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ABSTRACT

The concept of warped products, introduced by Bishop and O’Neill in
1969, provides a natural generalization of Riemannian product manifolds and
has become an important tool in differential geometry and mathematical
physics. Let B; and B, be two Riemannian manifolds with Riemannian
metrics g g, and g g, , respectively. Let f be a smooth positive function on B,
and also the product manifold of N; and B, denote by B; x B,. The warped
product of B; and B, with warping function f is the Riemannian manifold B4
X¢ By = (By X By, gp, + f2g B,). Owing to their rich geometric structure,
warped product spaces furnish a broad class of examples of Riemannian and
semi-Riemannian manifolds and play a fundamental role in the construction
of models arising in general relativity.

Especially, let f be a positive function on an open interval I and consider
the warped product of -I and the Euclidean 2-plane M = E? with warping
function f, so we get

(M, 8) = —I x¢ E2 = (=1 x¢ E?,—dt? + f2(t)(dx;? + dx,?))
where t is the coordinate on I and x; and X, are coordinates on M. In this
study, firstly we obtained the intrinsic and extrinsic curvature invariants of
timelike rotational M in M = —I x; E2.

Keywords — Warped product manifold, Lorentzian manifold, Rotational surface,
Gauss curvature, Extrerior Gauss curvature, Mean curvature.

INTRODUCTION

The study of timelike surfaces occupies a significant position in
differential geometry, particularly within the context of Lorentzian and
Minkowski spaces. Preticularly, timelike rotational surfaces characterized by
their invariance under a one-parameter group of isometries generating
rotations, provide rich geometric structures such as, curvature properties,
causal character, and the ambient space's metric signature. A foundational
work in this subject is presented by Ganchev and Milousheva establishing a
fundamental existence and uniqueness theorem, the study demonstrates that a
zero-mean-curvature timelike surface (Ganchev & Milousheva, 2013). Their
generalization to curved ambient spaces, particularly product spaces formed
by the Cartesian product of two manifolds, introduces new challenges and
intriguing geometric behaviors. One fundamental aspect in the study of
rotational surfaces in product spaces is the characterization of their curvature
properties, notably mean curvature and Gaussian curvature. These curvatures



not only encode intrinsic geometric information but also relate to physical
models, such as minimal surfaces representing equilibrium states in
variational problems. For instance, Giiler and Kisi (2017) investigate
rotational hypersurfaces in the product space S3(r) x R, where S3(r) denotes
the 3-sphere of radius r, embedded in five-dimensional Euclidean space E®.
In that work, authors obtained explicit calculations of mean and Gaussian
curvatures for these hypersurfaces, providing foundational results. An
additional aspect of the research focuses on minimal rotational surfaces within
product spaces that integrate constant curvature manifolds with circles or
spheres. Gilirpinar Arsan and Dursun (2018) investigate minimal rotational
surfaces in the product spaces Q% x S1, contingent on the parameter €. Their
analysis differentiates among various categories of rotational surfaces by
examining the induced inner product along the rotational axis and identifies
profile curves that define all minimal rotational surfaces in these contexts
(Gurpinar Arsan & Dursun, 2018). This classification enhances the
framework of minimal surface theory by integrating the concept of rotational
symmetry within curved product spaces. These product spaces often possess
additional structure, such as warped product metrics or Lorentzian signatures,
which influence the curvature properties and stability of embedded surfaces.
The concept of warped products, introduced by Bishop and O’Neill in
1969 (Bishop & O’Neill, 1969), has become an important tool in differential
geometry and mathematical physics. Owing to their rich geometric structure,
warped product spaces furnish a broad class of examples of Riemannian and
semi-Riemannian manifolds and play a fundamental role in the construction
of models arising in general relativity. Studies of surfaces in warped product
manifolds [ X¢ M have been investigated by several researchers, see (Chen,
2002; Alias and Dajczer, 2007a; Alias and Dajczer, 2007b; , Alias and
Dajczer, 2008; Dillen et al., 2011; Chen, 2013; Aledo and Rubio, 2017,
Dursun, 2022) and the references therein. In recent paper, Dursun and Turgay
(2021) obtained a classifcation of all space-like and time-like constant angle
surfaces in warped product space, —I X¢EZ. In that paper, we will focus on
how to obtain the curvatures of timelike rotational surface, including the
Gauss curvature, extrerior Gauss curvature and mean curvature. By
employing the Levi-Civita connection of the ambient warped product



manifold and the corresponding Gauss and Weingarten formulas, explicit
expressions for these curvature functions are obtained.

RESULTS AND DISCUSSION

In this section, firstly we provide some basic notations, formulas,
definitions and results (O’Neill, 1983; Chen, 2017).

2.1. Basic concepts and formulas

Let I be an open interval in R and f: I — R be a smooth strictly positive

function, then, M = —I x; E? is an 3-dimensional Lorentzian warped
product manifold whose the metric tensor g is given by
g = -dt2+£2(t) (dX12+dX22). (1)

The canonical projections are denoted by ' :IxR*>- 1, 1% :1xR* > R2
Let V be the vector field in M, so we could decompose this vector as

V =Vyo+V. )
Note that here, J; is the comoving observer field in general relativity, Vo is a

function and V is a vector field satisfying V, = §(V.,0) and IT (V) = 0.

Now we would like to give the following lemma directly obtained from
[(Chen and Wei, 2009) in Lemma 2.1].

Lemma 2.1.1. The Levi-Civita connection V of M
- f _ — = =
VuV=DyV < (UgV + VoU + &(T, V)o,) 3)

whenever the tangent vectors U,V of M=-I x¢E?, where D denotes the
connection of E2.

Letc : M — -1 x;E?2 be an isometric immersion of M in —I x; E2, and let
g be the pulled-back metric of § on M, & be a unit normal vector field on M,
and denote by S the associated shape operator. The equations of Gauss and
Weingarten are given by

VyV = VyV+HI(U,V), (4)
Vyé=-SU, (5)

where U, V are tangent and ¢ is normal to M, respectively. Also V is the
induced metric connection, II is the second fundamental form and S is the
shape operator of M. Note that S and II are related by



g (II(U, V),5) = g(SU, V), (6)

II(U, V) = g(SU, V)¢ 7

Moreover, The Gauss and Codazzi equations are given, respectively, by
R(U, V)Z, W)= (lI(V, Z), II(U, W) )- (II(U, Z), IV, W)), ()
(VyI)(V, 2) = (WD, 2), ©)

where R is the curvature tensor of M and Vh is defined by
(Vul)(V, 2)=V+11(V, 2)-11(VyV, Z)- 1I(V.Vy Z). (10)

The Gaussian curvature K, the extrerior Gauss curvature K,,; and the mean
curvature vector field H of M in M is defined by, respectively,

_ (R(U,V)V,U) (11)

~ (U,UNV,V)-(U,V)2
Koyt = detS, (12)
H=: trl] (13)

where {U, V} is a frame field for the tangent bundle of M. As well known that
M is said to be flat, external flat or minimal if K, K,; or H vanishes identically
on M.

Let U=(U;,U,,Us), V=(V,,V,,V3) be two vectors in TM. Then the warped
vector product of these vectors is calculated by

UxV=(=f2() (U,V3-V,U3),(U3V;-V3U)),(U, V-V, Uy ).

2.2. Rotational Surfaces in Warped Product Manifold

In this subsection, firstly we will give the definition of the rotational surface
M in the warped product manifold M= -I x; E2. Then, we will obtain the
curvatures of the surface M.

