges for mathematical analysis. To overcome these challenges, our
approach involves associating the original system with an auxiliary impulsive
system that does not involve piecewisely defined arguments. This
correspondence allows us to explore the stability behavior of the original,
more complex system through a simplified and more analytically tractable
framework. By establishing this connection, we are able to transfer the
stability properties from the auxiliary system to the original one effectively.

The main methodological tool of this study is the Lyapunov’s direct
method, through which we derive conditions which are sufficient for the
stability of the trivial solution. This approach avoids the use of specific
functionals tailored to the delay or memory structure, thereby simplifying the
analysis and improving computational efficiency.

Keywords — Impulsive Differential Equations, Lyapunov Functions, Piecewise
Constant Argument Of Generalized Type, Stability, Hybrid Dynamical Systems,
Lyapunov’s Direct Method.

INTRODUCTION

Differential equations serve as a cornerstone in representing dynamic
systems within the realms of natural sciences, engineering, and social sciences
(Miller and Michel, 1982). They provide very powerful tools for describing
and interpreting how quantities evolve over time in response to internal
mechanisms and external influences. The dynamics of many real-world
systems cannot be fully described by classical ordinary differential equations,
due to the presence of features such as abrupt transitions, discontinuities,
memory effects, and time delays (Cengiz and Arugaslan Cingin, 2022; 402;
Gyori and Ladas, 1991; Samoilenko and Perestyuk, 1995). The complexities
of such systems have led to the development of various forms of differential
equations, including differential equations with impulse effects and those with
piecewise constant arguments. Impulsive differential equations are
particularly useful for modeling processes subject to sudden changes, such as
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shocks in mechanical systems, medical treatments in biological models, or
policy changes in economic systems. On the other hand, differential equations
incorporating piecewise constant arguments enable to represent systems,
where state variables depend discretely on the sampled past values, as
commonly encountered in control systems, and neural networks (Chiu,
2013:1; Chiu, 2022:137). The integration of these features leads to hybrid
systems that reflect real-life phenomena better, but also introduce significant
analytical challenges, especially in the examination of stability and long-term
behaviour of those systems.

Impulsive differential equations with generalized-type piecewise
constant arguments acting as delayed terms provide a robust framework for
modeling systems characterized by a mixture of continuous evolution, sudden
changes, and the effects of discretely sampled past states. These hybrid
behaviours are prevalent in a wide range of real-world applications, including
control theory, neural networks, population dynamics, epidemiology, and
economics (Karakog, 2020:957; Chiu, 2022:137). This hybrid structure
considerably enriches the dynamical features of the system and raises
difficulties in the stability analysis.

In recent decades, stability properties of impulsive and delay differential
systems including those with piecewise constant arguments have attracted
considerable attention (Bereketoglu et al., 2010:175; Biiyiikkahraman,
2022:54; Chiu, 2013:1; Karakog, 2020:957; Zhang, 2017:1). While the
literature includes numerous studies on the qualitative properties of impulsive
differential equations including piecewise constant arguments, relatively few
have addressed generalized form of the argument function (Akhmet and
Yilmaz, 2012:18; Chiu, 2022:137; Xi, 2018:1). The question of how existing
techniques can be extended to impulsive systems with generalized-type
piecewise constant argument remains relatively unexplored. This study
contributes to the literature by proposing new Lyapunov-based stability
criteria for impulsive differential systems with generalized arguments, which
do not require the construction of functionals (Rouche et al., 1977; Xi,
2018:1). The findings not only enhance the theoretical understanding of such
systems but are also expected to offer practical criteria for verifying their
stability in applications.

We refer to N, R and R™ as the sets containing, respectively, all non-
negative integers, all real numbers and all vectors of n-dimension with real
components. Besides, we use ||| to denote the Euclidean norm in R™,

The present study focuses on the following differential equation with
impulse and generalized type piecewise constant argument

x'(t) = f(t,x(t),x(n(t))),t # 0y (11
Ax|i=g, = F(x), k=12,

92



where x € N, = {x:x € R"and [|x|| <y}, ox:N > R™ denotes a sequence
that is strictly increasing and tends to infinity as k — oo, and t € I = [0, ).
The piecewise constant argument is defined by the function 7 as follows:
n(t) = oy for the values of t that lie in the half open interval [0y, 0x41), k =
0,1,2,... . We presume that the sequence oy, satisfies the inequality gy, 1 —
o, < o for apositive constant ¢ and for every k € N.

We can rewrite (1.1) as follows:

x'(t) = f(t,x(0), () + @(t, x(8), x(n (1)), t # 0y
Ax|t=g, = Fx(x), k=1,2,, (1.2)
where

o (6x0,x(1®)) = £ (620, x(1®) ) = f(,x(0,x(D)).

To simplify the discussion, we define g(t,x(t)) = f(t,x(t), x(t)) in
the sequel. With this representation, it can be considered that system (1.1), or
equivalently (1.2), is obtained by applying a small perturbation to the right
hand side of the system

u'(t) = g(tul®), t # o
Milieg, = Fo(w), k=12, (1.3)
provided that ¢ is small enough.

The rest of the study is given rganized as follows: Section 2 presents the
preliminaries including notations, assumptions, basic definitions and useful
results. Section 3 is devoted to the main results concerning the stability.
Section 4 provides a discussion of the findings and outlines the main
conclusions drawn from the present study.

PRELIMINARIES

This study is conducted under the framework of the following
assumptions:
(a.l) f:1x N, XN, - R", Fi: N, > N,, are continuous functions.
(a.2) Forevery t € I, vy, v, wy,w, € N, the function f satisfies the Lipschitz
property

If & v, wi) = F(& v, wo)ll < {llvy — vl + llwy — well},

where L > 0 denotes the Lipschitz constant.
(a.3) f(t,0,0) = 0forany t € I, and else, F;,(0) = 0 foreachk = 1,2, .
(a.4)If Fy(x) = Fy(x), forallk =1,2,--,then x = X.
(a.5) Bexp(P) < §, where = 10.
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Condition (a3) ensures that system (1.1) admits x = 0 as a solution. In
this study, we will focus on the stability and asymptotic stability behaviour of
the equlibrium solution x = 0 of the system (1.1). It should be noted that
definitions given for stability of the differential equations with impulsive
terms and piecewise constant delays are identical to those given for classical
ordinary differential equations as stated below.

Definition 2.1. The trivial solution x = 0 of the system (1.1) is called stable
if for every € > 0 and any initial time ty € [ = [0y, ), there is a § =
6(tg,€) > 0 so that the inequality ||x(t, ty, xo)|| < € holds for each t > ¢,
whenever ||xq|| < §(tg, €).

Definition 2.2. The trivial solution x = 0 of the system (1.1) is said to be
asymptotically stable if it is stable, and for any initial time t, € [ = [y, ),
one can find an 1(t,) > 0 so that the solution x(t, ¢y, Xy) goes to zero as t =
oo provided that the initial value satisfies ||xq|| < n(ty).

Lemma 2.1. If (a.1)-(a.5) are assumed to hold, then the inequality given by
(@)l < Bllx (@)l

stands valid for all t € [gy, ), and for any solution x(t) of (1.1), where
B 1
1— B — Bexp(B) — B?exp(B)

B

Proor. If the variable t € I = [g,, o) is fixed, then we can determine a k €
{1, 2,-++} for which t € [0y, 0%,1). Note that

t
X0 =x@) + [ £ (62 x()) df
Utk
—x(@0)+ [ (65 x(00)ds

t
= x(o0) + f (F(&,x(©),x(0)) — £ (£,0,0))dE,

for t € [oy,0r41)- Hence, we have
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t
Xl < llx(oi)ll +1 f(llx(«f)ll +llx(ai) D

t
<@+ B)lx(a)ll +1 fllx(f)lldf-

Making use of the Gronwall-Bellman inequality, it becomes evident

that the following bound
Ix(@®ll = (1 + B)exp (B)lx(ai)ll

is valid on the interval [0y, 0 41)-

In a similar vein, when the same reasoning is applied, we can obtain a
bound for [|x(ay)|| as follows. Since

t
X0 =x© — | (62 x(n)) df

t
= x| (65 x00)ds,
on [0y, Ok +1), we find thatak

t
Ix(a)ll < llx(@OIl + v f(llx(f)ll +lx(ar)IDdg

t
< Ix@®Il +1 f (@ + B) exp(B) x(@l + lIx (oD de.

From this, we deduce that

Ix(o)ll < llx(@Il + B(1 + exp(B) + B exp(B)|Ix(ap) I,
and subsequently, this inequality allows us to establish that
1
Ol = T Bexp(®) — oo ®
We note that B> 0 according to the assumption (a.5). Thus, the
argument is concluded on the half open interval [0y, 0)41). This outcome

lx@®1l = Bllx(@Il-

confirms that the inequality (2.1) continues to hold for all t = g,. O

Let us define a set P, of all functionsy: ] - R™ that are right-
continuous and may have first kind discontinuities at values oy, where k €
N, and also introduce P%. as the set of functions 1: I —» R™ such that both 1
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and Y’ are in P,.., where the derivatives at the points g;, are considered as the
right-hand derivative.

Definition 2.3. The function x(t) is called to be a solution of system (1.1) on
the interval [g(,), provided that the following conditions are met:

(i) x(¢) lies in the set PL.;

(i) x(t) satisfies both the differential and impulsive parts of system (1.1) on
the interval [gy,).

Theorem 2.1. (Xi, 2018:1) Under the assumptions (a.l), (a.2), (a.4) and
(a.5), foreachty € I and xy € N, the initial value problem consisting of (1.1)

together with the initial data x(t,) = x, has a unique solution on /.

MAIN RESULTS

This section presents the core theoretical results concerning the stability
properties for the considered class of differential equations including impulses
and also generalized type piecewise constant arguments. By leveraging the
association between the original system and its auxiliary counterpart, we first
investigate the stability of the trivial solution and then explore its asymptotic
behaviour.

Let V(t, u) stand for a real-valued, continuously differentiable function
defined in the region I X N,,, with the property that V(t,0) = 0 for each t €
I. Moreover, except at the points t = gy, the rate of change of the function V
evaluated with respect to time variable t along the solution paths of (1.3) is
defined by
, av(t,u) aV(t,u)

V(1_3) (t, U) = at + ou g(t, U.).
Theorem 3.1. Let the hypotheses listed as (a.1)-(a.5) be fulfilled. Provided
that a positive definite, continuously differentiable function V (t, u) exists

satisfying V' (t,0) = 0 for every t € I, and the following properties for a
constant w > O:

(i) Viiz (@t u) < —wr(1 + B)lull,
(i1) V(ok,u+ F(w) < V(o w),
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[ <o

for all (t,u) € I X N, the zero solution x = 0 of the system (1.1) is stable.

Proor. Let 0 <yg <y. We fix € > 0 and t; € [. We may assume without
affecting the generality of the argument that € < y,. Then for t # gy, we get

Vi (620, x(n())) = 23D 4 PEXO) e (4 (), 2(5(0)) )
_ aV(t,x(t)) aV(t,x(t)) f(t,x(t),x(t)) +

ot
P(t, X(t) x(n(t)))

av(t x(t))

av(t x(t))

= Vi3t x(t) + —=—= o(t, x(t), x(n(1)))
< —wi(1+ B)llx(@®)] Yo llx(©) — x(m)II

< —o(1+B)llx@Ol + wLllx@®)I +
wL [lx(n @)l

< w1 +B)Ix(Oll + wLlx@Oll +
wuB [lx(@)l

= 0.

Hence V() ;) is negative semidefinite. We denote the infimum of the

function V(¢t,x) fort € I, € < ||x|| <y, by V;; and pick an arbitrarily small
é so that the supremum of the function V (t,, x) for ||x|| < & is less than V..
Let x(t) = x(t,ty, xo) be a solution of (1.1) with ||xy|| < §. Assume that
[[x(t*)|| = & for some t* > t,. This implies that V (¢, x(t*)) = V..

Note that although the solution trajectories of systems (1.1) and (1.3)
differ due to the presence of piecewise constant delay in (1.1), condition (i)
concerning the impulse map remains valid for (1.1) as well since the inequality
in (ii) is evaluated pointwise, and does not depend on the trajectory. Hence,
negative semidefiniteness of V(; ; and condition (ii) lead to the conclusion

that V(t,x) is nonincreasing along every trajectory of system (1.1). This
means that

V. V(e x(t") < V(to x(tp)) <V,
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which is a contradiction. Hence, ||x(t)|| < & for all t > t,. In view of
Definition 2.1, this proves the stability of the zero solution of (1.1). O

Theorem 3.2. Let (a.1)-(a.5) hold true. If there exists a positive definite,
continuously differentiable function V(t,u) satisfying V(t,0) = 0 for each
t € I, and the following properties for a constant w > 0:

(i) VigEw < —od+B)ull

(ii) V(op, u+ F (W) — V(og,u) < -9V (o, u), where P(a) is
continuous for a = 0, with 1(0) = 0, and positive for all a > 0,

i) || ovitw) | <o

for all (t,u) €Il X N,, the zero solution x =0 of the system (1.1) is
asymptotically stable.

Proor. It is clear that the zero solution x = 0 of the system (1.1) is stable.
According to Definition 2.2, it is enough to verify that t]im x(t, ty,x9) =0.

To achieve this result, we first consider the behavior of the Lyapunov function
V(t, x(t)) for sufficiently large values of t, i.e., t]im V(t, x(t)) if it exists. The
inequalities given by (i) and (i) imply that the function V(t,x(t)) is
nonincreasing. Besides, positive definiteness of V leads to the conclusion that
it is bounded from below. Hence, the limit tlim V(t, x(t)) exists. Set

tlim V(t,x(t)) = L.

It is clear that L > 0 or L = 0. Assume that L > 0. Since ¥ is a
continuous function, it has a minimum value on the closed interval
[L,V(to,x(to))]. We denote this value by m. Note that V(ay,x(0y)) €
[L,V(to, x(ty))] for all k € {1,2,3,-+}. According to the condition (ii), we
have

V(Gk,x + Fk(x)) —V(og, x) < —ypV(ok, x).
This leads to the inequality

V(Gk,x(ak +)) — V(ak,x(ak)) <=y (V(ak,x(ak))) < -

Owing to the nature of its defining properties, it is true for the function V that

V(ok, x(ox +)) = V (041, x(0k+1))

for each k € {1,2,3,:-}. This property allows to write the following
inequality
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V(an,x(an +)) < V(on,x(on +)) + Z[V(ak_l,x(ak_l +))
k=1
— V(ok, x(0n))]

< V(oo,x(oo +)) —mn,

for any n € N. It can be seen that V becomes negative for the values of n >

w. However, this conradicts with the assumption that V is positive

definite. In this case, it is not possible for L to be positive and hence L = 0.
That is to say,
th_glo V(t,x(t)) =0.
Since V is positive definite, there exists a continuous, strictly increasing

function a:[0,y] = [0,0] with a(0) =0, bounding V from below as
V(t,x) = a(||x]) for all (¢,x) € I X N,,. Then, we get

0 = lim V(t,x(8)) = lim a(lx(®)1)) = alim (DI,
from which it follows that tlim x(t) = 0. This ultimately shows that the trivial

solution x = 0 of the impulsive system (1.1) with generalized type piecewise

constant argument is asymptotically stable. O

OUTCOMES AND DISCUSSION

The study and simulation of dynamic systems across various
scientific and engineering disciplines rely extensively on differential
equations. In recent decades, there has been a growing interest in the
stability analysis of impulsive and delay differential systems.
Numerous studies have employed Lyapunov functionals (Xi, 2018:1;
Yu and Cao, 2018:153) and other generalized methods to derive
sufficient conditions for the stability of such systems. However, many
of these approaches rely on intricate functional constructions or impose
restrictive assumptions, potentially limiting their practical applicability.
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In particular, impulsive systems with arguments that depend
discontinuously on time pose significant analytical challenges. These
hybrid systems, characterized by the interplay of continuous evolution,
abrupt state changes, and memory effects, demand novel analytical
techniques that go beyond the conventional framework.