Definition 2.2.1. The rotation about the t -axis given by

Ry : M—M : (t, X4, X5)—(t, X; Cos 9 -x, Sin 9, x; Sind + x, (14
Cos9) )

is a one-parameter group of isometries which left the t-axis pointwise
invariant. Let a(u) = (u, y(u), 0), u€l, be a smooth curve in -I x; E? defined
on an open interval J. So, the rotational surface about the t-axis in -I x; E2
with a profile curve is defined by 6(u, v)=R(a(u)). We can assume that the
profile curve is lying in the spacelike plane of M. Then, the timelike rotational
surface M is parametrized by,



o(u, v)=(u, y(u) Cos v, y(u) Sin v). (15)

Now, let M be a rotational surface in M= -Ix; E? defined as in (15). Then,
there is an orthonormal frame field {e;,e,;E} of M obtained as

1
€= (1,y' Cos v, y' Sin v), (16)
’1'f2y'2

( —Sinv Cos V)

/1f2

with g(e,,e,)=g(£,5)=1 and g(eq,e;) =-1 where the metric tensor g is
defined as in (1). Since ¢ is spacelike, we could say that the surface M is
timelike. Moreover, here and throught the paper the functions f and y depend
on the parameter u € I.

(17)

Cos v Sinv
) (18)

Proposition 2.2.1. Let M be a timelike rotational surface in M= -1 x;E2.
Then, there is an orthonormal frame field {e,e,;¢} with §(&,8)=g(eq,e1) =-1
such that the shape operatdr S is diagonalizable, i.e.,

£y’ (2-f2y%)+fy"

'2 3/2
B (1-£y?) (19)
- -1 —yy'ff
0 e
fy 1-f2y|2
and the Levi-Civita connection V of M is given by
Velel Vele2 =0,
Ve fy' + yf'
ezel Y 627 (20)
fy |1-fy'
fy' + yf'
08, =~ T——=¢I.
fy 1_f2yY2

Proof. Let M be a timelike rotational surface in M. So, we have the tangent
vectors {ej,e;} given in (16) and (17). By considering these in (2) and then
in (3), we get the Levi-Civita connections V of M as the following
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v f‘y (2 fzy'2)+fy"

=\ 0.0, 372
11 (1 f2 12)
Ve e,=(0.0,0), o
l+yf
Vezel—
\ fy ’1 fzy'2 /
fy—i—yf‘ 1+yy

<N

e = -

e 2,2 2 02
fy |[1-f7y fy |1-fy

So, if we separate the tangent and normal parts of these connections, we have
directly the Levi-Civita connection V of M as in (20) from the tangent parts.
Moreover, from the normal parts we will get the second fundemantal form
coefficients, II(e;,¢e;), i=1,2. So by considering these and (18) in (6), we get
the shape operator S as in (19).

Teorem 2.2.2 Let M be a timelike rotational surface in M. Then, the extrerior
Gauss curvature K.,;, the mean curvature vector field H and the Gaussian
curvature K of M in M is obtained by, respectively,

Iy (Fy' (2-£y?) +y")

ext™ 22
fy(1-£y2) (22)
1+3yy'ff’*2yff3y'3+f2 (*y’2+yy")
= 23
fy(1-Py2)"” )
2, " o . " . , R
YE oy Byt (2 ™)y -ty (1711
K= — (24)
yfi(1-fy )

Proof. Let M be a timelike rotational surface given in (15). Then, from (12)
and (19) and also (13) and (19), we get directly the extrerior Gauss curvature
(22) and the mean curvature vector field (23), respectively. On the other hand,
by considering (19) into (8) and (11), it follows that the Gaussian curvature
can be obtained as in (24).

2.3.Results

As well known that M is said to be flat, external flat or minimal if K, K or
H vanishes identically on M. In this section, we investigate these conditions.

11



2.3.1. External Flat Rotational Surfaces

Consider the timelike rotational surface M parametrized in (15). From
Theorem 2.2.2., its the extrerior Gauss curvature K,; is obtained by (22),
hence such a surface is external flat if and only if

L+t ) (y 2=y )f +87) =0, (25)

By solving the equation (25), we get

’ ds

_ _ 26

y(u) = +V2 |o; fl ey (26)
or
) = +c ’ ds
u) = —
TR VT )
(27)

where c¢q,c, € R. So we obtain the parametrization of the timelike rotational
surface M being external flatin M = —I x;E? as,

u u \
o(u, V)= utv2 [~ ds‘ Cos v, V2 [¢|— Sinv (28
1 f(s)f (s) 1 f(s)f (s) ) )

or

ds

(29

! ds ’ ds
utc;,— | ——=Cosv, ¢, — [ ——= Sinv
1 VIIs]? + ¢y ffs]* 1 f[s]? + ¢, f]s]* )

2.3.2. Minimal Rotational Surfaces

Consider the timelike rotational surface M parametrized in (15). From
Theorem 2.2.2., its the mean curvature H is obtained by (24), hence such a
surface is minimal if and only if

1-43yy' P2y 'y + £ (—y? + yy") = 0. (30)
2.3.3. Flat Rotational Surfaces

Consider the Lorentzian rotational surface M parametrized in (15). From
Theorem 2.2.2., its the Gauss curvature K is obtained by (22), hence such a
surface is flat if and only if

12



YOty eyt 20y ™) oy oyt (1) = 0. Gh

2.4. Discussion

In that paper, we will focus on how to obtain the curvatures of timelike
rotational surface in warped product spaces, including the intrinsic and
extrinsic curvature invariants. By employing the Levi-Civita connection of the
ambient warped product manifold and the corresponding Gauss and
Weingarten formulas, explicit expressions for these curvature functions are
obtained. The obtained results provide a better understanding of the interplay
between the geometry of the ambient warped product space and the intrinsic
geometry of the surface of revolution.
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ABSTRACT

The concept of warped products, introduced by Bishop and O’Neill in
1969, provides a natural generalization of Riemannian product manifolds and
has become an important tool in differential geometry and mathematical
physics. Let F; and F, be two Riemannian manifolds with Riemannian
metrics g g and g g, respectively. Let f be a smooth positive function on Fy
and also the product manifold of F; and F, denote by F; x F,. The warped
product of F; and F, with warping function f is the Riemannian manifold
Fi X¢ Fy = (Fy xFy, g5, + f2g F,)- Owing to their rich geometric structure,
warped product spaces furnish a broad class of examples of Riemannian and
semi-Riemannian manifolds and play a fundamental role in the construction
of models arising in general relativity.

Especially, let f be a positive function on an open interval I and consider
the warped product of -I and the Euclidean 2-plane M = E? with warping
function f, so we get

(M, 8) = —I x¢ E2 = (=1 x¢ E?,—dt? + f2(t)(dx;? + dx,?))
where t is the coordinate on I and x; and x, are coordinates on M. In this
study, firstly we obtained the intrinsic and extrinsic curvature invariants of
spacelike surface of revolution M in M = —I x; E2.

Keywords — Warped product manifold, Surface of revolution, Intrinsic curvature,
Extrinsic curvature.

INTRODUCTION

The study of surfaces of revolution holds a central position in
differential geometry and mathematical physics, largely due to their rich
geometric properties and wide-ranging applications across various disciplines.
Formed by rotating a planar curve around a specific axis, these surfaces
inherently exhibit strong rotational symmetry. In the literature, surfaces of
revolution have been extensively examined within the context of constant
mean curvature (CMC) surfaces, minimal surfaces, and their generalizations
across various spaces. Current research reflects a multifaceted investigation,
spanning from classical geometric frameworks to modern computational and
physical realizations.

The fundamental theory of surfaces of revolution with constant mean
curvature was established by C. Delaunay in the 19th century. By solving the
relevant differential equations and developing geometric constructions based
on the evolutes of the generating curves, Delaunay (1841) completely
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classified all constant mean curvature (CMC) surfaces of revolution in
Euclidean space. Later research expanded far beyond the Euclidean
framework to include Lorentz and non-Euclidean geometries. The
differential-geometric properties and classification problems of these surfaces
within various settings have been extensively studied in the literature (Arslan
et al., 2012; Choi et al., 2013; Kelleci Akbay, 2021; Al-Zoubi et al., 2022; da
Silva and Lopez, 2026).