This study contributes to the existing literature by establishing
new sufficient conditions for the stability of impulsive differential
equations with generalized piecewise constant arguments. Unlike
traditional methods, the approach adopted here utilizes Lyapunov’s
second method without the need for constructing functionals tailored to
the delay or memory structure. This direct method simplifies the
stability analysis while maintaining mathematical rigor and generality.

A key innovation of the study is the introduction of a comparison
framework between the original delayed system and an auxiliary non-
delayed system. This framework allows for the transfer of stability
properties between the two systems and offers a deeper understanding
of the qualitative behavior of impulsive systems with nonstandard
argument structures. The results obtained enhance the theoretical
foundation for analyzing the stability of such hybrid dynamical
systems.

Looking forward, several promising research directions emerge
from this work. Future studies could aim to generalize the proposed
framework to encompass more complex settings, such as systems with
multiple or distributed delays, and state-dependent impulses, each of
which poses additional layers of analytical complexity. Furthermore,
the development of computational algorithms to verify the derived
stability conditions and their application to real-world models in fields
such as engineering, biology, and economics would further demonstrate
the utility and adaptability of the theoretical contributions presented in
this study.
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ABSTRACT

A comprehensive theoretical investigation was carried out on the
coumarin derivate compound, Ci4Hi404, using density functional theory
(DFT) and a suite of wavefunction-based analyses. The optimized geometry
and frontier molecular orbital analysis reveal that the HOMO and LUMO are
predominantly localized over the coumarin core, with a HOMO-LUMO gap
of 3.35 eV, suggesting moderate chemical reactivity. Global descriptors
derived from orbital energies confirm the ability of the molecule to function
as both an electron donor and acceptor, consistent with its relatively high
electronegativity (y = 7.14 eV) and moderate hardness (n = 1.68 eV).
Molecular electrostatic potential (MEP) mapping highlights the carbonyl
oxygen atoms as the most favorable sites for electrophilic attack, whereas
the aromatic hydrogen regions serve as potential nucleophilic targets.
Electron localization analyses (ELF and LOL) demonstrate strong
localization around m-bonds and oxygen lone pairs, while regions of reduced
localization correspond to intermolecular interaction sites. Noncovalent
interaction features were further confirmed by reduced density gradient
(RDG) and Hirshfeld surface analyses, which emphasize the role of weak C—
H:---O hydrogen bonds, dispersion forces, and steric contacts in stabilizing
the crystal structure. Collectively, the findings provide a detailed
understanding of the electronic structure, reactivity profile, and
intermolecular interactions of the coumarin compound, offering insights into
its potential applications in materials and bioactive molecular design.

Keywords — Coumarin, DFT, MEP, HOMO-LUMO, ELF/LOL.

INTRODUCTION

The coumarin scaffold, chemically defined as 2H-1-benzopyran-2-one
and classified within the subgroup of lactones, constitutes a privileged
structural motif extensively explored in both natural products and synthetic
chemistry (Loncari¢ et al., 2020). Coumarin derivatives occur naturally in
numerous plants, such as tonka bean, Angelica dahurica, and species of
Ferulago, and in these plants they are frequently concentrated in the roots
(Venugopala et al., 2013; Matos et al., 2015). Because of their conjugated n
system and electron-rich nature, coumarin derivatives exhibit luminescent
properties that make them applicable as fluorescent probes and as
photocleavable protecting groups in chemical and biological systems
(Annunziata et al., 2020). In medicinal chemistry, coumarins have
demonstrated a wide spectrum of bioactivities, encompassing anticoagulant,
antioxidant, and anti-inflammatory effects as well as antimicrobial, anti-HIV,
and anticancer properties (Pisani et al., 2022; Balewski et al., 2021). For
example, coumarin-based hybrids have been reported to inhibit key enzymes
implicated in neurodegenerative diseases, including monoamine oxidase B
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(MAO-B), acetylcholinesterase (AChE), and butyrylcholinesterase (BuChE).
This inhibitory activity provides promising avenues for the design of
multitarget drugs aimed at managing complex neurological disorders
(Hussain et al., 2019). In addition to their biological potential, the synthetic
versatility of the coumarin core—achievable through classical reactions such
as the Pechmann condensation, the Perkin reaction, and the Knoevenagel
condensation—facilitates the preparation of structurally diverse derivatives
with tailored functional properties (Gulati et al., 2021; Vekariya et al., 2014).
Recent studies have emphasized the pharmacological significance of C-3
substituted coumarin derivatives, which display enhanced activity against
pathogens such as Staphylococcus aureus and thus hold considerable
promise in the fight against antimicrobial resistance (Tandel et al., 2025).
Overall, the combination of structural modifiability, multifunctionality, and
potent bioactivity renders coumarin derivatives highly valuable scaffolds in
the continuing search for novel therapeutic agents.

In this study, a comprehensive theoretical investigation was carried
out on a coumarin-derived compound in order to explore its structural,
electronic, and supramolecular features. Density Functional Theory (DFT)
calculations were employed to optimize the molecular geometry and to
examine the electronic distribution in detail. The frontier molecular orbital
(HOMO-LUMO) analysis was conducted to evaluate the energy gap and to
predict the chemical reactivity and stability of the system. Molecular
electrostatic potential (MEP) mapping was utilized to identify electrophilic
and nucleophilic regions, thus indicating potential reactive sites. To further
elucidate the electronic topology, electron localization function (ELF) and
localized orbital locator (LOL) analyses were performed, providing insights
into electron-pair distribution and bonding characteristics. Noncovalent
Interaction—Reduced Density Gradient (NCI-RDG) analysis enabled the
visualization of weak interactions such as van der Waals forces, hydrogen
bonds, and m—m stacking, highlighting the supramolecular features of the
compound. Moreover, Hirshfeld surface analysis, generated using the
CrystalExplorer21 program, was applied to quantify the intermolecular
contacts in the solid state through dnorm, di, de, and shape index surfaces,
together with two-dimensional fingerprint plots (Simsek et al., 2023; Ozsanli
et al., 2024). Collectively, these computational results contribute to a deeper
understanding of the electronic and interactional properties of coumarin
derivatives.

Materials and Method

In this study, Density Functional Theory (DFT) calculations were
carried out using the Gaussian 09W software package (Frisch et al., 2016),
and molecular visualizations were generated with GaussView 6.0
(Dennington et al., 2016). The geometry optimization and subsequent
electronic structure analyses were performed at the B3LYP level of theory
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(Becke, 1993; Lee et al., 1988) with the 6-31G(d,p) basis set, ensuring a
reliable balance between computational accuracy and efficiency. These
procedures enabled the evaluation of the frontier molecular orbital (HOMO-
LUMO) distributions, the energy gap, and the Molecular Electrostatic
Potential (MEP) surface. In particular, the MEP surface was employed to
identify nucleophilic and electrophilic regions within the molecule, thereby
providing a comprehensive framework for mapping electron density
distribution and visualizing electrostatic interaction patterns.

The intermolecular interactions within the crystal lattice of the
coumarin derivative compound were examined using Hirshfeld surface
analysis (Spackman and Jayatilaka, 2009), and the corresponding two-
dimensional fingerprint plots were generated with the CrystalExplorer21
software package (Spackman et al., 2021; Turner et al., 2017). This method
allows the visualization of intermolecular contact distances and the
identification of regions of significant noncovalent interactions. Additionally,
fingerprint plots derived from the Hirshfeld surface were employed to
quantify the relative contributions of distinct atom—atom contacts, thus
providing a comprehensive understanding of the molecular packing features
(Simsek et al., 2022). The ELF, LOL, and RDG analyses were modeled
using the Multiwfn 3.7 (Lu and Chen, 2012) package and VMD (Humphrey
et al., 1996).

Figure 1: The optimized structure of C14H404.
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RESULTS AND DISCUSSION

MEP surface analysis of C14H 1404

The molecular electrostatic potential (MEP) surface of the optimized
C14H 1404 compound (Fig. 1), computed at the B3LYP/6-31G(d,p) level maps
electron-rich (negative, red) and electron-poor (positive, blue) regions,
providing a physically meaningful descriptor of reactive sites (El Kalai et al.,
2023; Arumugam et al., 2021). In the coumarin framework (Fig. 2), the most
negative potential concentrates around the carbonyl oxygen atoms of the
lactone/ester portion, consistent with their high electron density and well-
established role as strong hydrogen-bond acceptors (Adhikari et al., 2024; El
Bakri et al., 2024). Complementarily, the carbonyl bears a positive potential,
identifying it as a plausible locus for nucleophilic attack in polar reactions.
Positive potential is also observed about aromatic and benzylic C—H groups,
especially those adjacent to electronegative atoms, in line with the ability of
polarized C—H bonds to participate in C—H---O hydrogen bonding (Peter et
al., 2013; Adhikari et al., 2023). This polarity pattern—electron-rich oxygen
sites and electron-poor C=0 carbon/C-H regions—indicates multiple
noncovalent interaction modes available to the molecule (H-bond accepting
at O, H---O contacts at polarized hydrogens), a behavior widely noted for
coumarin scaffolds in chemical and biological contexts. Taken together with
frontier-orbital descriptors, the MEP map provides a coherent picture of
electrophilic and nucleophilic preferences that underpins the observed
reactivity profile of this coumarin derivative (Al-thamili et al., 2020).

J

I

.

Figure 2: MEP surface of Ci4H404.
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Frontier molecular orbital analysis of C14H 1404

Analysis of the frontier molecular orbitals shows that both the HOMO
and LUMO are mainly concentrated on the CisH4O4 framework. As
illustrated in Fig. 3, the orbital distribution suggests that nucleophilic and
electrophilic interactions are most likely directed toward the carbonyl group
and the conjugated aromatic ring, where the frontier orbitals significantly
overlap. Further insight into the electronic nature of the compound can be
obtained from global reactivity descriptors derived from the frontier orbital
energies (Table 1). The HOMO energy (—9.08 eV) and LUMO energy
(—=5.73 eV) give a HOMO-LUMO gap of 3.35 eV, pointing to a moderate
barrier for electron transfer and implying a balanced reactivity profile. The
corresponding ionization potential (IP = 9.08 eV) and electron affinity (EA =
5.73 eV) indicate that the molecule can act as both an electron donor and
acceptor depending on the environment. The calculated chemical hardness (1
= 1.68 eV) and electronegativity (y = 7.14 eV) further suggest that the
coumarin system possesses a relatively electron-withdrawing character,
favoring interactions in polar media and in the presence of hydrogen-bond

donors.

AEgomoEpymo = -3-35 eV

2%

Figure 3: HOMO-LUMO surface of Ci4H404.
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Table 1: The energy values of the global reactvity parameters of Ci4H404.

Parameters

Enomo (eV) -9.08
Erumo (eV) -5.73
Energy gap (eV) 3.35
lionization potential (I=-Enomo) 9.08
Electron affinity (A=-Erumo ) 5.73
Electronegativity (y=(1 + A)/2) 7.14
Hardness (n=(I - A)/2) 1.68
Softness (S=1/2n) 0.30

ELF and LOL analysis of C14H 1404

In terms of electron localization, the ELF maps (Fig. 4, left) reveal
strong electron density around the aromatic n-system and the lone pairs of
oxygen atoms, appearing as intense red and yellow regions in both 2D
contour and 3D surface representations. These features indicate well-defined
electron pairs associated with n- and 6-bonds as well as nonbonding domains
on electronegative centers. The complementary LOL maps (Fig. 4, right)
highlight compact orbital clusters around the ring carbons and oxygen sites,
displaying narrower distributions that support the orbital segregation
depicted by ELF. Regions of reduced localization are observed in the
intermolecular space and at the periphery of the molecule, reflecting diffuse
electron density that facilitates weak noncovalent interactions in the crystal

packing.
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Figure 4: The electron localization function (ELF) (left), and localized orbital
locator (LOL) (right) maps of C14H4Oa4.

NCI-RDG analysis of C14H 1404

A detailed picture of the noncovalent interactions and electron
distribution in the coumarin derivative is provided by the wavefunction-
based analyses in Fig. 5. The RDG scatter plot (Fig. 5, up) classifies the
interactions according to sign(A2)p values. Negative regions (blue, —0.04 to

109



—0.01 a.u.) correspond to attractive forces, reflecting possible hidden
hydrogen-bond acceptor contributions at electronegative centers. The zone
near zero (green, £0.01 a.u.) represents weak dispersion-type van der Waals
contacts, while positive values (red, +0.01 to +0.04 a.u.) indicate steric
repulsions typically arising from closely positioned substituents or terminal
groups. The RDG isosurface (Fig. 5, down) further illustrates the spatial
distribution of these effects. Small greenish patches observed between
oxygen and adjacent hydrogen atoms suggest weak C—H:---O interactions,
whereas the red regions concentrated within the core of the coumarin ring
reflect steric congestion inside the aromatic framework.
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Figure 5: RDG scatter plot and RDG isosurface of Ci4H1404.

Hirshfeld surface analysis of C14H 1404
The Hirshfeld surface analysis of CisH1404 (dhorm range —0.1669 to
1.2306) indicates that the crystal packing is dominated by van-der-Waals
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H---H contacts (44%), with significant contributions from O---H interactions
(28%) and C---H contacts (18%). The negative dnorm minima (= —0.167)
coincide with localized close contacts near the carbonyl and ester oxygen
atoms, consistent with directional C—H:--O interactions rather than classical
strong hydrogen bonds. The shape-index map shows no pronounced
complementary red/blue triangles over the aromatic rings, and the
curvedness surface exhibits mainly curved regions with only minor low-
curvedness patches, indicating an absence of extensive face-to-face m—m
stacking.
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Figure 7: The 2D fingerprint plots of C14H404.
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CONCLUSION

The combined computational analyses highlight that the electronic
and structural properties of C14H1404 are strongly governed by the coumarin
backbone. The HOMO-LUMO distribution and global reactivity descriptors
reveal a system with balanced electron-donating and -accepting capabilities,
supported by a moderate energy gap that reflects both chemical stability and
reactivity. MEP surfaces and ELF/LOL maps consistently point to oxygen
centers and aromatic m-systems as the primary reactive sites. RDG and
Hirshfeld surface analyses further demonstrate that the crystal packing is
stabilized mainly by van der Waals H---H contacts, supplemented by
directional C—H---O interactions and minor C—H:---w contributions, while
steric effects arise within the aromatic core. Altogether, these computational
findings provide a coherent picture of the molecule’s reactivity and
intermolecular behavior, reinforcing its potential as a versatile coumarin
derivative for future functional and applied studies.
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ABSTRACT

The oxidation of benzyl alcohol to benzaldehyde is essential for producing
fine chemicals and aromatic aldehydes. It is also important as a model
reaction for understanding more complex oxidative processes. Frequently
referenced in photocatalytic systems, this reaction is considered a critical test
reaction for elucidating the fundamental mechanism and informing new
catalyst designs. This study systematically investigated the photooxidative
conversion of benzyl alcohol without a catalyst. Reactions were carried out
in specially designed photoreactors using red (640 nm) and blue (420 nm)
LED light sources and different types of oxidants and solvents. The highest
conversion was observed with a yield of 34.7% benzaldehyde using TBHP
(1/32). H20, exhibited moderate activity, and m-CPBA was notable for its
low selectivity and byproduct formation. Solvent studies showed that toluene
provided the highest conversion, while water and IPA offered lower yields.
Wavelength tests revealed that blue light at 420 nm was significantly more
effective than red light. These results demonstrate that light wavelength,
oxidant type, and solvent selection are critical factors in photooxidation
processes. This study is an important reference for understanding
photooxidative mechanisms in uncatalyzed systems and will guide future
studies in catalyzed systems.