Generalizing these to curved ambient spaces—particularly product
spaces formed by the Cartesian product of two manifolds—brings with it new
challenges and intriguing geometric behaviors. A fundamental aspect in the
study of surfaces of revolution in product spaces is characterizing their
curvature properties, primarily mean curvature and Gaussian curvature. These
curvatures not only contain intrinsic geometric information but are also related
to physical models, such as minimal surfaces that represent equilibrium states
in variational problems. For instance, Giiler and Kisi (2017) investigate
rotational hypersurfaces in the product space S3(r) x R, where S3(r) denotes
the 3-sphere of radius r, embedded in five-dimensional Euclidean space E>.
In this study, the authors provide explicit calculations of mean and Gaussian
curvatures for the relevant hypersurfaces and present fundamental results that
facilitate further geometric analysis. This approach illustrates how classical
concepts of curvature can be naturally extended to higher-dimensional and
more complex ambient spaces. Another aspect of the research focuses on
minimal rotational surfaces in product spaces that combine manifolds of
constant curvature with circles or spheres. Giirpinar Arsan and Dursun (2018)
investigate minimal rotational surfaces in product spaces of the form
$Q \epsilon"2 \times S"1$, parameterized by S$\epsilon$. Their work
distinguishes between various categories of rotational surfaces by considering
the inner product reduced along the axis of rotation and identifies the profile
curves that characterize all minimal rotational surfaces in these contexts
(Giirpinar Arsan & Dursun, 2018). This classification enriches the framework
of minimal surface theory by integrating the concept of rotational symmetry
into the setting of product spaces. These product spaces often possess
additional structures—such as warped product metrics or Lorentzian
signatures—that influence the curvature properties and stability of surfaces
embedded within them.

18



The concept of warped products, introduced by Bishop and O’Neill in
1969 (Bishop & O’Neill, 1969), has become an important tool in differential
geometry and mathematical physics. Owing to their rich geometric structure,
warped product spaces furnish a broad class of examples of Riemannian and
semi-Riemannian manifolds and play a fundamental role in the construction
of models arising in general relativity. Studies of surfaces in warped product
manifolds I X¢ M have been investigated by several researchers, see (Chen,
2002; Alias and Dajczer, 2007a; Alias and Dajczer, 2007b; , Alias and
Dajczer, 2008; Dillen et al., 2011; Chen, 2013; Aledo and Rubio, 2017;
Dursun, 2022) and the references therein. In recent paper, Dursun and Turgay
(2021) obtained a classifcation of all space-like and time-like constant angle
surfaces in warped product space, —I X; EZ. In that paper, we will focus on
how to obtain the curvatures of spacelike surface of revolution M, including
the intrinsic and extrinsic curvature invariants. By employing the Levi-Civita
connection of the ambient warped product manifold and the corresponding
Gauss and Weingarten formulas, explicit expressions for these curvature
functions are obtained.

RESULTS AND DISCUSSION

In this section, firstly we provide some basic notations, formulas,
definitions and results (O’Neill, 1983; Chen, 2017).

2.1. Basic concepts and formulas

Let I be an open interval in R and f: I — R be a smooth strictly positive

function, then, M = —I X¢ E? is an 3-dimensional Lorentzian warped
product manifold whose the metric tensor g is given by
g= -dt2+f2(t)(dx12+dxzz). (1)

The canonical projections are denoted by IT' : I x R2— I, II* : I x R — R”.
Let V be the vector field in M, so we could decompose this vector as

V = Vy0,+V. )

Note that here, 0; is the comoving observer ﬁelld in general relativity, Vo is a
function and V is a vector field satisfying Vy = §(V,0,) and 1" (V) =0.

Now we would like to give the following lemma directly obtained from
[(Chen and Wei, 2009) in Lemma 2.1].
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Lemma 2.1.1. The Levi-Civita connection V of M

- f _ =

VyV=DyV += (UoV + VoU + &(T, V)o,) 3)
whenever the tangent vectors U,V of M= -1 x¢E2, where D denotes the

connection of EZ.

Letc : M — -1 x;E?2 be an isometric immersion of M in —I x; E2, and let
g be the pulled-back metric of g on M, N be a unit normal vector field on M,
and denote by S the associated shape operator. The equations of Gauss and
Weingarten are given by

VyV =VyV+I(U,V), (4)
VyN =-SU, (5)

where U, V are tangent and ¢ is normal to M, respectively. Also V is the
induced metric connection, II is the second fundamental form and S is the
shape operator of M. Note that S and II are related by

& (I(U, V).N) = g(SU, V), (6)
II(U, V) = g(SU, V)N. N

Moreover, The Gauss and Codazzi equations are given, respectively, by
<R(U, V)Z, W)= (1I(V, 2), II(U, W) )- (1I(U, 2), II(V, W)), ®)
(VylI)(V, 2) = (WID(U, 2), ©)

where R is the curvature tensor of M and Vh is defined by
(VyI)(V, 2)=V+11(V, 2)-11(VyV, Z)- TI(V,Vy Z). (10)

The Gaussian curvature K, the extrerior Gauss curvature K., and the mean
curvature vector field H of M in M is defined by, respectively,

~ (RU,V)V,U) (11)
(U, UNV,V)-(U,V)?

Koy = detS, (12)

H=strlI (13)

where {U, V} is a frame field for the tangent bundle of M. As well known that
M is said to be flat, external flat or minimal if K, K,,; or H vanishes identically
on M.

Let U=(uy,uy,u3), V=(v;,v,,v3) be two vectors in TM. Then the warped
vector product of these vectors is calculated by

UxV=(—f2() (0pv3-vau3),(u3v;-v3uy),(u, vo-v4 up).
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2.2. Surfaces of Revolution in Warped Product Manifold

In this subsection, firstly we will give the definition of the surface of
revolution M in the warped product manifold M= -1 x; E2. Then, we will
obtain the curvatures of the surface M.

Definition 2.2.1. The rotation about the t -axis given by

Ry : M—M : (t, uy, uy)—(t, u; Cos9-u, Sin 9, u; Sin9 + u, (14
Cos9) )

is a one-parameter group of isometries which left the t-axis pointwise
invariant. Let B(u) = (u, y(u), 0), u€l, be a smooth curve in -I x; E? defined
on an open interval J. So, the rotational surface about the t-axis in -I x; E2
with a profile curve is defined by o(u, v)=R(B(u)). We can assume that the
profile curve is lying in the spacelike plane of M. Then, the Lorentzian
rotational surface M is parametrized by,

o(u, v)=(u, y(u) Cos v, y(u) Sin v). (15)

Now, let M be a rotational surface in M= IXfE% defined as in (15). Then,
there is an orthonormal frame field {e;,e,;N} of M obtained as

1 y' Cos v y' Sin v (16)
el: b b b
J—1+f2y’2 \/—1+f2y'2 J—1+f2y'2
B —Sinv Cosv
o (0= "F). (17)
N = -fy' Cosv Sinv (18)

\/—1+f2y'2 f\/—Hny'2 f\/—1+f2y‘2

with g(e,,e;)=1 and g(N,N)=g(e,,e;) =-1 where the metric tensor g is
defined as in (1). Since N is timelike, we could say that the surface M is
spacelike. Moreover, here and throught the paper the functions fand y depend
on the parameter u € I.