Keywords — Benzyl Alcohol Oxidation, Catalyst, Photocatalyst.

INTRODUCTION

Selective oxidation of benzyl alcohol is a common transformation in
organic synthesis. The main product of this reaction, benzaldehyde, is of
great interest due to its use as an intermediate chemical in the perfume,
flavor, dye, and pharmaceutical industries (Mallat & Baiker, 2004).
However, conventional oxidation methods often rely on stoichiometric and
environmentally hazardous oxidants, resulting in disadvantages such as
waste generation, toxicity, and energy consumption (Sheldon, 2016). In this
context, methods that comply with green chemistry principles and offer high
energy and atomic efficiencies have made photocatalytic approaches
attractive for similar reactions. Photocatalysis is based on the generation of
excited charge carriers (electrons (e’)/holes (h")) when the catalyst absorbs
light. These carriers then interact with acceptors, such as oxygen, on the
surface to produce reactive oxygen species (ROS) (Fujishima & Honda,
1972). Thus, the oxidation of benzyl alcohol to benzaldehyde can often be
achieved at room temperature and atmospheric pressure using molecular
oxygen, which provides significant advantages in terms of process safety and
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sustainability (Mamba & Mishra, 2016). Due to the practicality and
scalability of light irradiation, visible light-activated systems are increasingly
sought after in the literature.

Semiconductor oxides, especially TiO, and ZnO, are the backbone
of traditional photocatalytic oxidation studies. However, their wide band
gaps and fast recombination can reduce quantum efficiency (Chen et al.,
2010). To address these limitations, strategies such as surface/interface
engineering (e.g., defect creation and oxygen vacancies), metal/metal oxide
loadings, and carbon-based dopants (e.g., graphene and carbon nanotubes)
have been reported. For instance, heterojunctions and Z-scheme
architectures increase conductivity and charge carrier lifetime, which
supports oxidation by improving light harvesting and charge separation
(Chen et al., 2010).

g-C3N; is an attractive photocatalyst for oxidation due to its activity
under visible light, metal-free structure, and ease of synthesis (Mamba &
Mishra, 2016). Loading transition metal complexes or phthalocyanines onto
g-CsN4 can facilitate oxygen activation and promote the formation of species
such as 'O, and O+~ (Parrino et al., 2018; Gok et al., 2026). Similarly,
metal-organic frameworks (MOFs) are a promising platform for visible-light
photocatalysis thanks to their large surface area, adjustable pore size, and
light-absorbing organic linkers (Xianjiang et al., 2020). From a mechanistic
perspective, the dominant reactive oxygen species (ROS) in oxidation is a
key factor in determining selectivity. Singlet oxygen ('O,) can convert
alcohols to aldehydes under mild conditions. However, more reactive
species, such as superoxide (Oz*") and the hydroxyl radical (*OH), can lead
to overoxidation and the formation of benzoic acid (Parrino et al., 2018; Gok
et al., 2026). Therefore, parameters such as catalyst band positions, surface
functions, solvent polarity, base/additives, and O, pressure must be
optimized together. Light wavelength and intensity also influence charge
carriers and consequently, pathway selection.

Supported and heterogeneous systems offer advantages in terms of
catalyst recovery and long-term stability. Mesoporous silica supports, such
as MCM-41 and SBA-15, have regular pore channels and a high surface
area. These properties allow for good distribution of active centers and
improved mass transfer. Immobilizing phthalocyanines, transition metal
complexes, or MOF fragments on these supports reduces photocatalyst
leaching and improves reusability (Gok et al., 2026; Gok et al., 2024).
Additionally, charge transfer at the carrier-catalyst interface can positively
impact visible light activity.

Controlling selectivity is critical for industrial applicability. Using
mild bases (e.g., carbonates) to facilitate proton transfer, controlling water
content, and optimizing oxygen partial pressure in the reaction medium have
been reported to achieve high selectivity (Mallat & Baiker, 2004; Gok et al.,
2025). Additionally, selecting the appropriate solvent (aprotic or polar
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aprotic) and managing the intermediate species formed under light exposure
can protect the target product by limiting excessive oxidation. Tuning the
surface acid/base properties of the catalyst can also enable chemoselectivity
between similar substrates. The performance of a reactor is also determined
by its operating parameters. Batch reactors have mass transfer limitations.
However, fluidized-bed or micro/flow reactor architectures can improve
light-matter interactions and oxygen transfer, providing extended stability
and higher spatial efficiency. The spectral power of the light source and the
reactor's reflective surfaces and shortened light path directly impact quantum
efficiency. Improvements in these areas suggest that differences in efficiency
reported in the literature may be due not only to catalyst composition, but
also to differences in hardware and operation (Chen et al., 2010).

Reusability and structural stability are key issues when scaling up
photocatalysts. Loss of activity during repeated cycling can be attributed to
mechanisms such as active site blockage, particle agglomeration, adsorption
of organic intermediates, and metal leaching. Although these effects are
mitigated in supported systems, maintaining performance requires
appropriate regeneration protocols, such as mild thermal or UV cleaning
(Gok et al., 2026; Gok et al., 2025; Gok et al., 2024). Long-term testing is
critical for realistic application evaluations.

In general, the existing literature indicates that three axes are
decisive in the photocatalytic oxidation of benzyl alcohol: (i) effective
management of light absorption and charge separation, (ii) selective control
of oxygen activation pathways, and (iii) ensuring stability and recovery of
active centers through support/interface engineering. These research
directions should be addressed together for sustainable and industrially
applicable processes (Mallat & Baiker, 2004; Chen et al., 2010; Parrino et al,
2018; Xiao et al., 2020).

In light of this expanded framework, research on benzyl alcohol
oxidation is expected to deepen around the design of visible-light
photocatalysts, the selective production of reactive oxygen species, and
stable immobilization strategies on mesoporous carriers. This will enable the
scalability of processes with low energy consumption, minimal waste
generation, and high chemoselectivity. A reliable technology base will be
created for production lines compatible with green chemistry targets
(Sheldon, 2016; Gok et al., 2026). To determine the effect of light alone on
benzyl alcohol oxidation, free from the aforementioned factors that
determine photocatalytic activity, a series of test reactions were carried out
within the scope of this study.
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RESULTS AND DISCUSSION

Photocatalytic conversion experiments of benzyl alcohol without a
catalyst were conducted to investigate the effects of different oxidant types,
solvent media, and light conditions. All reactions were carried out in
Schlenk-type glass tubes and operated at 25 °C with a stirring speed of 200
rpm. The photoreactors were fabricated using a 3D printer (Gok et al; 2025;
Gok et al., 2026). The first reactor was equipped with 10-watt red (640-nm)
and blue (420-nm) LED lamps. The second reactor had arrays of six 32 W
red LEDs to evaluate the effect of light intensity. The distance between the
light source and the sample was fixed at 1.25 cm. Benzyl alcohol (0.03
mmol) was used as the substrate, and the preferred oxidants were tert-butyl
hydroperoxide (TBHP, 70% in water), hydrogen peroxide (H202, 30%), and
meta-chloroperbenzoic acid (m-CPBA, >77%). Substrate/oxidant ratios were
tested from 1:1 to 1:32. Water, toluene, dichloromethane (DCM),
isopropanol (IPA), dimethylformamide (DMF), and oxygen-saturated
acetonitrile were used to investigate the effects of solvents. All reactions,
except those investigating the effect of light intensity (15 min.), were run
under light for two hours. Reaction products were analyzed by gas
chromatography-flame ionization detection (GC-FID).

The experimental results demonstrate that the oxidation of benzyl
alcohol wvaries significantly depending on the oxidant, solvent, light
wavelength, and light intensity used. Experiments using TBHP demonstrate
that conversion rates increase as the substrate-to-oxidant ratio decreases.
Specifically, a benzaldehyde yield of 34.7% was achieved at a ratio of 1:32.
The results obtained are given in Table 1. These results demonstrate that
TBHP is a strong oxidant and that excess oxidant increases reaction
efficiency.

Table 1. Results obtained with TBHP at different substrate/oxidant ratios®

1 1”1 P o 100
2 12 P el 100
3 1/4 P oot 100
4 18 P v 100
5 1116 P S 100
6 1132 P o 100
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aReaction conditions as solvent: acetonitrile (1 mL), substrate: benzyl alcohol (0.03 mmol),
oxidant: TBHP, "Conversions were determined by GC-FID. Reactions were conducted for 2
hours when carried out 25°C. Light source: LED lamps (10 W)

Subsequent studies revealed lower conversion rates with H,O» than
with TBHP. The highest yield was 17.4% at a 1/32 ratio. The results
obtained are given in Table 2. These results suggest that, although H,O is
effective in photooxidation, it is not as potent an oxidant as TBHP.

Table 2. Results obtained with H,O; at different substrate/oxidant ratios!®

Wavelength S
Entry  Substrat/Oxidant of Light Benza:dehyde Sele§t1v1ty
(%) (%)
(nm)

' 420 5.42

1 1/2 660 0.50 100
420 9.65

2 1/8 660 0.73 100
420 17.42

3 1/32 660 1.03 100

aReaction conditions as solvent: acetonitrile (1 mL), substrate: benzyl alcohol (0.03 mmol),
oxidant: H202, ®Conversions were determined by GC-FID. Reactions were conducted for 2
hours when carried out 25°C. Light source: LED lamps (10 W)

Studies comparing oxidants revealed that TBHP provided the
highest selectivity and efficiency. The results obtained are given in Table 3.
H:0: yielded moderate results, while m-CPBA produced low conversion and
numerous byproducts, including benzoic acid, 1,4-benzoquinone, and benzyl
benzoate. Therefore, TBHP can be concluded to be a more selective oxidant.

Table 3. Comparison of different oxidants at a ratio of 1/32[

Wavelength Benzaldehyde Benzoic  Benzyl Aldehyde

Entry Oxidant of Light acid Benzoate Selectivity
(%) (%) (%)
420 34.67
1 TBHP 660 0.65 - - 100
420 17.42
2 H202 660 1.03 - - 100
3 m- 420 1.61 3.17 89.44 1.7
CPBA 660 0.81 1.15 92.23 0.86

aReaction conditions as solvent: acetonitrile (1 mL), substrate: benzyl alcohol (0.03 mmol),
®Conversions were determined by GC-FID. Reactions were conducted for 2 hours when
carried out 25°C. Light source: LED lamps (10 W)

In studies investigating the effect of solvents on photocatalytic
activity, high benzaldehyde yields were obtained in toluene; however,
byproduct formation increased. Relatively low conversions were achieved in
water and [PA media, while DMF media nearly suppressed the reaction. The
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results obtained are given in Table 4. These results demonstrate that solvent
polarity and oxygen solubility play critical roles in the reaction mechanism.

Table 4. Results obtained at 1/32 ratio in different solvents™

Wavelength Benzaldehyde Benzoic  Benzyl Aldehyde
Entry Solvent of Light (%) Y acid Benzoate Selectivity
(nm) . (%) (%) (%)
420 34.67
1 ACN 660 0.65 - - 100
420 5.9
2 H20 660 13 - - 100
3 Toluene 420 23.9 233 ) 50.6
660 4.0 - 100
420 12.4 19.3 39.1
4 DCM 660 1.3 ) - 100
420 5.7
5 IPA 660 0.67 - - 100
420 3.7
6 DMF 660 035 - - 100

aReaction conditions as solvent: acetonitrile (1 mL), substrate: benzyl alcohol (0.03 mmol),
oxidant: TBHP, "Conversions were determined by GC-FID. Reactions were conducted for 2
hours when carried out 25°C. Light source: LED lamps (10 W)

In terms of wavelength, blue light (420 nm) was found to be much
more efficient than red light (640 nm). Conversion was negligible under red
light alone. The results obtained are given in Table 5. These results suggest
that the system primarily propagates the reaction by absorbing high-energy
photons.

Table 5. Effect of illumination at different wavelengths.

Wavelength Aldehyde
Entry Substrat/Oxidant  of Lighgt Benzzl;:;’hyde Selectii’fity
(nm) (%)
1 1/32 420 34.67 100
2 1/32 420&660 7.85 100
3 1/32 660 0.65 100

2Reaction conditions as solvent: acetonitrile (1 mL), substrate: benzyl alcohol (0.03 mmol),
oxidant: TBHP, "Conversions were determined by GC-FID. Reactions were conducted for 2
hours when carried out 25°C. Light source: LED lamps (10 W)

Finally, studies investigating the effect of light intensity on
photocatalytic activity revealed that the yield of benzaldehyde increased with
increasing light intensity. However, the conversion rate plateaued at 96 W,
suggesting that the system had reached the saturation point for photon
absorption.
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Figure 1. Effect of light intensity on benzaldehyde yield under red LED lamp (640
nm) with 15 min. light irradiation

The findings from the evaluation of photooxidative transformations
provide reaction yields and an understanding of fundamental photochemical
processes. The conversion of benzyl alcohol to benzaldehyde is a widely
used model reaction in selective oxidation processes. This reaction is highly
sensitive to the type of oxidant, light wavelength, and solvent environment
used. Thus, the presented data reveal experimental observations and the
fundamental dynamics of the photooxidation mechanism. Previous studies
have generally been conducted in the presence of heterogeneous or
homogeneous photocatalysts, emphasizing the catalyst's accelerating effect.
However, this study preferred catalyst-free conditions. This permits the pure
photochemical behavior of the system to be examined without masking the
catalyst's effect. Catalyst-free experiments reveal the interaction between
oxidant activation and photon energy, determining whether the reaction is
photoinduced. Thus, the results obtained contribute to a more accurate
interpretation of light-oxidant-environment interactions when designing
future catalyzed systems. Another important aspect of the catalyst-free study
is measuring the system's spontaneous photooxidative conversion capacity.
This approach establishes reference values for photocatalytic mechanisms
and provides a "blank test" standard for evaluating whether increases in
catalyst-based systems represent real performance improvements. This
comparative perspective, particularly in frequently used model reactions
such as the oxidation of benzyl alcohol, enables a more reliable evaluation of
the effectiveness of reported catalysts.

Overall, the experimental findings showed that benzyl alcohol
photooxidation can occur efficiently without a catalyst, particularly under
high-energy blue light and with the TBHP oxidant. A comparison of oxidant
types revealed that TBHP was the most selective and efficient, while H>O:
exhibited limited activity and m-CPBA resulted in byproduct formation with
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low conversion. Studies on the effect of solvents revealed that the polarity
and oxygen solubility of the medium directly affect the course of the
reaction. Toluene provided the highest efficiency, but showed low
selectivity. Media such as DMF virtually suppressed the reaction.

Light intensity and wavelength tests demonstrated that the system is
sensitive to high-energy photons and that efficient photooxidation occurs
under blue light. Red light alone was insufficient to initiate conversion but
contributed partially in combination. These observations demonstrate that
light intensity and photon energy are both determining factors in
photooxidation processes. In conclusion, this study reveals the fundamental
mechanism of uncatalyzed photooxidation and provides a basis for the future
development of catalyzed systems. The obtained data demonstrate that
highly efficient and selective oxidation processes can be designed through
the selection of appropriate oxidants, the optimization of solvents, and the
adjustment of light conditions. This advances our understanding of the
fundamental mechanism and sheds light on new strategies for photocatalytic
transformations.
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ABSTRACT

Fréchet (1906) and Hausdorff (1914) developed the idea of a metric
space, which has been essential to developing geometric and analytical
concepts. Menger expanded this framework in 1928 by proposing the idea of
a point that is "between" two other points, which is technically defined by the
equivalence d(a, c) = d(a, b) + d(b, c). Later advancements, such as Mud's
(2019) formalization of monotonicity in metric spaces, made additional
expansions possible.

The idea of monotone sequences is expanded in this work to the context
of non-Newtonian calculus produced by a bijective generator function <.
Beginning with Grossman and Katz (1972—-1983), non-Newtonian analysis
substitutes ¥-arithmetic and ¥-metrics for classical arithmetic and metric
notions, enabling the adaptation of basic ideas like distance, convergence, and
completeness. In this framework, we define ¥-monotonicity using Menger's
"between" relation's ¥-metric analogue.

We demonstrate various important theorems provided in ¥-metric
spaces such as ¥-real, ¥-taxicab, and ¥-Euclidean spaces, showing how the
¥~ 1 transformation preserves classical behaviors while revealing truly new
structural features.

By bridging the gap between non-Newtonian analysis and classical
metric space theory, this work demonstrates how the generalized concept of
monotonicity enhances the analytical toolkit available for examining
sequences in wider mathematical contexts while also retaining much of the
intuitive geometric interpretation.

Keywords — Non-Newtonian calculus, ¥-metric, ¥-monotonicity.

INTRODUCTION

The notion of écart (or semi-metric) was first proposed by Maurice
Fréchet in 1906, and Felix Hausdorff officially used the phrase "metric space"
in 1914. Metric spaces were introduced to geometry by Karl Menger shortly
after. He discussed points that lie between two given points in his 1928 work
Untersuchungen iiber allgemeine Metrik, among other things. Based on their
original sources (R.N. Mud 2019; Cristinel 2025), these ideas are synthesized
in the section that follows.

Definition 1.1: Assume E is a non-empty set. A real-valued function f defined
on E — (0, o) is called a metric on E if it satisfies the following criteria:

(M1) d(t,s) =0 s=t

M2) d(t,s) =d(s,t)
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M3) d(t,s) <d(t,z) + d(z,s)

forany t,s.z € E. E is commonly represented by (E, d) and is referred to as
the metric space.

The triangle inequality is the name given to the third property.

In general, spaces with an ordering relation "<" are used to define
monotonicity.

For all n € N, we say that a sequence of real numbers is increasing if
a, < an4q and decreasing if a,, = a,,,1. If a sequence is either increasing or
decreasing, it is considered monotone.

Menger (1928:100) developed the concept of points that are between
two points, introducing an ordering relation even though there isn't one in a
general metric space. More specifically, if

d(a,b) =d(a,t) + d(t,b),

then ¢ is between a and b if points a, b, t € (E, d).

Mud (2019) defined a type of monotonicity with regard to a fixed
element selected in the corresponding metric space. In this work, we will
present the idea of monotone sequences in metric spaces, which do not contain
elements that are not part of the specified sequence.

We shall begin with the example of the metric space of the real
numbers, as is customary. In this regard, note that for any positive integer m <
n < p, we have t,,, < t, < tp, and thus

|t — tal + [ta = tp] = [tm — ] ©
Additionally, this equivalence applies to any decreasing sequence (t;,).

(1) can be rewritten in terms of distance d if we take into consideration
the (usual) metric space (R, d) with d(t,s) = |t —s|.

We are entitled to introduce the following because of this fact:
Definition 1.2 Let E # @ and (E, d) be a metric space. A sequence (t;;) is
considered monotone if, for any positive integer m < n < p, we obtain:

d(tm, tn) + d(tn, tp) = d(tm, ) (2)
In the sequel, we will describe monotone sequences in a few classical metric
spaces.

With d(t,s) = |t — s | in the (normal) metric space(R, d), relation (2)
takes the following form:

ltm — tal + |tn — tp| = |tm — ),
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wherel <m <n <p.

In summary, the monotonicity provided by Definition 1.1 is equivalent
to the monotonicity with regard to the natural ordering on R in the (usual)
metric space (R, d).

The k-dimensional real space R¥ = {t|t = (t;,..,t;), t; ER, ..ty €
R} equipped with the so-called Taxicab metric is examined here:

k
d(t,s) = Z|ti - s
i=1

for each t,s € R, t = (tq, ..., tx), s = (51, ..., k)
Theorem 1.3 According to Definition 1.1, a sequence (t;)ns1, tn =
(t}l, ...,tll‘),, of elements from the k-dimensional Taxicab metric space is
monotone if and only if every real sequence (t1)ns1, (2 )ns1s --vs (EF)pz1 is
monotone in the conventional sense (possibly of different monotonicity).

Let us consider the k-dimensional real space R¥ = {t|t = (¢, ..., t),
t; € R, ...t € R} endowed with the Euclidian metric:

k

DGR 3

=1

d(t,s) =

for each t,s € R¥, s = (t1, ..., t,), S = (S1, ., Sp).
Theorem 1.4 A sequence (t,)ps1, tn = (t}l, s t,’f), of elements from the k-
dimensional Euclidian metric space is monotone in the sense of Definition 1.1
if and only if there exists a monotone sequence (4,,),=1, such that, for every
integer n = 1, it holds:

t, = A, (xg, o, xq).

Maurice Fréchet first proposed the idea of ecart (semi-metric) in 1906,
while Felix Hausdorff first used the word metric space in 1914. The
introduction of metric spaces in geometry by Karl Menger followed shortly
after. The formula d(a,b) = d(a,t) + d(t,b) indicates that a point t is
between a and b. The collection of all these points is now referred to as a
Closed Metric Interval (Deza, M. M. and Deza E. 2009).

Next, the notion of closed metric intervals, denoted [a,b]g, is
introduced in a metric space (X, d) as:

[a,b]% :={t € X |d(at)+d(t,b) =d(a,b)} 4)
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The sub- and superscripts clarify the metric space, defining the set as
[a, b]&. This is the closed interval of real numbers between a and b. Closed
metric intervals prove the Monotone Convergence Theorem in metric spaces,
resembling line segments but with less well-behaved behavior.
Lemma 1.5 t € [a,b]if and only if [a,t] < [a, b]

This lemma confirms that the set [a, b] is built in a nested fashion from
subintervals [a, t]. Furthermore, it is established that [a, b] = [b, a] meaning
the metric interval is symmetric.

However, the stronger claim that t,s € [a, b] implies [t,s] € [a, b]
does not always hold. A counterexample using nodes and shortest-path
distances demonstrates this.

Lemma 1.7 Fort,s € [a,b],
t € [a,y]if and only if s € [t, b].
This lemma reinforces the symmetric structure of closed metric intervals and

provides a key identity for defining generalized monotonicity.

Theorem 1.8 The set [a,b] is closed in any metric space.
This foundational result ensures that convergence and continuity arguments
using these intervals are well-supported within general metric space theory.

Newton and Leibniz established differential and integral calculus,
leading to the development of Newtonian calculus. Grossman and Katz's
1972-1983 studies introduced non-Newtonian analysis, introducing
fundamental definitions and concepts in classical analysis. Numerous
analyses, such as geometric, harmonic, and quadratic analysis, have been
developed by various researchers. Grossman J. studied the properties of
derivatives and integrals. Duyar, Sagir, and Ogur discovered fundamental
topological characteristics of the non-Newtonian real line, and Sagir and
Duyar obtained results on Lebesgue measure in non-Newtonian calculus.

Building on these studies, especially (Cakmak and Basar, 2012:228;
Grossman and Katz, 1972; Grossman, 1979; Degirmen and Duyar,
2023:9561-9574; Duyar and Erdogan, 2016:34-48; Duyar and Ogur,
2017:11-14; Glingor, 2022:373-387; Gilingoér and Ding, 2024:130-145; I
Eryilmaz, 2024:1-23; Sager and Sagir, 2021:2231-2243; Rohman, M., and
Eryilmaz, 1, 2023-1:8), we present the relevant definitions and theorems and
provide a brief overview of non-Newtonian calculus.
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The relations of a field with a compatible total order on a certain subset
of the set of real numbers are indicated by arithmetic. The addition and
multiplication operations, as well as the order relation of this ordered field,
can be defined using definitions other than the conventional ones. These
definitions are the outcome of a particular transformation that yields a
fundamental subset of real numbers required for mathematical operations. A
generator function is the name given to such a transformation. y-arithmetic is
a specific non-Newtonian technique that uses generator functions.

The set {¥(0): o € R} is referred to as the set of real numbers in a non-
Newtonian context, denoting it by R,. The basic operations on R, are
introduced as follows:

¥-addition o+3 = ¥{y71(0) + ¥ (3)}
¥-substraction 03 =x{x"1(0) — v 1(3)}
¥-multiplication pX3=r{"10)xr1(3)}
¥-division 0/3=v(x"1®) / ¥ @®}L3#0
¥-order 0<3 e ¥ () <y 'R}

for p,3 € R,.

The number ¥-zero is represented by 0 = ¥(0) and the ¥-unit is

represented as 1 = ¥(1). The usual notation for ¥-integers is as follows:
3(=2),v(—1),%(0), ¥(1),¥(2), ...

¥-positive numbers are those that meet the criterion 0 < 9, and -
negative numbers are those that meet the condition o < 0. Therefore, each
number n is represented by 1 = ¥(n) in accordance with ¥-arithmetic.

If n is a positive ¥-integer, it can be expressed as the w-sum of 1
repeated n times:

n=1+.. +1.
n-times

R+ and Ry stand for the sets of non-Newtonian positive and negative
real numbers, respectively.

The system (R, +,%,<) forms a totally ordered field.

The ¥-square of o € R, is the square of a number represented by o?s,
which is defined as follows:
2

0% =p XD
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The w-nonnegative number whose ¥-square equals:
= t=+0 = x{w/x‘l(o)}

o 23
is the ¥-square root of a number o € R} represented by o .

oPs and %X, respectively, are the representations of the pth non-
Newtonian exponent and the qth non-Newtonian root of a number o € R,.
They are defined as follows:

0 =p X0 =¥{x"1(0) x ¥ 1(0)} = ¥{[+"1(0)]?}

0% = 0% X 0 = ¥{x{x[¥ (o) x ¥ (@]} x ¥ 1 (0)} = ¥{[x(0)]*}
oPr = p(P~ D x p = ¥{[x1(0)]P}

The w-absolute value function ||, R, = R} is defined by:
|D|X={"o, o:>(:)oro:(')
0—p, <O
where Ry® = R} U {0}
Hence, for € R, we get:
Jorr = oly = 57 (0)])
The non-Newtonian distance between the points 04, 0, € R, is given by
|0y =035

The characteristics of the ¥-absolute value with 9,3 € R, are as follows:

@ 16X 3y = [0y X [3]
(D 19 + 35 < [ol5 + I3l
) 1ol = 13ls s < 16=3l,

Let 9,3 € R,. Then
|0+3 1 . oy . 3l
¥ < — % —¥
T(D+oH3ly T w(DFoly (D)+ly
Theorem 1.9 (¥-Minkowski inequality) Let p > 1 and 0,3, € R fork €
{1,2,...,n}. Then

13 1) 1)

P n L. . P n . P no.
E (O +H3)P> < § 0P + § 3 (5)
k=1 k=1 tnyetk=1
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Definition 1.10 Let E be a set that isn’t empty. If a non-Newtonian real-
valued function d, defined on X X X meet the following criteria, it is referred

to as a ¥-metric on E:

(¥-M1) dy(,3) =0 5=3
(x-M2) dy(0,3) = dy(3,0)
(¥-M3) dy(0,3) < dy (0, W) + dy (W, 3)

for any 0,3, w € E. E is commonly represented by (E, d,) and is referred to
as the non-Newtonian metric (¥-metric) space.

Corollary 1.11 All ordered n-tuples of w¥-real numbers consist of an n-
dimensional ¥-Euclidian space RZ, is a ¥-metric space with the metric d,

defined in R, X R, — R, by

)

n
n
d.(5,8) = J D e =] D B0 - GO (6
by k=1

k=1
where 0 = (04,05, ... ,01),3 = (31,32, -, 3n) € R
Definition 1.12 Let R, be the set of non-Newtonian real numbers. The
function w: N — R, is called the non-Newtonian sequence (¥-sequence) of
real numbers. For n € N, a ¥-sequence is denoted by one of its symbols
{wpdnzr {undner  (Wy).
Definition 1.13 (¥-convergent sequence and ¥-Cauchy sequence): Let a
sequence (u,,) and 0 € E be given in the non-Newtonian metric space
(E,dy).

If for any given € > 0 there exists an ny = ny(¢) € N such that

dy(u,,0) < € for all n=ng then the ¥-sequence (w,) is said to be ¥-

convergent in E and is denoted by

. . d'lf .
¥lim w, =0 or W, —0asn - o
n—oo

If for every given € > 0, one ny = ny(¢) € N can be found such that
dy(u,, wy,) < € for all m,n = ng, then the sequence (u,) is called a non-
Newtonian Cauchy sequence (¥-Cauchy sequence) in ¥-metric space (X, d,).

A metric space (X, dy) is w-complete if every ¥-Cauchy sequence (u,,)
in X converges.
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RESULTS AND DISCUSSION

The definition of closed metric intervals in the context of non-Newtonian
analysis is presented in this work, along with some findings.

Definition 2.1 For all n € N, we say that a sequence of wreal numbers
(a)nen is increasing if a, < a,4, and decreasing if a, = ap.q. If a ¥-
sequence is either increasing or decreasing, it is considered ¥-monotone.

Next, the notion of closed metric intervals, denoted [a, b]g4_, is introduced in

a metric space (E, d,) as:
[a, b]gT :={t € X | dy(a,t)+d.(t,b) = d,(a,b)}

Subscripts and superscripts are used to avoid any ambiguity regarding the
metric space in which the set is defined. When the context makes the metric

space clear, we will simply write [a, b]. It can be verified that [a, b]ﬂd§1’ as

defined above, corresponds exactly to the closed interval of ¥-real numbers
between a and b, which explains the choice of this notation. In the following,
however, the metric space considered will be non-Newtonian, and all intervals
and constructions are understood in that context.

Lemma 2.2
t € [a,b]¥ if and only if [a,t]% € [a,b]>
Proof: If [a;t] S[a,b], then t€ [a,t] trivially, so t € [a,b].
Conversely, suppose t€[a,b]. Then for all sE€][a;t],
dy(a,b) = dy(a,t) + d,(t,b)
= dy(a,s) + dy(s, t)+d(t, b)
>d,(a,s) + d.(s,b)
> d,(a, b).
So equality must hold, meaning s € [a; b]. Thus, [a; t] S [a, b]

This lemma confirms that the set [a, b] is built in a nested fashion from
subintervals [a, t]. Furthermore, it is established that [a, b] = [b, a] meaning
the metric interval is symmetric.

135



However, the stronger claim that t, s € [a, b] implies [t,s] < [a, b] does not
always hold. A counterexample using nodes and shortest-path distances
demonstrates this.

Lemma 2.3
Fort,s € [a,b],

t € [a,s]ifand only if s € [t, b].
Proof: t,s € [a;s] © dy(a,t)+ dy(t,s) = dy(a,s)
& dy(a,t) + dy(t,s) + dy(s,b) = dy(a,s) + d.(s,b)
o dy(a,t) + dy(t,s)+ dy(s,b) = dy(a,s)
© dy(t,s) +dy(s,b) = d,(t,b)
© s € [t; b].
This lemma reinforces the symmetric structure of closed metric intervals and

provides a key identity for defining generalized monotonicity.