Proposition 2.2.1. Let M be a spacelike surface of revolution in M= -1 x; E2.
Then, there is an orthonormal frame field {e;,e5;N} with g(N,N)=
8(eq,e1) = -1 such that the shape operator S is diagonalizable, i.e.,

21



f’y’(2-f2y'2)+fy”
2.2\ 0
s=| (1Y) (19)
—1 —yy'ff’

fyy/—1+Fy?

and the Levi-Civita connection V of M is given by

0

Velel=Vele2 =0,
v fy' + yf’
ST ———%» 20
fy ’—1+fgy'2 20)
1+ yy'ff’
Ve,e Y .

——
fy ’ - 1+f2y'2

Proof. Let M be a spacelike rotational surface in M. So, we have the tangent
vectors {e;,e,} given in (16) and (17). By considering these in (2) and then
in (3), we get the Levi-Civita connections V of M as the following

- fy"+f'y'(2-f2y™
Velelz(O’O’ ; yz( 2 33/12 )>’
(—1+f y' )
Vele2 (07070)7
21)
~6261: O,M’O s
fy —l+f2y'2
Vezezz __fyr+yfr 0, - 1+yy'ff’

fy —1+f2y'2’ fy —lJrfzy'2 .

So, if we separate the tangent and normal parts of these connections, we have
directly the Levi-Civita connection V of M as in (20) from the tangent parts.
Moreover, from the normal parts we will get the second fundemantal form
coefficients, II(e;,¢;), i=1,2. So by considering these and (18) in (6), we get
the shape operator S as in (19).

Teorem 2.2.2 Let M be a spacelike surface of revolution in M. Then, the
extrerior Gauss curvature K,,;, the mean curvature vector field H and the
Gaussian curvature K of Min M is obtained by, respectively,
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_ A +yy'EY'(2-Fy?) +fy")

Xt 22
fy(—1+£y2)° 22)
e 1+ 3yy'ff' _ ny/f3y/3 + f2 (_ylz + yy")
- fy(_1+f2y'2)3/2 (23)
—y" 2+ y Y2 + yy"f2) + yf" + yy (2 — £2£7)
K= (24)

yf(—1 + f2y'?)2

Proof. Let M be a spacelike surface of revolution given in (15). Then, from
(12) and (19) and also (13) and (19), we get directly the extrerior Gauss
curvature (22) and the mean curvature vector field (23), respectively. On the
other hand, by considering (19) into (8) and (11), it follows that the Gaussian
curvature can be obtained as in (24).

2.3.Results

As well known that M is said to be flat, external flat or minimal if K, K, or
H vanishes identically on M. In this section, we investigate these conditions.

2.3.1. External Flat Surface of Revolution

Consider the spacelike rotational surface M parametrized in (15). From
Theorem 2.2.2., its the extrerior Gauss curvature K.,; is obtained by (22),
hence such a surface is external flat if and only if

(1 +yiy ) (Fy (2 £y") +87) = 0. (25)

By solving the equation (25), we get

' ds
_ _ 26
Y(u) i\/z Y I f(S)f(S) ( )
or
(U) = e, — B
YT =6 ANICEENSTOk
(27)

where ¢, ¢, € R. So we obtain the parametrization of the spacelike surface of
revolution M being external flatin M = —I x;E? as,
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o(u, V)= utV2 [¢; + dS, Cos v, V2 [c; + ds' Sin' (28
f(s)f (s) . f(s)f (s) )

or

’ ds ’ ds
uc+ | ———Cosv,c, + | —————— Sinv (29
. f(s)? + ¢, 1(s)* 1 (s)? + ¢, 1(s)* )

2.3.2. Minimal Surface of Revolution

Consider the spacelike surface of revolution M parametrized in (15). From
Theorem 2.2.2., its the mean curvature H is obtained by (23), hence such a
surface is minimal if and only if

13yy'ff—2yf'£y"° + £ (—y? + yy") = 0. (30)
2.3.3. Flat Surface of Revolution

Consider the spacelike surface of revolution M parametrized in (15). From
Theorem 2.2.2., its the Gauss curvature K is obtained by (24), hence such a
surface is flat if and only if

y'3f2f'—y"f—y'f' (2+yy'£2)—yf —yfy” (f' 2 ) = 0. (1)

2.4. Discussion

In that paper, we will focus on how to obtain the curvatures of spacelike
surface of revolution in warped product spaces, including the intrinsic and
extrinsic curvature invariants. By employing the Levi-Civita connection of the
ambient warped product manifold and the corresponding Gauss and
Weingarten formulas, explicit expressions for these curvature functions are
obtained. The obtained results provide a better understanding of the interplay
between the geometry of the ambient warped product space and the intrinsic
geometry of the surface of revolution. Furthermore, these findings contribute
to broader studies on submanifold theory and can provide a foundation for
future research on specific surface classes and their applications in geometric
analysis and mathematical physics.
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ABSTRACT

This paper investigates the geometric properties of associated curves in
three-dimensional Euclidean space by using a torsion-based modified
orthogonal frame (TMOF). The associated curves in the tangent, principal
normal, and binormal directions are constructed within this framework. For
each construction, the corresponding moving frame, curvature, torsion, and
distance relations are derived. The obtained formulas are then used to
characterize several geometric cases, including planar involute-type curves
and constant-distance partner curves related to Bertrand- and Mannheim-type
constructions. These results show how the torsion function affects the
geometry of the associated curves and determine the conditions under which
special curve relations occur. Numerical examples based on a catenary are
included to illustrate the formulas and the resulting curves.

Keywords — Associated curves, Torsion-modified orthogonal frame, Euclidean 3-
space, Involute curves, Bertrand curves, Mannheim curves, Catenary curve

INTRODUCTION

The study of space curves and their associated partner curves is a
fundamental topic in differential geometry, with extensive applications in
kinematics, structural engineering, and robotics (O'Neill, 2016). A classical
approach in curve theory involves constructing new auxiliary curves from a
base curve to analyze their mutual geometric relationships (Choi and Kim,
2012; Qian and Kim, 2015; Kaya and Onder, 2017). Families of associated
curves, including Bertrand pairs, Mannheim pairs, and involute-evolute
configurations, have been broadly studied to characterize primary curve
properties (Giiven, 2020; Sahiner, 2019). Recently, Senyurt et al. (2022)
expanded this domain by introducing classes of associated curves whose
position vectors systematically lie in the osculating, normal, and rectifying
planes of partner curves.

Traditionally, the Frenet—Serret frame serves as the standard tool for
analyzing spatial curves. However, the classical Frenet frame becomes
undefined at inflection points where the curvature vanishes, which limits its
direct applicability in such regions. While alternative frameworks, such as the
Bishop (parallel transport) frame, handle inflection points continuously, their

construction requires integral formulations to define the normal direction
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vectors. To provide a computationally direct alternative, Sasai (1984)
introduced the curvature-based Modified Orthogonal Frame (MOF). By
scaling the principal normal and binormal vectors via the curvature function,
the MOF ensures smooth vector fields along the curve while preserving
classical geometric properties (Lone et al., 2019; Elsayied et al., 2021, 2022;
Elsharkawy and Elshenhab, 2022; Saad et al., 2024; Damar et al., 2024, 2025;
Bacek and Yiiksel, 2025).

In a similar spirit, Biik¢li and Karacan (2016) proposed the Torsion-
Modified Orthogonal Frame (TMOF) as a torsion-based alternative. Instead
of scaling by curvature, the TMOF scales the principal normal and binormal
vectors using the torsion function of the base curve. This construction allows
one to express the moving frame and its structural equations directly through
the torsion of the curve, without requiring auxiliary integral transforms.
Consequently, the TMOF provides an alternative frame description that is
particularly convenient when analyzing geometric configurations driven by
torsion. In this setting, the analysis is systematically conducted on open
intervals where the torsion function is non-vanishing (z # 0).