Definition 2.4 Let E # @ and (E, d,) be a metric space. A sequence (t,) is
considered monotone if, for any positive integer m < n < p, we obtain:

(b, tn) +dy(tn, tp) = dy(tm t) 7
In the sequel, we will describe monotone sequences in a few classical metric
spaces.
With dy(t,s) = |[t—s|, in the (normal) metric space(Ry,d-),
relation (7) takes the following form:
|t = talsF|tn = tp|_= |tm = t;

¥
where 1l <m <n <p.

In summary, the monotonicity provided by Definition 1.1 is equivalent
to the monotonicity with regard to the natural ordering on R, in the (usual) »-
metric space (R, d.).

The k-dimensional real space R¥ = {t|t = (ty, ..., tx), t; € Ry, ...ty €
R, } equipped with the so-called ¥-Taxicab metric is examined here:

K
a6 = ) lti=sil,
k=1

for each t,s € RE, t = (tq, ..., tx), s = (51, ..., Sk)
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This work provided the foundation for obtaining the results of

Theorems 1.3 and 1.4 in the non-Newtonian sense.
Theorem 2.5 According to Definition 1.1, a ¥-sequence (t;)ps1, tn =
(t}l, o t’,f),, of elements from the k-dimensional ¥-Taxicab metric space is ¥-
monotone if and only if every ¥-real sequence (t2)ns1, (t2)nsts --or (E) st
is monotone in the conventional sense (possibly of different monotonicity).

Let us consider the k-dimensional ¥-real space RX = {t|t = (¢, ..., t;),
t; € R, ...t; € R,} endowed with the Euclidian metric:

d,(t,s) = \/ Zil(ti =~ 5))%

for each x,y € R, x = (xq, o0, ), ¥ = V1, o) Vi)-

Theorem 2.6 A sequence (t,)ps1, tn = (t}l, e t,’f), of elements from the k-
dimensional ¥-Euclidian metric space is ¥-monotone in the sense of Definition
1.1 if and only if there exists a ¥ymonotone sequence (1,),»1, such that, for
every integer n = 1, it holds:

tn = An(ta=t)+t;
Theorem 2.7 Every w-monotone and ¥-bounded sequence

(twdn=1 € (E,d)

is a ¥-Cauchy sequence.
Proof: Suppose that

M = supd,(ti,t,).

n=1
For all € > 0, there exists k = 1 such that d,(t;,t;) > M=¢. Then for all
m,n = k, we have:
dy (b, tn) <&,

indicating that (t,),s; is a Cauchy sequence. Here's how this may be
demonstrated.
Assume that m < n without losing generality.

Ay (tr, ti) = dy(ty, ti) + dy(ti, ) Z dy(ty, i) > M*e
s0 dy(ty,t;) > M=¢. If we use dy(t,,t;) < M, we can deduce

dy(tm, ty) = dy(ty, ty) + dy(ty, ty) < M=(M=¢) > &.

which completes the proof.
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The intuition behind this result is that a sequence progressing in one
direction and bounded by a fixed limit has no 'space' to diverge.
This theorem plays a central role in the infinite series theory and other
areas such as Lebesgue integration.
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ABSTRACT

This chapter presents a systematic methodology for constructing complete
(k,4)-arcs in the finite projective plane PG(2,4), grounded in the geometric
structure of a complete quadrangle. An explicit algorithm is introduced to
formalize the process of arc extension and completion, implemented
computationally in C# to ensure reproducibility and methodological rigor.

The framework begins with the representation of PG(2,4) using an irreducible
polynomial over GF(4), yielding 21 points and 21 lines. A complete
quadrangle is then selected as the foundational configuration, and
methodological variations arise from different treatments of its diagonal
points. Four distinct approaches are considered: (i) including all diagonal
points yields a complete (73,4)-arc, (ii) including two diagonal points
produces a complete (16,4)-arc, (iii) including only one diagonal point results
in a complete (13,4)-arc, and (iv) excluding all diagonal points still allows the
construction of a complete (16,4)-arc. These results highlight the structural
dependency between point selection and arc completion, underscoring the
versatility of the quadrangle-based framework.

Beyond these specific constructions, the broader contribution of this work lies
in offering a constructive and replicable methodology for generating arcs in
PG(2,4). By deepening the understanding of geometric configurations, the
proposed framework provides a foundation for further applications in
combinatorial design, coding theory, and the study of discrete mathematical
structures.

Keywords — projective plane; (k,3)-arc;, complete quadrangle; finite geometry,
PG(2,4)

INTRODUCTION

A projective plane P is characterized by a collection N of points and a
collection D of subsets of N, which denote lines. Four points can define six
separate lines in this arrangement, and every pair of points lies on exactly one
line. Additionally, every pair of distinct lines connects at exactly one point. A
subset B of points and lines that also constitutes a projective plane is regarded
as a subplane of the projective plane P when we analyze the incidence relation
within P.

In projective geometry, a complete quadrangle is a fundamental
geometric construction made up of six lines connecting four points, none of
which are collinear. This arrangement reveals intricate relationships between
points and lines, establishing the foundation for understanding more complex
geometric properties within projective planes.
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Arcs are extensively utilized in combinatorics and related disciplines
and are essential to projective geometry. In a finite projective plane z, a k-arc
is a set K of k (k >3) points such that no three points in K are collinear. If the
plane 7 has order p, then k£ >p+2, but the maximum value of k can only be
reached if p is even. A (p+2)-arc is referred to as a hyperoval. Ovals are
commonly discussed in the literature, and Hirschfeld is one source that does
so (Hirschfeld and Thas, 2016). The literature on arcs in projective planes is
extensive, particularly on complete (k,2)-arcs with complete quadrangles that
produce the Fano plane in the projective planes. They are thoroughly
examined in (Bayar et al., 2016; Ekmekgi et al., 2016). The study of (k,3)-arcs
connected with a complete quadrangle in the projective plane PG(2,5) has
been presented in (Altintas Kahriman and Bayar, 2024%). Utilizing an arc-
finding algorithm created in C# (Altintag Kahriman and Bayar, 2024°), the
(k,2)-arcs connected to a triangle and a quadrangle were examined in the
projective plane PG(2,4) over the finite field GF'(4).

ARCS IN PROJECTIVE PLANES

Key concepts in projective geometry are covered in this part, such as
projective planes, finite fields, arc properties, and a complete quadrangle
configuration. The basis for our investigation is provided by these definitions.

Definition 1. In a projective plane (N, D, o), the set N represents points and D
denotes lines (subsets of N), with the following axioms holding: every pair of
points lies on one and only one line, each pair of distinct lines meets at exactly
one point, and there are four non-collinear points, no three of which lie on a
common line.

Definition 2. The vector space V(n+1,q) is (n+1)-dimensional and consists
of vectors with coordinates from the finite field GF(q). The projective space
PG(n,q) is defined as the collection of points, each corresponding to a line that
passes through the origin in V(n+1,q). Specifically, this means that each point
in PG(n,q) can be represented as P(x), where X is any non-zero vector in
Vin+l,q). If K is the finite field GF(q), also denoted as Fg, then the n-
dimensional projective plane is referred to as PG(n,K) or PG(n,q). In this
context, q represents the order of PG(n,q). The number of points in this
projective plane can be determined using the formula

_ qrti-1
6(n) = v

(x1,%5,..., x,) represents a point in N, where x4, x,, ..., x,, are not all zero,

and  (Axq,Axy,..., Axy) = (Xq,x3,..., X,), A € K\{0}. Similarly, the

notation [a4,a,,..., a, | denotes any line in D, where a4, a,, ..., a, are not
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all zero. The relationship[uay,..., ua,] = [a4,..., a,] holds for u € K\{0}.
The projective plane P,K is characterized as a point-line geometry (N, D, o)
defined by K. The incidence relation is given by o:

(x1,.-,xp) o [aq,...,a,] Ea1x1 + azx, +azxz+...+ayx, =0

Let p denote a prime number and r a positive integer. The projective plane
of order q = pover the finite field K = GF(p"), where p" represents the
number of elements, is expressed as P,K = PG(2,p" ) (Hirschfeld and Thas,
1991).
Definition 3. If four points in a plane are joined in pairs by six distinct lines,
they are called the vertices of a complete quadrangle, and the lines are its 6
sides. Two sides are said to be opposite if their common point is not a vertex.
The common point of two opposite sides is called a diagonal point. There are
3 diogonal points. The quadrangle is ABCD, its sides are AD, BD, CD, BC,
CA, AB and its diagonal points are E, F,G (Coxeter, 1987).

A

Figure 1. Complete Quadrangle
Definition 4. In a projective plane, a (k,n) —arc ..7"is a set of k points such
that some line intersects .2#"in n points, and no line intersects .#"in more than
n points, where n = 2 (Hirschfeld and Voloch, 2015)

If there isn't a (k + 1,n) —arc that contains a (k,n) —arc, then it is
complete.

CONSTRUCTION OF THE PROJECTIVE PLANE OF ORDER 4

The irreducible polynomial f(x) = x2 + x + 1, where the elements 0,
1, t, ¢ of GF(4), is used to construct PG(2,4), which has 21 points and 21
lines over GF(4). In PG(2,4), each line has five points, and each point has five
lines that pass through it (Ekmekgi et al., 2022).
The projective plane PG(2,4) has a point set N thatis N = {N;| i = 1,2, ...,
21}, where
N; = (0,1,0), N, = (0,0,1), N3 = (0,1,1),N, = (0,1,t?),Ns = (0,1,¢),
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Ng = (1,1,1),N; = (1,0,1),Ng = (1,¢,1), Ny = (1,t%,1),
Nip = (1,1,0),Ny; = (1,1,t%), Ny, = (1,1, ), Ny3 = (1, ¢, t2)
Ny, = (1,t2,t), N5 = (1,0,0), N;¢ = (1,£,0), N, = (1,£2,0),
Nig = (1,0,t2), Nyg = (1,0,t), Nyg = (1,t%,t%),Noy = (1,8, 8).
Table 1 provides the PG(2,4) incident relation table. Each row represents
points located on the line D;,i = 1, 2,...,21.
Table 1. The lines of PG(2,4)

Dy Ny N, N3 N, Ns
D, Ny Ne N, Ng No
D3 Nl NlO N15 N16 N17
D, Ny N1 Nis Nig N2o
D5 Nl N12 N14- N19 N21
D6 NZ N6 NlO Nll N12
D, N, N7 Nis Nig N1o
D8 NZ N9 N14- N17 NZO
D9 NZ N8 N13 N16 NZl
DlO N3 N6 N15 N20 NZl
D11 NS N6 N14- N16 N18
D12 N4- N6 N13 N17 N19
D13 N3 N7 NlO N13 N14-
D14- N3 N8 N12 N17 N18
D15 N3 N9 N11 N16 N19
D16 N4- N7 N12 N16 NZO
D17 N5 N7 Nll N17 N21
D18 NS N8 N10 N19 NZO
D19 N4- N9 N10 N18 N21
DZO N5 N9 N12 N13 N15
D21 N4 N8 N11 N14- N15
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METHODS FOR CONSTRUCTING COMPLETE (k,4)-ARCS FROM
COMPLETE QUADRANGLES IN PG(2,4)

This section presents an algorithm used to construct complete (k,4)-arcs by
including the vertices and diagonal points of a complete quadrangle
configuration in PG(2,4).

e Method 1. — contructs a complete (k,4)-arcs containing the
vertices and all diagonal points of the complete quadrangle.

e Method 2. — contructs a complete (k,4)-arcs containing the
vertices and two of the diagonal points of the complete quadrangle.

e Method 3. — contructs a complete (k,4)-arcs containing the
vertices and only one of the diagonal points of the complete
quadrangle.

e Method 4. — contructs a complete (k,4)-arcs containing the
vertices and none of the diagonal points of the complete quadrangle.

Each method follows a structured approach, ensuring systematic identification
and completion of arcs.

Methodology: Constructing (k,4)-Arcs in PG(2,4)

This section presents an algorithm designed to construct (k,4)-arcs,
incorporating the complete quadrangle and participating diagonal points of the
complete quadrangle in PG(2,4). The algorithm follows a structured approach,
ensuring systematic identification and extension of arcs.

Before starting the methodological approaches, the construction of the
projective plane and the choice of the complete quadrangle, which are
necessary for all methodologies, must be performed as follows:

With the help of an irreducible polynomial f(x) = x2 + x + 1 over GF(4),
21 points and 21 lines of PG(2,4) are determined and a complete quadrangle
Q is selected as consisting of seven points 4,B,C, D, E, F,G where A,B,C,D
are the vertices, and E, F, G are the diagonal points of Q in this plane.

Method 1. Constructing complete (k,4)-Arcs containing the vertices and
all diagonal points of a complete quadrangle

When the algorithm is applied to the vertices and all diagonal points of a
complete quadrangle Q selected in the PG(2,4) to construct (k,4)-arcs, there
remain 14 points on the 7 lines of the complete quadrangle that can still be
added. The 12 points not on the diagonal line, lie in pairs on the side lines of
the quadrangle. By adding one of these two remaining points on each side
lines of the complete quadrangle to the points of O, a complete (13,4)-arc is
obtained.
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Method 2. Constructing complete (k,4)-Arcs containing the vertices and
two of the diagonal points of a complete quadrangle

When the algorithm is applied to the vertices and two of the three diagonal
points of a complete quadrangle Q selected in PG(2,4), 14 points remain to be
added excluding the remaining diagonal point. If both of the remaining points
on the three lines of the complete quadrangle that pass through the remaining
diagonal point are added to the (6,3)-arc determined by the vertices and two
diagonal points of O, an incomplete (12,4)-arc is obtained. Subsequently, if
one of the two remaining points on each of the four side lines not passing
through the remaining diagonal point of the quadrangle is selected and added
to this incomplete (12,4)-arc, then a complete (16,4)-arc is obtained.

Method 3. Constructing complete (k,4)-Arcs containing the vertices and
only one of the diagonal points of a complete quadrangle

When the vertices and only one of the diagonal points of a complete
quadrangle Q selected in PG(2,4) are taken and the algorithm is applied, 14
points remain, excluding the diagonal points, to be added to the (3,3)-arc
determined by the vertices and the chosen diagonal point of Q. By adding all
of the remaining points on any three of the four side lines of the quadrangle
that do not pass through the chosen diagonal point, together with one suitable
point of the remaining points on each of the side lines passing through the
chosen diagonal point, a complete (13,4)-arc is obtained.

Method 4. Constructing complete (k,4)-Arcs containing the vertices of a
complete quadrangle

Beginning with the vertices of a complete quadrangle QO selected in the
PG(2,4) and excluding all of its diagonal points, the algorithm identifies 14
remaining points, two of which lie on the diagonal line of Q. By systematically
adding two of the remaining points on each of the side lines not on the diagonal
line of O, and applying the algorithm to these points together with the vertices
of O, the construction yields a complete (16,4)-arc.

Algorithm Implementation

We present the following algorithm, implemented in C#, designed to identify
complete (k,4)-arcs within PG(2,4):

A <« Read(Excel File)
B < Read(Text File)
C<A

while s(C)>0
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B; < input(b),{b|b € C,b & B,i = s(B) + 1}
j=1
while j < s(B)
for k=(j+1) to s(B)
m « the index of row on Bj, By
D < Apmn; {AmnlAmn # Bj, Apn # Bon =1,...,10 }
Remove a from A; {ala € A,a € D}
Cec;{clceAceC}
end for
i+
end while
end while

EXAMPLES OF COMPLETE (k,4)-ARCS

In this chapter, four distinct examples are presented, each corresponding to
Methodologies 14 introduced in the previous chapter. Let Q denote the
complete quadrangle N, Ng N;5N;;.By applying the incidence relations
provided in Table 1, it follows that Ny, N;9, and N, are the diagonal points
of the complete quadrangle Q. If the vertices of the complete quadrangle
N,, Ng, Ni5, Ny; are taken in PG(2,4), and the algorithm is applied to the
vertices of Q, then
Nl! N3' N4-' NS' N7' N8' N9' NlO' Nll' N12' N13' N14-5N16' N18 ’ N19' N20; N21
points are remained. According to our methodologies and adding diagonal
points to the vertices of Q, we have four different examples as follows:

Example 1. (According to Method 1) When this algorithm is applied to the
vertices and all diagonal points of Q, there remain 14 points on the lines of the
complete  quadrangle that potentially be included, namely:
Ny, N3, Ny, N5, N7, Ng, Ng, Ny, N12, Ni3, N14,N1g, Nyg,No1.  In  addition,
{Ny, Ng, N1g, Nys5, N17, Nyg, N} constitutes a complete (7,3)-arc in PG(2,4).
These remaining points appear in pairs on the side lines of the quadrangle. By
selecting and adding one of the two remaining points on each side line of the
quadrangle excluding the diagonal line to this complete (7,3)-arc, for instance,
N; or Nyg, N; or N,q, Ny or N3, N; or Nyg, Ng or Ny, Niq or Ny, and then
applying the algorithm to these thirteen points, complete (13,4)-arcs are
obtained. For example, if the remaining points are chosen as N;, N3,
Ny, N5, Ny, Niq and added to the complete (7,3)-arc determined by Q, the
resulting complete (13,4)-arc is
{N;1, N3, N3, Ny, Ng, N7, Ny, N1, N11, Nys, N17, Nqg, Nog }. In a similar manner,
by considering different selections of the remaining points, further complete
(13,4)-arcs can be obtained. Using this method, and by applying the
algorithm, a total of 64 distinct complete (13,4)-arcs can be constructed, each
arising from a different possible choice of the remaining points.

147



Example 2. (According to Method 2) 1If two diagonal points Ny, Noo and
vertices Ny, Ng, Ny5, N1, of the complete quadrangle are selected to construct
(k,4)-arc, and the algorithm is applied to these six points, an incomplete (6,3)-
arc is obtained as {N,, Ng, Nyg, Ni5, N17, Nog }. Accordingly, 14 different
points Ny, N3, Ny, N5, N5, Ng, Ng, N11, Ni3, Ni3, N14, Nig, N1g, Np; remain to
be added to this incomplete (6,3)-arc except for one diagonal point. If all of
the remaining points on the three lines of the complete quadrangle that pass
through the remaining diagonal point N;q are added to this incomplete (6,3)-
arc determined by the vertices and two diagonal point of Q, an incomplete
(12,4)-arc is obtained as
{N,, N4, N5, Ng, N;, Ng, Ny, Ni3, N5, N7, Nig, Nog}.  Subsequently, by
selecting and adding one of the two remaining points on each of the other four
side lines of the quadrangle is selected and added to this incomplete (12,4)-
arc, for instance, N;; or Ni,, N;j or Nig, Ng or Nig4, N3 or Ny, and then
applying the algorithm to these twelve points, complete (16,4)-arcs are
obtained. For example, if the remaining points are chosen as N3, Ng, Ni4,
Ny, and added to {N,, N4, N5, Ng, N7, Ng, N1o, N3, Nis5, Ni7, Nig , Noo}, the
resulting complete (16,4)-arc is {N,, N3, N4, Ng, Ng, N7, Ng, Ny, Nig, Ny1,
N;3,Nys, Nig, N7, Nig , Noo}. Further complete (16,4)-arcs can be obtained by
considering alternative selections of the remaining points. Applying this
procedure with the algorithm yields exactly 16 distinct complete (16,4)-arcs,
each determined by a different choice of points.

Example 3. (According to Method 3) Starting with the vertices
N,, Ng, N5, N7 and the diagonal point N, of the complete quadrangle @, an
initial incomplete (3,3)-arc is formed as {N,, Ng, N;s, Ni7, Ny }, leaving 14
remaining points except for two diagonal points that can be added to the arc
determined by the vertices and the chosen diagonal point of Q. By adding all
of the remaining points on any three of the four side lines of the quadrangle
that do not pass through the chosen diagonal point, N,,, together with one
suitable point of the remaining points on each of the side lines passing through
the chosen diagonal point, N,,, a complete (13,4)-arc is obtained. For
example, if the remaining points are chosen as Ny, N3, N7, Nig, Ny1, Ny, on
any three of the four side lines of the quadrangle that do not pass through the
chosen diagonal point, N,,, and N3, Ng on each of the side lines passing
through N,,, and added to {N,, Ng, Nys, Ny, Nyg }, the resulting complete
(13,4)-arcis  {Ng, N3, Ny, Ng, N7,No, N1y, Ni3, Ni3, Nis, Ny7, Nig, Noo}.
Further complete (13,4)-arcs can be obtained by considering alternative
selections of the remaining points.

Example 4. (According to Method 4) Starting with the vertices Ny, Ng, N;5, N;7
of the complete quadrangle Q to construct (k,4)-arc not containing any

diagonal points of Q, and the algorithm is applied, leaving 14 remaining
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points except for the all diagonal points. Two of these fourteen remaining
points are on the diagonal line of Q. By successively adding two remaining
points on each side of complete quadrangle that are not on the diagonal line,
namely, Ny, N;p, N3, Npq, Ny, Ni3, Nig, N7 Ny, Nig, Ng, N4, and applying the
algorithm to these points together with the vertices of @, this results in the
(16,4)-arc

{N1, N3, N3, Ny, No, N7, No, N11, N12, Ni3, Nig, Nis, Nig, Ni7, Nig, Na1 3. When
the algorithm is applied to this (16,4)-arc, no remaining points can be added
to it, and thus the resulting (16,4)-arc is complete.

CONCLUSION

This book chapter has detailed a systematic approach for constructing
(k,4)-arcs within the projective plane PG(2,4), utilizing the fundamental
structure of a complete quadrangle. The methodologies presented demonstrate
that the properties and composition of the initial point set—specifically, the
inclusion or exclusion of the complete quadrangle’s vertices and diagonal
points—significantly influence the size and structure of the constructed arc.
Four distinct methodological approaches were introduced, each leading to
different configurations of complete arcs.

e Method 1 demonstrated the construction of a complete (713,4)-arc by
utilizing the vertices together with all diagonal points and
supplementing them with one additional point from each side line.

e Method 2 illustrated how, by including two diagonal points and then
systematically adding appropriate points from side lines, a complete
(16,4)-arc can be obtained.

e Method 3 showed that, when only one diagonal point is considered,
the process results in a complete (73,4)-arc through a selective
addition of points from side lines.

e Method 4 highlighted that even when no diagonal points are
included, the algorithm still produces a complete (16,4)-arc by
successively incorporating pairs of points from the side lines of the
quadrangle.

These results not only provide specific examples of complete arcs but also
offer a robust, replicable procedure for their generation. This work contributes
to the study of finite geometry by providing an explicit algorithm for arc
construction, thereby enriching the understanding of geometric configurations
in PG(2,4).
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ABSTRACT

Supercapacitors (SCs) have many advantageous than other systems
such as long-term stability, fast charge-discharge capabilities, and high
power density (Ishaq et al., 2019). SC performances are mostly depends on
using different types of electrode components. These are affected by charge-
storage mechanisms. Supercapacitors are divided into three sections. These
are electric double layer capacitors (EDLC), which mostly consititutes from
carbanous materials, such as C60, reduced graphene oxide (rGO), carbon
nanotube (CNT), etc. Capacitance can be obtained from charge seperation of
electrode and Helmoltz plane (Dhibar, et al., 2015). The second one is called
as pseudocapacitance (PCs), which have including metal oxides, metal
sulfides or conducting polymers. They have fast and reversible redox
recations on the electrode surface. In literature, there are many different
kinds of conducting polymers, such as polypyrrole, polycarbazole,
polythiophene, etc. They can be used as an electrode component in
supercapacitors due to their low-cost and high electrical conductivity (Hu, et
al., 2011). The third one is the hybrid capacitors (HCs), which consists of
both EDLC and PCs mechanisms. Supercapacitors have 3 main components,
which are electrode materials, electrolyte type and used current collectors
(stainless steel, copper or aluminum, etc.). The most critical importance is
type of electrode materials. There are many different types of electrode
materials. Electrochemical performance of SC devives can be decided by
type of electrode materials.

Keywords — Supercapacitors, EDLC, pseudocapacitance, hybrid supercapacitor,
electrodes

INTRODUCTION

Nowdays, supercapacitors are used in different energy storage systems
such as mobile phones, memory back-up systems, aerospace, laptops, etc
(Cui, et al., 2016; Jobeen, et al., 2016). It is mostly used due to its high
electrochemical performances (high capacitance, high power density and
good stability performance during charging-discharging processes). All
scientists concentrate on to develop highly efficient supercapacitors such as
high electrochemical performance, easy preparation, eco-frindly (Ates, et al.,
2018).

Supercapacitors have 3 main storage mechanisms for their usage
(Moyseowicz, et al., 2017). These are EDLC, PCs, and HCs. In general,
carbanous materials, such as, graphene, fullerene, hard carbon, and carbon
fibers work with EDLC systems. In literature, graphene oxide (GO)-based
composites were synthesized both chemically and electrochemically ways
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(Phan, et al., 2016). Metal oxides and sulfides such as Fe,Os, TiO,, RuO,,
MoS, etc. and conducting polymers such as polyvinylcarbazole, polypyrrole
(PPy) work in PCs mechanism. In addition, there is another mechanism that
includes both EDLC and PC systems on the electrode surface.

Vapor phase polymerization (VPP) technique has been developed
recently to synthesize conducting polymers. It has some advantages such as
highly ordered film formation, improving electrical conductivity, etc. In
literature, graphene (G)-PEDOT films were formed to use in SC applications
(Chen et al., 2013).

Ionic liquid is also used to increase the potential window in
supercapacitor devices. For example, N-butyl-N-methyl
pyrrolidiniumbis(trifluoromethane sulfonyl)-imide (PYRTFSI) was used
together with poly(3,4-dimethylthiophene) and its copolymers (Lagoutte et
al., 2013). This electrolyte enhances the ionic conductivity of SC device
(Galinski et al., 2006).

Pseudocapacitors (PCs)

In literature, there are many PC materials including metal oxides,
metal sulfides and conducting polymers (Owusu, et al., 2017). A new type of
PC materials, Mxenes are used in supercapacitors to increase the Faradaic
reactions (Kim et al., 2021).

Bao et al. have been presented cobalt-iron PBA nanotubes with a
redox polymer nanoskin (CFP@PTMT), which is used in supercapacitor
applications (Bao et al., 2025). It has a good electrochemical performances
such as Cy;=984 F/g at 1 A/g, and long-term stability performance (87.19%)
over 5000 cycles (Fig.1).

* Fe(CN)s

‘. C5H705C00" !

' ; - PTMT /
. Cozo —,/

12h AzureB

In-situ Polymerization

Fig. 1. Experimental synthesis way of CFP@PTMT. Permission was taken from Ref
(Bao, et al., 2025).
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Polythiophene (PTh) and polypyrrole (PPy) were chemically
polymerized to form PPy/PTh/TiO, composite, which shows the highest
capacitance of Cy,=271.8 F/g. It is compared to other composites such as
PT/TiO, (Cs,=109.6 F/g) and PPy/TiO, (Cy= 80.4 F/g) (Sowmiya and
Velraj, 2020). Conducting polymer based PCs have low and limited cyclic
stability performance due to the pulverization during repetitive charge-
discharge performances (Song, et al., 2019). Long term stability performance
of SC depends on the mechanical properties of electrode components (Wang
etal., 2016).

Electric double layer capacitors (EDLC)

Charge-storage in the supercapacitors is also supplied by the
Helmoltz plane between electrode and electrolyte due to the charge
seperation (Thakur, et al., 2018). Carbanous materials are mostly wide
surface area and are commonly used for EDLCs mechanism (Muniraj, et al.,
2016).

Porous carbanous materials have EDLC supercapacitor mechanism,
where pore size, electrical conductivity, surface area of the electrode are
critical important to obtain a higher electrochemical performance of SC. It
supplied from Faradaic reactions (Lai et al.,, 2012). Graphene based
composites have been preferred in SCs because of their mechanical strength,
high thermal stability, high capacitance and good electron mobility
(Solonaru and Grigoras, 2017). Reduced graphene oxide was used in
electrode component with high surface area (2670 m?/g) (Guan, et al., 2016;
Chen, et al., 2017), high mechanical properties (Han, et al., 2019) and high
electrical and thermal conductivity (Li, et al., 2015). Theoretically, a specific
capacitance of graphene was given as Cy,=550 F/g (Liu et al., 2010).
However, the specific capacitance changes with different electrolyte
solutions from 100 F/g to 300 F/g (Wang, et al., 2009; Kuok, et al., 2017).
There is a small gap between the valance and conduction bands of rGO (Yea
etal., 2012).

In literature, power law dependence can be evaluated by CV method
to understand the capacitive process or diffusion-limited Faradaic
intercalation process (Li et al., 2019). It depends on the current (I) on the
scan rate, 9.

iy=ax$® (1)

a and b are used as variables.

3D graphene have some disordered pores due to the agglomaration
of graphene sheets. Thus, flexible and preventing self-stacking of graphene
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is important scientific challenges. Hybrid systems of both EDLC and PCs
materials have a good solution of this problem (Meng et al., 2013).

Hybrid capacitors

In literature, there are many studies includes both EDLC and PCs
mechansims. For example, rGO/CuO/PANI nanocomposites were presented
in different weight ratio of wani / Wcuo. It shows a good electrochemical
performances such as £=18.95 Wh/kg and P=545.79 W/kg (Viswanathan
and Shetty, 2017).

Liu et al. have presented N doped Fe,O3/rGO for anode side and
NiCo LDH/Co( OH), for cathode for side. In this study, two PCs materials
were used to improve electrical conductivity of electrode. Anode electrode
presents a specific capacitance of Cy,=912.9 F/g at 1 A/g and stability
performance of 84% at 30 A/g. Cathode electrode delivers a high
capacitance of Cyp,= 2220 F/g at 1 A/g (Liu et al., 2021) (Fig.2).

Wang et al. have presented graphene/polyaniline/Co3O4 ternary
composite for supercapacitor applications. It exhibits an outstanding
performance with high capacitance of Cs,=789.7 F/g at 1 A/g. In addition, it
shows an initial capacitance retention of ~82% at 10 A/g for 1000 cycles
(Wang et al., 2017).
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Fig. 2. CV plots of a) NiCr-LDH, b) NiCr-LDH/CNT, ¢) CV comparison at
different scan rates, d) GCD plots of NiCr-LDH, e¢) GCD plots of NiCr-LDH/CNT,
f) GCD comparison at different current densities. Permission was taken from Ref
(Ashwini Chavan, et al., 2025).

Carbanous materials such as fullerene are important electrode
components for composite formation. However, they have insufficient
Coulombic efficiency (ICE) and expensive for use in supercapacitors. To
decrease the total price of SC device, some proferable combination of carbon
based materials with convenient cheaper materials such as silicone. It
supplies a higher capacitive performance with silicone / carbon composite
materials for long-term stability performance of SC devices (Hu et al,
2020).