Motivated by these structural properties, the present paper investigates
associated curves constructed within the TMOF framework in three-
dimensional Euclidean space. We systematically define tangent, principal
normal, and binormal associated curves by placing their position vectors in
the primary planes of their partner curves. For each construction, we derive
the moving frame relations, structural curvatures, torsions, and distance
equations. These analytical formulations are then applied to characterize
special geometric configurations, including planar involute-type curves and
constant-distance partner curves of Bertrand and Mannheim types. Finally, to
illustrate the theoretical results, a numerical example based on a spatial

catenary curve is presented on intervals where its torsion remains non-zero.

MATERIALS AND METHODS

Let y:1 € R - E3 be a unit-speed regular space curve with non-zero
curvature x(s) and non-zero torsion 7(s). In contrast to the classical Frenet
frame, we introduce the Torsion-Modified Orthogonal Frame (TMOF),
denoted by {T, N, B}. In this frame, the principal normal and binormal vectors
are scaled by the torsion function 7(s). The relations between the classical
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Frenet frame {t,n, b} and the TMOF are given by T=1t, N = 7n, and B =
tb.

The derivative formulas of the Torsion-Modified Orthogonal Frame
with respect to the arc-length parameter s are governed by the following
system of differential equations (Biik¢ii and Karacan, 2016):

T' =N, N'=-,tT+=N+7B, B =-1N
" ! (1)
+—B.
T
For an arbitrary curve a(t), the TMOF vectors and the curve parameters (x, T)
can be explicitly calculated as follows:

a' a'xa

T = T B = T—Ila’xa”ll' N=BXT, 2)
_ "alxaII" _ det(a”,a”,a,”)
a3’ T la'xa”12 G)
RESULTS AND DISCUSSION

Tangent-Associated Curves in the TMOF Setting

To provide a clear geometric frame for associated curves within the
Torsion-Modified Orthogonal Frame (TMOF), let y:I = R3 be a unit-speed
regular base curve with curvature k(s) > 0, torsion 7(s) # 0, and TMOF
{T,N, B}. An associated partner curve ¥ is generated by displacing y along
one of its moving frame vectors V € {T,N,B} by a sufficiently smooth
distance function 6(s):

7(s) =v(s) +6(s)V(s). “4)
Let {T, N, §} denote the TMOF of the partner curve 7, with strictly positive
curvature K(s) and torsion 7(s). To establish the geometric correlation
between y and ¥, we define three distinguished unit direction fields. These
fields represent arbitrary fixed directions within the osculating, normal, and
rectifying planes of the partner curve ¥, respectively:
u(s) T(s)+v(s) N(s)’ (5)
Vu()?2+@()T(s))?
w(s) N(s)+x(s) B(s)
T(s)w(s)2+x(s)?’ ©)
¥(s) T(s)+2(s) B(s)

JY($)2+(z(s)T(s)? (7)
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0(s) =

P(s) =

R(s) =




where u(s), v(s),w(s), x(s), y(s), z(s) are smooth real-valued functions in
the case of T-P partner curves, whereas they are taken as constant real
numbers for the other types of partner curves.

In the present section, we specifically focus on the tangential
displacement case (V = T).

Definition 1. Let y and ¥ be regular space curves defined with the
Torsion-Modified Orthogonal Frame (TMOF). If the tangent vector T(s) of
the curve y and the osculating-plane vector O(s) of the curve 7 are collinear,
i.e., T(s) = O(s), then 7 is called a T-O associated curve of y.

Theorem 1. Let y be a regular space curve equipped with the TMOF.
There does not exist a generic spatial curve (T # 0) that admits a T-O
associated partner.

Proof. Assume that there exists a partner curve 7 which is a T-0
associated curve of y. Their spatial relationship is governed by:

7(s) = v(s) + 6(s)T(s). ®)
Differentiating Eq. (8) and utilizing the TMOF derivative formulas yields:
7'=(1+8)T+82N. )

The tangent vector of the associated curve is explicitly given by:
T (1+8")T+6%N 10
T (10)
Taking the second derivative and introducing the auxiliary function @ =

1+6)(K(@A+68")+ (6k)") — k(8" — 5k?), the cross product is found as:
7' X 7" = 62k22T — 8(1 + §)N + =B, (11)

Using the definitions in Eq. (2), the binormal and principal normal vectors are
obtained as a single system:

(52K2TT Sk(1+8)N+2 B)

||y ol
= T Sk @ (1+6 )o 3 3 2 (12)
=y x?”ll( = T+——=N+ (6" + k(1 +6") )B)

Usmg the definitions of the moving frame vectors, since ¥ is defined as a T—
O associated curve, setting the necessary inner product relations (T, ’T) =
(6,T), (T,N) = (0, N), and (T, B) = (0, B) = 0 yields
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1+68' u

VA5 H @R JuE 7 (13)
—86K® _ vT (14)
17 <7 7'~ Juz+ )2
TT82%K2
Tz (13)

From Eq. (15), it immediately follows that T7£6%x? = 0. However, in this case,
since T=T and N =B = 0, an orthogonal frame cannot be established.
Under these conditions, since ¥ reduces to a straight line, y has no T-O
associated curve. O

Definition 2. Let y and ¥ be regular space curves defined with the
TMOF. If the tangent vector T(s) of the curve y and the normal-plane vector
P(s) of the curve # are collinear, i.e., T(s) = P(s), then ¥ is called a T-P
associated curve of y.

Theorem 2. If 7 is the T-P associated curve of y in the TMOF setting,
then the relationship between their modified orthogonal frames is given by:

_ N
T =—,
X
N = w T + ‘ B
Vw2 + x2 Vw2 + x2
- Tx w
B = T —

N e

Proof. Since 7 is defined as the T-P associated curve of y, it directly
follows that the tangent vector T lies strictly within the normal plane of .
This requires the orthogonality condition (T, T) = 0. Substituting the explicit
form of T yields:

146
J(@ +6)% + (6K)?

Integrating this differential equation gives the distance function:

6(s) =—s+g, (16)

=0=1+6=0.

where ¢ is a constant of integration. Next, evaluating the inner products
(T,N) = (P,N) and (T, B) = (P, B), and substituting 1 + §’ = 0 dramatically

simplifies the equations into the following system:
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Tw 783Kt

VwZ+xZ  IF I <y

Fx _ #8%k%t (17
YwZixZ Iy
Under the condition 1 + 6’ = 0, the fundamental norms reduce to || ¥’ ll= 8k

and || 7' X 7" ll= §%K?V12 + k2. Substituting these norms into Eq. (17)
reduces them to the following compact proportional forms:

—-K X T

w
T v M s T T (18)
These strict equalities establish the proportionalities w = —k and x = t. Since

K > 0 by our initial geometric assumptions, it necessarily follows that w < 0.
Substituting these parameters back into the generic frame formulas seamlessly
recovers the stated TMOF expressions and completes the proof. o

Corollary 1. As an immediate geometric consequence of Eq. (16), if ¥
is the T-P associated curve of y in the TMOF setting, then 7 intrinsically
manifests as an involute curve of the base curve y.

Theorem 3. If # denotes the T—P associated curve of y in the TMOF
setting, then the curvature K and torsion T of ¥ are explicitly given by the

following formulas:

TWw2+x2

¥

x6k

. _ kt'-k't
T SK(t2+kK2)"

(19)

Proof. Substituting Eq. (16) and the proportionalities established in Eq.
(18) directly into the general parameter formulas in Eq. (3) yields the desired
curvature and torsion expressions. O

Theorem 4. Let y be a given base curve and 7 be its T-P associated
curve. The spatial Euclidean distance between the corresponding points of y
and ¥ is given by:

dy,7) = |=s +cl. (20)

Proof. The proof follows straightforwardly from the explicitly
integrated distance function §(s) derived in Eq. (16). O

Definition 3. Let y and 7 be regular space curves defined with the
TMOF. If the tangent vector T(s) of the curve y and the rectifying-plane
vector R(s) of the curve 7 are collinear, i.e., T(s) = R(s), then 7 is called a

T-R associated curve of y.
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Theorem 5. If  is the T-R associated curve of y in the TMOF setting,
then the relationship between their modified orthogonal frames is given by:

T 4 T+ ali N
Vy? + (z1)? T y? + (27)?
—~ T
N =-B,
T
- 72 yE

= T - N
Vy? + (z7)? T y? + (27)?