Carbanous materials have weak interface interactions. Moreover,
metal oxides, and their coatings have low conductivity (Ren et al., 2022; Liu,
et al., 2025). Conjugated polymers have improve the capacitance and energy
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and power density of electrode materials due to their electrical conductivity
and good adhesion properties of other materials (Mohamed, et al., 2024).

Sharma et al. have presented TiO»/NiO/rGO nanocomposite for a
photocatalyst for efficient degradation of o-chlorophenol (Sharma and Lee,
2016). In addition, Xu et al. have reported poly(aniline-co-methoxyaniline) /
MWCNT composite, which has a capacitance of Cy,=484 F/g (Xu, et al.,
2013).

RESULTS AND DISCUSSION

In this study, three different mechanisms including PCs, EDLC and
hybrid supercapacitor systems were investigated in more detail. The critical
question is that which type of electrode components will be used to obtain a
higher electrochemical performance of SCs.

Therefore, the selection of suitable electrode materials with a
convenient charge storage mechanisms designed into SCs can better utilize
their strengths and boost the energy and power densities and long cycle life.
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ABSTRACT

This study provides a detailed study of parabolas, called M-
parabolas, in the maximum plane RZ (or Chebyshev plane) defined by the

maximum metric. The properties and geometric structures of M-parabolas
are systematically studied, characterized, and presented according to the
types of their directrices. It is observed that M-parabolas are piecewise-linear
structures consisting of line segments and rays determined by the properties
of the metric. A fundamental property is presented that in M-parabolas, the
d,, -length of the latus rectum is always four times the focal d,, -length, for

all directrix types. Based on these studies, an algorithm is introduced that
provides a practical visualization tool for constructing any M-parabola.
Furthermore, degenerate cases where the focus lies on the directrix are
examined, and the resulting degenerate M-parabolas are classified.

Keywords — Maximum metric; Chebyshev plane; parabola; latus rectum.

INTRODUCTION

Distance in the real plane and space can be quantified using various
metrics, the most common being the Euclidean, taxicab, and maximum,
Chinese Checker metrics. These metrics define non-Euclidean analytical
planes and spaces, a subject explored in numerous studies Some notable
contributions include: (Akca and Kaya, 1997:151), (Ozcan et al, 2002: 381),
(Akga and Kaya, 2004:521), (Akca and Kaya, 2004:491), (Bayar and Kaya,
2005:41), (Bayar et. al., 2009:17), (Bayar and Ekmekgi, 2014: 33), (Bayar
and Ekmekgi, 2015: 58), (Ak¢a and Calis, 2021:175), (Bayar, 2008:45),
(Can et. al., 2021:95), (Gelisgen and Kaya, 2008:187), (Gelisgen and Kaya,
2015:82). The Minkowski distance (or Minkowski metric), introduced by the
German mathematician Hermann Minkowski and named after him, is a
family of distances that is used in many fields. This distance is also known

as the L -norm. The Minkowski distance between the points X =(x,...,x,)
and Y =(y,,...,y,) is defined as:

1
n P
0, 000=( Sl - |
In the case where p approaches infinity (p—o0), this distance

corresponds to the maximum distance (also called Chebyshev distance, L -
distance). The maximum distance is defined for points A =(x,y,) and

A =(x,Y,) as d, (A,A)= max{|x2 —%|.|¥, —yl|}. This metric is particularly

165



useful in computer science and engineering due to its computational
simplicity and intuitive application to grid-based movement and problems.

Conics represent one of the most fundamental and well-studied
objects in Euclidean geometry. Conics, studied since ancient Greek times,
have not only become a fundamental topic in geometry but also have
significant applications in many branches of science, including astronomy,
physics, engineering, and optimization. Conics, which are defined as the
locus of points satisfying certain distance-based definitions in Euclidean
geometry, possess rich geometric and algebraic properties. Investigating how
these definitions behave under alternative metrics such as taxicab, Chinese
checker, maximum, and generalized taxicab metrics has therefore become a
fruitful research area. In particular, analyses of conics through two-foci and
focus-directrix definitions have been extended to non-Euclidean planes
induced by these metrics, leading to a variety of novel shapes and special
cases (Kaya et al, 2000:135), (Laatsch, 1982:205), (Salihova, 2006:64),
(Turan and Ozcan, 2006:393), (Turan and Ozcan, 2004:119) and (Turan and
Ozcan, 2004), (Altintas and Ekmekgi, 2025). Salihova studied the basic
geometric concepts, the isometries, and the conics in the maximum plane in
2006. She introduced the general equation of M-parabolas and provided a
basic framework, (Salihova, 2006:64). The primary objective of this study is
to conduct a systematic classification and in-depth geometric analysis of
parabolas in the maximum plane, commonly referred to as the Chebyshev
Plane. Within this framework, the structure of M-parabolas is classified
based on directrix type (vertical, horizontal, steep, gradual, or separator), and
their geometric components are rigorously determined. Fundamental
properties—including the vertex, axis, focal length, latus rectum, and
symmetry—are derived and formally proven. An important finding of this
work is the demonstration of a universal property: the length of the latus
rectum is invariably four times the focal length, a rule that is shown to
persist within the piecewise-linear structure of M-parabolas, thereby
mirroring a key characteristic of their Euclidean counterparts. Additionally,
degenerate cases, where the focus lies on the directrix, are investigated and
classified. To facilitate practical engagement with these theoretical
constructs, a general construction algorithm applicable to all directrix types
is provided, enabling visualization without prior analytical computation.

PRELIMINARIES

In this section, some definitions, concepts and theorems used
throughout this work are mentioned.

Definition 2.1. The maximum distance between two points A=(a,a,) and
B=(b,b,) in the analytical plane is d,, (A B) = max{|a, —hb,|a, —b,|}
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By Definition 2.1, it is clear that the maximum distance between
these points is equal to the greatest of the lengths of the line segments
parallel to the coordinates axes in the right triangle with the hypotenuse AB.
The maximum plane (also known as Chebyshev plane) is the analytical plane

equipped with the maximum distance d,, and symbolized by R? .

Theorem 2.2. Let a point P(X,,Y,) be given in the maximum plane. The
maximum distance from the point P to the line d with the equation
ax+by+c=0is
|ax, + by, +c|

8] +o]
where a,b,ceRR and a®+b” =0, (Salihova, 2006:76).

Krause classified lines depending on their slope as the following
definition:

dy (P,d)=

Definition2.3. Let m be the slope of the line |. The line | is referred to as
the steep line, the gradual line and the separator line in the cases where
Im|>1, |m| <1 and |m| =1, respectively. In the special cases that the line |
is parallel to x-axis or y-axis, it is called the horizontal line or the vertical
line, respectively, (Krause, 1975:31).

Throughout this study, Krause's classification will be utilized as a
fundamental tool in examining the geometric properties in the maximum
plane.

Theorem 2.4. All translations of the Euclidean plane are isometries in the
maximum plane, (Salihova, 2006:55).

Theorem 2.5. The reflections in the lines of the set
{x=0, y=0,y=X, y:—x} are isometries in the maximum plane, (Salihova,

2006:55).
Theorem 2.6. The rotations by &-angle in the set {9‘ 0-k” k=012 3} are
5 k=012,

isometries in the maximum plane, (Salihova, 2006:55).

PARABOLAS IN MAXIMUM PLANE

In Euclidean geometry, a parabola is defined as the set of points
equidistant from a given point and a given line. The given (fixed) point is
called the focus of the parabola, and the given line is called the directrix of
the parabola. This section extends this fundamental concept to the maximum
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plane, where parabolas are reconstructed using the maximum distance,
followed by a systematic analysis of their geometric properties.

Definition 3.1. In R, let P=(p,, p,) and d be given as a fixed point and
a fixed line with the equation ax+by+c=0 where ab,ceR and

a’+b?=0. The set of points at equal maximum distance from the point P
and the line d is called parabola in maximum plane and it is denoted by M-
parabola. Here, given the point P and the line d is referred to as the focus
and the directrix of M-parabola, ( Salihova, 2006:136).

It is seen from definition 3.1 that the M-parabola with the focus P
and directrix d is the set

{X -d,, (X,P)=d, (X,d)}.
That is, its equation is
_ |ax+by +c|

max{|X—P1|a|Y—pz|}—W @)

Definition 3.2. Let the line d and the point P be the directrix and the focus
of the M-parabola, respectively. Depending on whether the directrix d is of
separator, steep, or gradual type; vertical type; or horizontal type, the vertex
V of the M-parabola is defined as the point lying on the separator line with
the opposite signed slope of d ; horizontal line; or vertical line through the
focus P, respectively, and satisfying the condition

1
dy (V,P) =2 dy, (P, d).
The axis ¢ of an M-parabola is defined as the line VP passing through its
vertex and its focus. Also, the focal d,, -length of an M-parabola is the
d,, distance between the vertex and the focus, measured along the axis.

In RZ , analogous definitions for chords, focal chords, and the latus
rectum of M-parabolas are established as below.

Definition 3.3. In RZ , a chord of an M-parabola is a line segment whose

endpoints are on the M-parabola. A chord that passes through the focus of an
M-parabola is termed a focal chord. Among these, the specific focal chord
that is parallel to the directrix of an M-parabola is designated as the latus
rectum.

A fundamental property of parabolas in the Euclidean plane is that
the latus rectum length is invariably four times the focal length. This study
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investigates whether this property extends to M-parabolas defined in the
maximum plane.

Theorem 3.4. Let the points P and P' be on opposite half-planes with
respect to the line d in RZ . If the d,, distance of these points to the line are

equal, then the rotation m-angle at the midpoint of the points P and P’
transforms the M-parabola with focus P and the directrix d to the M-
parabola is determined by the focus P"' and the directrix d , and vice versa.

Proof. Let d be the line with the equation ax+by+c=0 where a,b,ceR
and a’+b?>=0 and, let the points P=(p,p,) and P'=(p, p,) be on
opposite half-planes with respect to the line d in the RZ . Then assume that
ap, +bp, +¢ >0, ap, +bp, +c <0. Since the d,, distance of these points to
the line d are equal, then |ap1+bp2+c|:‘api+bp'2+c‘. Let ¢ be the

rotation w-angle at the midpoint of the points P and P'. The map ¢ leaves

the midpoint fixed, while the points P and P' transform into each other
under ¢ . It is known that the point X on the M-parabola with focus P and

the directrix d holds the equality
d,, (X,P)=d,,(X,d).
Since the map ¢ is an isometry, it is satisfied that
dy (X, P) =dy (¢(X),¢(P)) =d, (X", P
where  @(X) =X, y) = (=X+ P+ P, =Y+ P, + P,) = (X", y) = X".
From the definition of ¢, the right-hand side of the equality
|ax +by +c|
d,(X,d)=————
WO Rl
is written as
lax+by+c| |ax"+by'+c| _
&+ bl &l +[b]

Thus, it is clear that
d,, (X,d)=d,, (X"d).
And, it is observed that by applying the map ¢ to the M-parabola with focus

P and the directrix d to the M-parabola is determined by the focus P' and
the directrix d is immediately obtained. Conversely, the proof is similar.
Based on this theorem, when examining an M-parabola, it is sufficient
to assume the focus on one of the half-planes determined by the directrix.
This simplifies the analysis and does not affect the generality of the results.
The theorems that follow analyze the structures of M-parabolas based
on the types of their directrices and explore some geometric properties of

169



them.The first theorem focuses on characterizing the geometric structures of
M-parabolas whose directrices are vertical.

Theorem 3.5. The M-parabola with vertical directrix is formed by the
vertical line segments and two rays on different nonparallel separator lines.
Also, the axis of the M-parabola is the horizontal line at the focus and it is
symmetric about its axis.

Proof. Let an M-parabola be defined by the focus P=(p, p,) and the
vertical directrix d with the equation ax+c=0 where a,ceR and a=0.
Assume that ap, +c¢ >0 _The points of the M-parabola satisfy the equation

max{|x—p1|,|y—p2|}:x+§ : )

And from (2), it follows that the M-parabola is formed by the union of the
vertical line segment

c
Ilzx:%—z—a (Fz)l 2j+p2_y_[&+2—aJ+p2

and two rays
rl:y—pzz—[x+£j,y§ (p1+_]+p2
a 2 2a

nLiy—p, —x+—,y>&+—+ P
a

2a
It is seen that the rays are on two different separator lines and line segment is
parallel to directrix. The M-parabola is opening to the right (the positive

direction relative to the x-axis). The shortest distance d,, from the point P
to the directrix d is attained along the horizontal line passing through P .

This horizontal line meets the directrix at the point [_E,pzj. From
a

Definition 3.2, the midpoint [ 3P —C of the points [ _& and P is
2a ’ pz a! p2

the vertex V of the M-parabola. And, its axis ¢ is the horizontal line
passing through the vertex and the focus P . The latus rectum of the M-
parabola is the line segment

X=pP,— (pl J+p2<y<(p1 j"‘pz

The d,, -length of the latus rectum is 2[p + j and its focal d,, -length is
a

the value _{p += j Then, it is clear that the d,, - length of the latus rectum

a
is four times the focal d,, -length for this case. Let ¢ be the reflection in the
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axis such that ¢ transforms the point (x,y) to the point (x,—y+2p,). Since
the reflection ¢ leaves the line segment |, in M-parabola fixed and maps the

rays r, and r, into each other, the M-parabola is symmetric about its axis,
(Fig.1). Also, it is noted that if the rays are extended to lines, they intersect at

intersection point (_E,pzj. If the focus is in the other half plane
a

(ap, +¢ <0), the result is clear from Theorem 3.4.

Figure 1. The M-parabolas with vertical directrix
When the directrix of the M-parabola is a horizontal line, the union of the
line segment

. P, pz
ly=-2_——
Y= T |y Pe| < 2b
and two rays
P
X—p|=y+—, —-
[x=pil= y+b R

The line segments and rays possess the specified properties in the vertical

case. The vertex V and the axis ¢ of the M-parabola are (pl,MJ and
2b

the vertical line passing through the vertex and the focus P, respectively.
M-parabola is opening to the top. Its latus rectum is the line segment

C
y =P, [x—py< Pty

and d,, -length of the latus rectum is g(p += j Since its focal d,, -length
b

is the value (p 4 J it is obvious that the d,, - length of the latus rectum

is four times the focal d,, -length for horizontal-directrix case.

The following theorem examines M-parabolas whose directrix is a steep line.
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Theorem 3.6. The M-parabola with a steep directrix is formed by two line
segments and two rays such that one of the line segments is of the steep type,
the other is of the gradual type, and the rays are on the separator lines
parallel to its axis.

Proof. Let an M-parabola be defined by the focus P =(p,, p,) and the steep
directrix d with the equation ax+by+c=0 where ab,ceR and

a®+b* =0. The points of the M-parabola satisfy the equation
|ax +by + ¢
max{|x— p,|,|y— == - 3
{| AR Pz|} [a[+[b]
Since d is the steep line, a =0 and there is no loss of generality when a=1
is taken. Then, |b|<1. Assume that p, +bp,+c>0 _ The equation (3)

reduces to the equation
X+by+c
maxi(x—p,|,|y— S AL 4)
k=l ly=peli ==
One can immediately deduce from the last equality that the M-parabola
consists of the line segments and rays given by the following equations:

(2+|b)x+by+c—(@+|b)) p, =0, (5)
|b|x—by —c—(1+]b)) p, =0, (6)
X+(@+b+[b))y+c—@+[b)p, =0, (7)
X+ (-1+b—[o)y+c+(+b)p, =0. 8)

In case that the directrix d has a negative slope, the M-parabola is formed
by the steep line segment with the equation (5) where

(L-b-+{p[) p, ~bp, —c <x< (L+b-+bf) py ~bp, —c , the gradual line segment
(2—b+|b|) (2+b+|b|)

with the equation @) where

(L+b-+]of) p, —bp, —c <x< (L+b+ppl) p+bp, +e e ray with the equation
(2+b+[b]) b-+|b|

(6) where (1+b+|b|) F|)1|+bp2 +e < x and the ray with the equation (8) where

b+|b
(1_b+|b|) P —bp, —¢ <., (Fig. 2.a). Similarly, in case that the directrix d

2—b+|o|
has a E)ositive s?ope, the M-parabola is formed by the steep line segment with
(1+b+|bf) p, —bp, —¢ s (1-b+|bf) p, —bp, —¢ ,
(2+b+pf)  ~  (2-b+[b))
gradual line segment with the equation (8 where

the

the equation (5) where
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(—1+b—b) p,+bp, +c (-1+b—|p]) pl—bpz—c’

<x< the ray with the

(=2+b—[b]) b—[b|
equation (6) where (1_b+|b|) p1|J|rbp2 +e < x and the ray with the equation
-b+b
(7) where (1+b+|b|) P, —bp, —C <x, (Fig. 2.b). It is clear that the rays are on

(2+b+[])
two parallel separator lines. The shortest maximum distance between the
focus and the directrix d is measured along the separator line with the
opposite signed slope of d and passing through P . Since the vertex V is on
this line, the coordinates of V is

(L+b+[b) p,—bp,—c —p,+(2+[b)p, —c
2+b+|b| ' 2+b+|b|

or

(-1+b—|b)p, +bp, +c —p,—(2+o))p, ¢
—2+b—|o| " —2+b-|y|
depending on whether the slope of the directrix d is negative or positive,

respectively. And its axis ¢ is the separator line PV . Its latus rectum is the
line segment
b

X+by = p, +bp,,|x - p1|sr|b|(pl+bp2+c)

- 2
and its d,, -length is r|b||pl+bp2+c|'

The focal d,, -length is equal to the value of [P +bp+¢| o [Ptbp, +[
|2+b+|p| [-2+b—]b]

depending on whether the slope of the directrix d is negative or positive,
respectively. Then, it is clear that the d,, - length of the latus rectum is four

times the focal d,, -length for steep-directrix case.

(a) ’ (b)
Figure 2. The M-parabolas with steep directrices
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In the following theorem, M-parabolas whose directrices are the
gradual lines are characterized.

Theorem 3.7. The M-parabola with a gradual directrix is formed by two line
segments and two rays such that one of the line segments is of the steep type,
the other is of the gradual type, and the rays are on the separator lines
parallel to its axis.

Proof. Let an M-parabola be defined by the focus P=(p,p,) and the
gradual directrix d with the equation ax+by+c=0 where a,b,ceR and
a’+b*=0_ Since d is the gradual line, b=0 and there is no loss of
generality when b =1 is taken. Then, |a| <1. Assume that ap, + p,+C>0

Thus, the equation (3) reduces to the equation
ax+y+c
max fx= il |y = o} == ®)
One can immediately deduce from the last equality that the M-parabola
consists of the line segments and rays given by the following equations:

(+a+a)x+y+c—(L+[a)p, =0, (10)
(-1+a-|a)x+y+c+(1+[al)p, =0. (11)
ax+(2+a)y+c—(@+[al)p, =0, (12)

ax—[a|y+c+(1+[a])p, =0, (13)

In case that the directrix d has a negative slope, the M-parabola is formed
by the steep line segment with the equation (10) where

—ap, +(1+a~[a) p, —¢ ap, +(L+a~faf) p, +c , the gradual line segment

IA

2+a+|al =y a+|al

with the equation (12) where
—ap, +(1-a+|a]) p,—c —ap, +(1+a+al) p.—¢

the ray with the
2—a+la|

=y= 2+a+|a

—ap, +(1-a+a]) p, —c

equation (11) where
2—a+|a|

<y and the ray with the

(1+a+|a|) p,+C

equation (13) where 2P <y, (Fig. 5.a). Similarly, in case

a+|al
that the directrix d has a positive slope, the M-parabola is formed by the
steep line segment with the equation (11) where

—ap, +(1-a~[a) p, —¢ ap, +(1-a-+[a]) p, +c , the gradual line segment

2—-a+|a =y= —a+|al

with the equation (12) where
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—ap, +(1+a-+a))p,—¢ —ap, +(1-a-+|a]) p,—¢

the ray with the

<y<

2+a+|a| 2—-a+|a|

—ap, +(1+a+al) p,—c

equation (10) where <y and the ray with the

2+a+la|

ap, +(1-a+[al) p, +¢c

equation (13) where <y, (Fig. 5.b). It is clear that the

—a+|al
rays are on two parallel separator lines. The vertex V is the point
(2+|a)p,— p,—¢ —ap, +(1+a+a)p,—¢ or the point
2+a+|al 2+a+|al

{(2+|a|) Pt P, +C —ap +(I-a+fa)p, _CJ depending on whether the slope
2-a+fa] ' 2-a+[a|
of the directrix d is negative or positive, respectively. And its axis ¢ is the
separator line PV such that the signs of the slopes of the lines ¢ and d are
opposite. Subsequently, the latus rectum of the M-parabola is the line
segment
4

1+|a]

ax+y=ap, + p,.|y— p,| < (ap,+p,+c¢)

and its d,, -length is %|apl+ p, +- The focal d,, -length is equal to the
1+a

value 13+ P2 +¢ o 8P+ P, +¢| genending on whether the slope of the
2+a+[a |2—a+[a|

directrix d is negative or positive, respectively. Thus, it is proven that the
d,, - length of the latus rectum is four times the focal d,, -length for steep-
directrix case.

Figure 5. The M-parabolas with gradual directrices

In the next theorem, M-parabolas are discussed when the directrix is a
separator line.
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Theorem 3.8. The M-parabola whose directrix is a separator line is formed
by two line segments and two rays such that one of the line segments is of
the steep type, the other is of the gradual type, and the rays are on the
separator lines parallel to its axis. Also, it is symmetric about its axis.

Proof. Let an M-parabola be defined by the focus P=(p, p,) and the
separator directrix d with the equation x+y+c=0 where ceR. Assume
that p, + p,+c>0 _Then, the equation (3) reduces to the equation

maX{IX—pllyly—p2|}=X+g+C- (14)

Solving (14) reveals that the M-parabola consists of the line segments and
rays given by the following equations:

3x+y+c—2p, =0, (15)
—-X+y+c+2p, =0, (16)
X+3y+c-2p, =0, a7
X—y+Cc+2p, =0, (18)

More clearly, the M-parabola whose the directrix d is a separator line with
negative slope is formed by the steep line segment with the equation (15)

where _p1+3p2_cgyg P*+3P,+C the gradual line segment with the
4 2

equation (17) where wg ygw, the ray with the
4

equation (16) where wsy and the ray with the equation (18)

where

Pt3pHC y. Its vertex V and its axis ¢ are the point
2

4 4

and passing through P, respectively, (Fig. 6). The latus rectum of the M-
parabola is the line segment

(3p1— P, —C —p1+3p2—cj and the separator line with the positive slope

|< P+ P, +C

B 2

and its d,, -length is |p, + p, +¢|. The focal d,, -length is equal to the value
M P+ P, M

Xty=p+ p2’|y_ P,

[P+ P+ Erom here, it can be seen that the d,, - length of the latus
2

rectum is equal to four times the focal d,, -length. Let ¢ be the reflection in
the axis ¢ such that ¢ transforms the point (x,y) to the point

(Y= P, + P X—P+D,)- Since the reflection ¢ leaves the points P,V fixed
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and maps line segments into each other and rays into each other, the M-
parabola is symmetric about its axis ¢.

Similarly, in case that the directrix d is a separator line x—y+c=0,

By rearranging (14), it is implied that the locus consists of line segments and
rays specified by the following equations:

3x—y+c—-2p, =0, (19)

—X—-y+c+2p, =0, (20)

X+y+c-2p, =0, (21)

X—3y+c+2p,=0. (22)

To be more explicit, the M-parabola consists of the steep line segment with
the equation (19) where —P. +2p2 Loyt +34p2 +C- the gradual line

segment with the equation (22) where Pr*3P.+C

<y< p1+§2+c ; the ray
with the equation (20) where ygw and the ray with the equation

(21) where y g—pl+3’|oz—c_ It is apparent that the rays are on two parallel

separator lines. Its vertex V and its axis ¢ are the point
(3p1+ P, —C P +3p, +Cj and the separator line with the negative slope and

4 4
passing through P, respectively. The latus rectum is the line segment
—-p,+cC
X=y=p— pz!|y_ pz|£%

and its d,, -length is |p, — p, +c|. The focal d,, -length is equal to the value

[P.=P:+¢| This demonstrates that the d,, - length of the latus rectum is
4

equal to four times the focal d,, -length. If the map ¢ is the reflection in the
axis ¢ such that ¢ transforms the point (x,y) to the point
(=y+ P+ p,,—X+p,+p,), then V)=V, o(P)=P, and ¢ maps line

segments into each other and rays into each other. So, the M-parabola is
symmetric about its axis.

d

.
W
m

Figure 6. The M-parabola with a separator directrix
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Furthermore, the aforementioned theorems vyield immediately
following corollary:

Corollary 3.9. The latus rectum length of any M-parabola measures four
times the focal length, a property that holds independent of the directrix

types.
An algorithm for the construction of the M-parabola with the focus P

and the directrix d is presented in the following. This method is applicable
to all directrix types and is without analysis in its approach.

1) The Separator lines passing through the focus are drawn.
2) The intersection point of the lines d and d' is found where the line d" is
determined according to the type of the directrix d as follows:

e Ifthe directrix d belongs to either steep, gradual, or separator types,
(i) When the slope of d is positive, d' is the separator line with negative
slope through P;

(if) When the slope of d is negative, d' is the separator line with positive
slope through P.

e If the directrix d is a vertical line, d' is the horizontal line through
P.

o If the directrix d is a horizontal line, d' is the vertical line through
P.

3) The vertex of the M-parabola is determined by finding the midpoint of the
intersection point in (2) and the focus.

4) The points T, and T, are:

a) the points that the vertical line through the vertex V intersects the lines
in (1), when d is a vertical line.

b) the points that the horizontal line through the vertex V intersects the
lines in (1), when d is a horizontal line.

c) the points that the lines through the vertex V with slopes _(2+T|7‘|) and
1 or 1
1+ A+ 1-A+[A
(1), depending on whether the steep directrix d with the equation
x+Ay+c=0 AceR, [A|<1, has a negative or a npositive slope,
respectively.

d) the points that the lines through the vertex V with slopes _

) intersect the line not passing through V stated in

A
2+)
_(1+x+|x|) (or _(1_x+|x|)) intersect the line not passing through V stated

and

in (1), depending on whether the gradual directrix d with the equation
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M+y+c=0 AceR, |7»|<1, has a negative or a positive slope,
respectively.
e) the points that the lines through the vertex V with slopes _l,_g (or
3

1,3) intersects the line in (1) not passing through V , depending on whether
3

the separator directrix d is given by the equation x+y+c=0 or
X-y+c=0 ceR.
5) Therays r, and r, are:

a) parallel to the lines specified in (1), with initial points T, and T,, non-

intersecting the directrix, when the directrix d is a vertical line or a
horizontal line.

b) parallel to the line (axis) joining the vertex and the focus, with initial
points T, and T,, non-intersecting the directrix, when the directrix d is one

of a separator line, a steep line or a gradual line.
6) The M-parabola is

a) the union of the line segment T.T, (since the points T,, T, and V are
collinear, the line segments VT, and VT, constitute the line segment TT,),

and the rays 1, and r, when the directrix d is a vertical line or a horizontal
line.

b) the union of the line segments VT, and VT, and the rays r, and r, for
other types of directrix.

Up to this point, M-parabolas have been examined under the
assumption that the focus is not on the directrix. The case where the focus
lies on the directrix is now considered. If the focus is on the directrix, the
locus is defined as a degenerate M-parabola. These degenerate M-parabolas
are likewise classified based on the directrix types as follows:

Theorem 3.10. Let a degenerate M-parabola be defined by a focus P and a
directrix d. Then, based on the type of the directrix d, its geometric
structure is as follows:

i) If the directrix d is either a vertical line or a horizontal line, then
degenerate M-parabola is the union of two planar regions, determined by the
separator lines through P, which does not include the directrix d except at
the pointP .

i) If the directrix d is either of steep, gradual or separator types, then the
degenerate M-parabola is the separator line with the opposite signed slope of
d and passing through P .
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Proof. Let a degenerate M-parabola be defined by the focus P=(p, p,)
and the gradual directrix d with the equation ax+y+c=0 where a,ceR
and |a| <1. The degenerate M-parabola is the set of points that satisfy the

equation
lax+y +c|
max{|X—Pl|,|y—pz|}=W' (23)
Substituting the equality ap, + p, +¢ =0 into (23) and analyzing the result,

it is seen that the points of degenerate M-parabola form the separator line
through P, (Fig 7.a). If 0<a<1, then the degenerate M-parabola is the
separator line x—y=p,—p,. If -1<a<0, then it is the separator line

X+y=p,+p,- When the directrix d is the horizontal line given by the
equation y+c=0 where ceR, taking a=0 and applying the analysis
above, one gets easily that the degenerate M-parabola is the region specified
by the inequality |x—p,|<|y— p,|. When the case of the steep directrix d
with the equation x+by+c=0 where bceR and |b|<1 is examined

similarly, it is evident that the degenerate M-parabola is the separator line
X—y=p,—p, When O<b<1 or the separator line x+y=p,+p, when

-1<b<0, (Fig 7.b). For the case of the vertical directrix d with the
equation x+c=0 where ceR, one gets easily that the degenerate M-

parabola is the region specified by the inequality |x— pl| 2|y— p2|, (Fig 7.c).
When the directrix d is a separator line with negative slope, for the
parabola, the equality

X+y+C
max{lx—pllylv—pzl}=¥ 24)

is valid where ceR. By substituting the equality p, + p,+c=0 into (24),

it is observed that the locus is the separator line x—y=p —p,. It is

similarly seen that the degenerate M-parabola is the separator line
X+y=p,+p, When the directrix d is taken as a separator line with

positive slope.

3
/u) (b)

Figure 7. The degenerate M-parabolas
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CONCLUSION

This study extends the existing literature on parabolas in the
maximum plane (M-parabolas) and provides a thorough geometric analysis.
Salihova (2006) introduced the basic definition and general equation of
conics in the maximum plane. In this study, the structure of M-parabolas is
fully characterized based on the type of their directrix (vertical, horizontal,
steep, gradual, separator), and piecewise-linear structures consisting of line
segments and rays, expressed by exact equations for each type, are
presented. A key contribution not highlighted in the existing literature is the
proof of the universal rule that the length of the latus rectum is four times the
focal length. This rule demonstrates that a property well-known from
Euclidean parabolas is preserved invariantly in the piecewise-linear
geometry of M-parabolas. Furthermore, degenerate M-parabolas arising
when the focus and directrix coincide are classified and their geometric
behavior is described. Another novel contribution is the provision of a
general construction algorithm applicable to all directrix types, which
requires no analytical computation and enables practical visualization of
these theoretical curves. In conclusion, this study fills the existing gaps in
the literature by systematically classifying M-parabolas, rigorously
establishing their properties, and providing a practical algorithm. These
findings are expected to contribute to the understanding of conics in non-
Euclidean geometries and to form a foundation for future studies.
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