Proof. By the definition of the T-R associated curve, setting the inner

product relations (T, T) = (ﬁ, T), (T, N) = (ﬁ, N) =0, and (T, E) = (ﬁ,ﬁ)

alongside the frame vectors yields the following system:

1+6’ _ y vk

T - e 1 T0 T @1
T6k®
T (22)
TE5%K? z%

<7 (2 r@D? (23)

where @ = (1+68")(k(1+68') + (6k)") — k(8" — 6k?). Since the
geometric parameters 7, §, and k are non-zero, Eq. (22) necessitates that the
auxiliary function must identically vanish (@ = 0). Under this condition, the

norm of the cross product simplifies to:

Il 7" X 7" lI= t8K/ (812 + (1 + 6')2. (24)
Consequently, by simultaneously evaluating the relations in Egs. (21)—(24) in
conjunction with Eq. (10) and Eq. (12), the proof is successfully completed. O

Theorem 6. If # is the T-R associated curve of y, the curvature & and
torsion T are explicitly given by:

T8k 24

K= e L Go0r(@eon +(07) (23)
where the auxiliary function (2 is defined as:
0, =16%K? (6”’ —36'Kk? — 36kK’ — K% + 5K T?)
2 "N3s"E_s% _
°6k(1+6")(36 . o) ;. OKT (26)

+(1+358") G)' +6 (f)” +(1+ 26’)’% +6Z G),).

T
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Proof. Substituting the derived relations into the standard curvature
formula yields K. To find the torsion, differentiating Eq. (8) three times gives
the third derivative:

7= (5”’ —36'k? — 36kK’ — K? + SK? T?,) T
+(k+38'k+ 26k")B
+(38" 5~ 8% — sir + (1 +367) (%) +6 (%) 7
T T , T T
+(1+28) 5%+ 6% (5))N.
Using Eq. (27) in the torsion formula completes the proof. o

Theorem 7. Let y and ¥ be the associated partner curves. The distance
function §(s) between the corresponding points in E3 is given by:

K

d(y,7) = |ef¥d$ [—f e_f}z’_fdsds + c1]|, (28)

where ¢, is an integration constant.
Proof. From the geometric relation in Eq. (21), we obtain the following
first-order linear differential equation:

5 —(%)s=-1 (29)

zT
The general solution of this ODE is found by employing the integrating factor
u(s) = exp (— 1) %ds). Integrating the transformed equation (ud)’ = —u

with respect to s directly leads to:

—J u(s)ds + ¢,
u(s) '

Substituting the explicit form of u(s) back into the solution successfully

0(s) =

completes the proof. O

Principal Normal-Associated Curves in the TMOF Setting

We analyze associated partner curves generated by normal
displacement (V = N) within the TMOF setting. Maintaining the direction
fields O, P, and R as previously established, we determine the geometric
conditions under which the principal normal N(s) aligns with each
distinguished planar direction of the partner curve.
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Definition 4. Let y and ¥ be regular space curves defined with the
TMOF. If the principal normal vector N(s) of the curve y and the osculating-
plane vector O(s) of the curve 7 are collinear, i.e., N(s) = O(s), then 7 is
called an N-O associated curve of y.

Theorem 8. If # is the N-O associated curve of y in the TMOF setting,
then the relationship between their modified orthogonal frames is given by:

T o u (1—8KTT+1N+ 0T B)
S+ w2 \ 18T’ 2 g(8) )’
~ vi? —(67)'F 1
N = ( —=T+-N
Ju? + (v)2 (1 = 6xt)F — 572D T
51)'D
(67) B),
T((l — 8k7)F — 5‘[2D)
_ ~2 8 ’
B vt (6e) (DT + FB),

- ur((l — 6kT)F — 6TZD)
where D and F are the coefficients,
D =1(61)' (26"t + 367")

!

K T T
—612 ((1 —O6kT)—+ 68" +865—+ 26 —— 512),
T T T

K T” T,
F =(1-6k1) ((1 — 5KT);+ 5" + 6?+ 25’?— 612>

(67)’

T

+

(26'kt + 26kt + 6K'T).

Proof. Given that y and 7 form an N-O associated pair, their spatial
relationship is defined as:

7(s) = y(s) + 6(s)N(s). (30)
Differentiating Eq. (30) and utilizing the TMOF derivative formulas provided
in Eq. (1) yields:

!
(1—5KT)T+@N+5TB

T =
J(A-6K1)2+((61)")2+6274

€2))

Taking the second derivative of Eq. (30) and applying Eq. (1) again, we
obtain:
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7" =—Q26 kTt + 28kt" + 5K'T)T
+<(1—8K1)§+6”+8%+28’%—812>N (32)
+(28't + 387")B.

The cross product of #' and Eq. (32) is expressed in the following compact

form:
7' x 7" =1DT + EN + FB, (33)
where the auxiliary scalar functions D, E, and F are explicitly defined as:
D = (671)'(26't+ 367")

K n !
672 ((1 Y DN VRN 25'1—512),
T T T
E =—(1-6kt)(26't+36t") — 61(26'kT + 26KT" + SK'T),
K T” T,
F = (1-6k1) ((1 —5KT);+6" +5?+25'?—5T2>

G
T

Consequently, the norm of the cross product is given by:
I 7' x 7" = tvD? + E? + F2. (34)
With the aid of Eq. (34) and Eq. (2), we derive the expressions for the normal

and binormal fields N and B as follows:

7 IDTHEN+FB TDT+EN+FB
VD2 +E2+F2’
( T281TE-1(67)' TF) ((1 8KT)TF— ‘tz&'D)
TII7'IVD2 +E2+F2 717 1V D2+E2 +F2
n ((51)’fn—(1—5xr)ﬂs> B
7y’ I/ D2 +E2+F2

B

(35)

By the definition of the N-O associated curve, we have the relation (N, T) =
((~), T). Applying this using Eq. (31) and Eq. (5) yields:

7(87)’ _ u

JA=8kD)2+((61))2+621%  JuZ+(wD)? (36)
Similarly, evaluating the inner product (N, ﬁ) = (5, N) provides:
vE _ T((1—5K‘L')F—T25D)
JuZ+@D?  J(A-8k0)2+((60) )2 +82T* VD2 +EZ+F2 (37)
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and finally, the orthogonality condition ( ) ( E) = 0 gives:

TTE

VDZ+EZ+F2

Since 7,7 # 0, Eq. (38) implies E = 0. Substituting Eqs. (36)—38) into Egs.
(31) and (35) completes the proof. O

Corollary 2. Let # be the N-O associated curve of ¥ in the TMOF

setting. If the base curve y is chosen to have a non-zero constant torsion (t =

=0. (3%)

constant), then the distance function &(s) between the associated curves is
explicitly determined by the curvature k(s) of the base curve as §(s) =

e where c is a constant of integration.

Proof. From the orthogonality condition in Eq. (38), we established that
E = 0. Under the assumption of constant torsion (' = 0), the explicit

equation for E reduces to:
26"+ 6%k't = 0. (39)

Eq. (39) is a separable first-order differential equation, which can be

8 . . .
rearranged as 25—2 = —1k'. Integrating both sides with respect to the arc-length

parameter s directly yields the desired result. O

Theorem 9. If # is the N-O associated curve of y in the TMOF setting,
then the curvature K and torsion T of the partner curve ¥ are explicitly given
by:

u4((1—5m')F—61'2D)

B v127(67)" (U? +(v7:)2)% '
_ o (40)
- <u‘r((1—5m’)F—512 D))2 ’

v(67)!

(ol

where,
Q, = TD(—35”KT —-36'K't — 60Kt — k"t — 36Kt = 30KkT" — K7 + 0K T + §Kr3)
N2
+T3F{ — K’ +35”+95'—+4§——5 +35( jj
T T T T

Proof. Substituting Egs. (36)—(38) into the standard curvature formula
yields . Taking the third derivative of Eq. (30) provides:
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7= ( —38"kT —38'K'T —68'kT' — Skt = 30Kt = 30KkT" — K + 6K°T + SKT” )T
] (41)

+[5—35'z<2 —38kK’ - 36K = ~+o" IRV ANEY LA LAY P
T T T T

+r[——§x +35"+95' L +4§ —5rz+35(ij2]8.
T T T T
Using Eq. (41) within the standard torsion formula provides £. O

Definition 5. Let y and ¥ be regular space curves defined with the
TMOF. If the principal normal vector N(s) of the curve y and the normal-
plane vector P(s) of the curve # are collinear, i.e., N(s) = P(s), then 7 is
called an N-P associated curve of y.

Theorem 10. If 7 is the N-P associated curve of y in the TMOF setting,

then the relationship between their modified orthogonal frames is given by:

~ (1 —8kr) ot

T = T+ B
J( = 8k1)? + 12 (87)2 J (1 = 8k1)? + 12(87)2

—~ T T0x w

N = ( T+—N

Vw2 +x2 /(1 - 6k0)? + 12(60)2 TP

x(1 — 8kr)
TZ\/(l — 6kT)? + 12(67)%
#(zdT + eN + fB)
ey

where d, e, and f are the reduced coefficients,

B =

d =-673 (g — 6K? — 572), e =—67'(1—6kr) — 6%7%K’
f = (1-6kr) (E — 6K? — 572).
T

Proof. By the definition of the N-P associated curve, the collinearity
and orthogonality conditions impose the following inner product relations:
(NN)=(P,N), (N.B)=(P,B) (N.T)=(P,T)=0.
Evaluating these specific inner products with respect to the general TMOF
components yields the following system of equations:
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W 7((1-0x7)F —°6D)
W rxt Ja=dkr) + (60 + 80 D + B + F?
x _ tE (42)
Jwiixr D+ E +F?
7(o7)
Ja=6x7)* +(50)% + 5°*

Since T # 0, Eq. (42) implies (67)" = 0. Substituting this constraint into
D,EF yields the reduced coefficients d, e, f, which define T and N to
complete the proof. O

Corollary 3. In the Torsion-Modified Orthogonal Frame (TMOF)
setting, if 7 is an N-P associated curve of y, then the distance function

between the curves is given by 6(s) = %S), (c € R). Since the partner curve

7 follows the reference curve at a constant normal distance throughout the
motion, the N—P pairing in TMOF constitutes a Bertrand and Mannheim curve
pair (Lone et al., 2019; Elsharkawy and Elshenhab, 2022; Demirkiran, 2022).

Theorem 11. If 7 denotes the N-P associated curve of y in the TMOF
setting, then the curvature ¥ and torsion 7 of ¥ are given by:

. ?wietVw2+x2 - N3x?
R = , T=—— (43)
x*((1-6k1)f-6712d)3 e27t(w2+x2)

where the auxiliary function {25 is defined as:

Q, =7d (-38"Kr + 8'K't = 58'Kr' = 26K"7 — K7 + K57 + ST
+et’ (ﬁ — 20Kk’ + 57‘[') + for? (E —OK*=O8T° + & T—”j ,
T T T

Proof. Substituting (6t)" = 0 from Eq. (42) and the reduced TMOF
components into the standard curvature and torsion formulas gives the result.
o

Definition 6. Let y and ¥ be regular space curves defined with the
Torsion-Modified Orthogonal Frame (TMOF). If the principal normal vector
N(s) of the curve ¥ and the rectifying-plane vector R(s) of the curve 7 are
collinear, i.e., N(s) = R(s), then 7 is called an N-R associated curve of y.

Theorem 12. If 7 is the N-R associated curve of y in the TMOF setting,
then the relationship between their modified orthogonal frames is given by:
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T y (1—6KTT+1N+ ot B)
- y2 + (z8)2 \ T(67)’ 2 (61) /)’

N - vzt (& F)T (1—5KT D)B
T y2 4 (z6)2\\(61)' 12E 3(6t) 7T3E ’

B = s (DT+ N+ B)
B [y2 ¥ (z8)% \Et 72 2E /)’
Proof. By the definition of the N-R associated curve, we obtain the
following inner product relations:
(NT) = (RT), (NB)=(RB), (NN)=(RN)=o.

Evaluating these inner products yields the following system:

y o(57)'
NES +~(zf)2 JA=6x7) +(50)? + 67 44)
zT TE

7?+i8? D+ E+F?
(1 —Sx7)F — 5t° D)
JU=6x7) +(57)* + 570 D? + E? + F?

B

Substituting the condition from Eq. (44) into Egs. (31) and (35) yields the
reduced vectors T, N, and B. o

Theorem 13. If 7 denotes the N-R associated curve of y in the TMOF
setting, then the curvature K and torsion 7 are given by:

o Ey3
T 1zE((60))3 (2 +(27)2)’

/ (45)
0,72+ |032%—4718E*y222

274E2z2 ’

F=
where the auxiliary function (2, is:

Q, = z’D(—45”Kz' —38'x't — 78Kkt — 26K"t — 46Kt — SKkt" — K + K2 ST + Ok’ )

’ ’ ” m

K Sk + 5" +36" 38 T 5 35 — 3500 —

T T T T
+7’E

(28Kt +25K7 + SK'T) X + (28" + 3577
T

’ 14 14 2
+02F| B ook 435"+ 95 L+ a5 T — 572 +35(lj ]
T T T T

Proof. Substituting Eq. (44) and Eq. (41) into the standard curvature
and torsion formulas yields ¥ and a quadratic equation for ¥. Solving this
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quadratic analytically gives %, provided 2%z* — 418E*y2z2 > 0 for real
solutions. O
Corollary 4. Let the base curve y have non-zero constant curvature and
constant torsion (x,T = constant). Then, the distance function &(s) satisfies
the following second-order non-linear differential equation:
2t(k(1 — 6kt) — 613)
(1 — ékt)? + 5214

K
&'+ (6% + <(1 — 81(‘[); — 6‘[2> = 0.

Proof. Since k and t are constant, the coefficients D and E reduce to
K
D =2(6")%1t% - 672 <(1 — 51{1); +6" — 6T2>,
K
E =(1-6kr) ((1 — 51{1); +6" — 612) + 2(8")?%«kr.

Substituting these simplified expressions into Eq. (44) and setting it equal to
Zero gives

(1 — 6k71) <(1 — 8KkT) <(1 - 5KT)§ +6" — 5T2> + 2(6’)2KT>
—612 (2(5’)212 — 612 ((1 — 6KT) ; + 6" — 612>) = 0.

Expanding the products and grouping the terms with respect to ((1 —

OKT) % +6" — 612) and (8')?, we arrive directly at the stated second-order

differential equation. o

Binormal-Associated Curves in the TMOF Setting

We analyze associated partner curves generated by binormal
displacement (V = B) within the TMOF setting. Our objective is to determine
the explicit geometric conditions under which the binormal vector B(s) of the
base curve aligns with each distinguished planar direction of its partner
trajectory.

Definition 7. Let y and ¥ be regular space curves defined with the
Torsion-Modified Orthogonal Frame (TMOF). If the binormal vector B(s) of
the curve y and the osculating-plane vector O(s) of the curve ¥ are collinear,

i.e., B(s) = 0(s), then 7 is called a B-0 associated curve of y.
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Theorem 14. If 7 is the B-0 associated curve of y in the TMOF setting,
then the relationship between their modified orthogonal frames is given by:

T = - ( r _2¢ N+E>
\/m w(67)"  (67) t2)’

N = vi? < H(67)' T G(61)’ N+E>
\/m 7(—726G — H) 7(—726G — H) 12 )’

_ vE(6n)’ (GT N H N)
" u(-126G — H) T /)’

where G and H are the coefficients,

N

_L_l T”
G = -61° (6” +28'—+65—— 612>
T T
—(61)’ (E —20'1— 35T’),
T
T, T”
H = (61)'(61K) — (6” + 26’? + 67 - 612>.

Proof. Given that y and # form a B0 associated pair, their spatial
relationship is defined as:

7(s) = v(s) + 8(s)B(s). (46)
Differentiating Eq. (46) and utilizing the TMOF derivative formulas in Eq. (1)
yields:
60’y

T—6TN+T 47
J1+72(87)2+((67)")? ( )

T=

Taking the second derivative of Eq. (46) and applying Eq. (1) again, we
obtain:

~r 2 K _ I !
7" = (6T KZ)T+(T 26't 35T)N

, " (48)
+(8" +285'S+ 6= - 67%)B.
T T
The cross product of Eq. (47) and Eq. (48) is:
7' x 7" =1GT + HN + 1B, (49)

where G, H, and I are explicitly defined as:
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T, T,,
G =-612 (5” +28'—+6—— 6T2>
T T
—(67)’ (— —26't— 367’ )
T, T”
H = (61) (61k) — (5" +28' =+ 5 - &2>,
K
I = (— —28't— 361’) + 5273k
T

The norm of the cross product is:

I 7" < 7" lI=tVG? + H2 + I2. (50)
Using Eq. (50) and Eq. (2) the fields N and B are:
5 — 7(7GT+HN+IB)
T /GZ+HZ+1Z
N ( (67)'TH+672%%1 ) " ( —(67)'#G+71 >
17’ IVGZ+HZ +12 oI IV G2 +H2Z +12 (51)

+( —-61°7G—-TH )
TP IVGZ+HZ +12

Evaluating the inner products (B, T) = (0, T), (B,N) = (0,N) and (B,B) = 0
gives:
z(o7) _ u
J+22(80) +((50))  Ju> +(vE)
(—7°6G — H) _ vz (52)
42280 + () NG + H> + 17 > +(vE)
a2 4

=0.
G+ H? + I

Since 7,7 # 0, it follows from Eq. (52) that I = 0. Substituting back into Eq.
(47) and Eq. (51) completes the proof. O

Corollary 5. For a base curve y with non-zero constant torsion (7" =
0), the geometric condition I = 0 in Eq. (52) reduces to:

f— 26'T+ 6213k = 0, (53)
which yields the Riccati differential equation:
Pk KT s
§' =S5 +-6% (54)
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Using a particular solution §; and the transformation § = §; + %, where 6’ =

61 — :—2, Eq. (54) becomes:

v Kk kr? 26, 1 )

51 ——=—+—(62 +—+=

Loyzm 220 2 U0y T2
Since §; satisfies Eq. (54), the relation simplifies to the first-order linear
differential equation:

KT?

v+ (k126))v = - (55)

The analytical solution for v(s) using the integrating factor el KT*81ds jg.

v(s) = e=J Kt?81ds (—f Kzief’“z‘sldsds + c), (56)

where c is a constant. Thus, the general distance function §(s) is explicitly
obtained as:

el k12 81ds

55 = B1() + (57)

3 .
%ef rt?81dsqs ¢

Theorem 15. If # denotes the B-0 associated curve of y in the TMOF
setting, then the curvature K and torsion 7 are given by:

4(_+2 _
R L T P (58)
v(87)' (u?+(v1)?)2 (%)

where

s =1G(38Kkt? + 58kTT’ + 85K’ 1% — K?)

K/ T, 2
+7%H (5;{21 + —- 38"t —96't' — 487" — 35( T) + 5T3>.

Proof. Differentiating Eq. (46) three times, we obtain:
7= (35’/(12 +50Krr’ + k't — K7 ) T

! "2
+[5xzr+ﬁ—35%—95'r’—45¢"—35ﬂ+5r3]N (59)
T T
+(K—35'72 —6&7’+5"’+35”1+35'T—+5T—j3.
T T T
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Substituting Eq. (52) and Eq. (59) into the standard curvature and torsion
formulas completes the proof. o

Definition 8. Let y and ¥ be regular space curves defined with the
Torsion-Modified Orthogonal Frame (TMOF). If the binormal vector B(s) of
the curve y and the normal-plane vector P(s) of the curve 7 are collinear, i.e.,
B(s) = P(s), then ¥ is called a B-P associated curve of y.

Theorem 16. If ¥ is the B-P associated curve of y in the TMOF setting,
then the relationship between their modified orthogonal frames is given by:

~ 1 foxs
f =——T-—— N
V1 +12(87)? J 1+ 12(87)?

~ T

S ( AT - N+WB>
Vw? +x2 \ /1 + 12(67)2 721 + 12(67)% )

N

B 7 ( —wdt T w N> B>
VwZ +x2\J1 +12(61)2  12,/1+ 12(67)2 )

Proof. The B-P associated curve definition imposes the following inner
product relations:

(B,N) = (B,N), (BB)=(FB), (BT) =(PT) =0

Evaluating these with respect to the TMOF components yields the system:

w _ r(—rzéG—H)
Ve 12607+ (00 ) V@R
X 7l
Vit JGrRr (60)
T(ﬁr)l
1+12(61)2+((61)l)2

Since T # 0, Eq. (60) implies (§7)" = 0. Substituting this constraint into the
frame formulas yields the expressions in the theorem. o

Corollary 6. In the Torsion-Modified Orthogonal Frame (TMOF)
setting, if the binormal vector B(s) of the base curve y is collinear with a unit
vector in the normal plane P(s) of its partner curve 7 (i.e., # is a B-P
associated curve), then the distance function between the two curves is given

by 6(s) = %, (¢ € R). In particular, when the torsion 7 of the base curve is

constant, the spatial distance § between the curves remains strictly constant.
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Theorem 17. If 7 is a B-P associated curve of y in the TMOF setting,
its curvature K and torsion T are given by

w3Vw2+x2 045

5318(1+6274)3’ w2+x?’ (61)

N2

R =
where (2,3 is explicitly given by
05 = 6%1°(26kTT’ + 8K'1% — K?)
/
+614 <6KZT + K? -6t + 613)
+12 (E - 67’ + 62131() (k — 3617").
T

Proof. Substituting (67)" = 0 from Eq. (60) and the reduced TMOF
components into the standard curvature and torsion formulas yields the result.
o

Definition 9. Let y and ¥ be regular space curves defined with the
Torsion-Modified Orthogonal Frame (TMOF). If the binormal vector B(s) of
the curve y and the rectifying-plane vector R(s) of the curve ¥ are collinear,
i.e., B(s) = R(s), then ¥ is called a B-R associated curve of y.

Theorem 18. If# is the B-R associated curve of y in the TMOF setting,
then the relationship between their modified orthogonal frames is given by:

T = 4 ( ! T - o N+iB)
W (67)’ (67)’ 2 7))’
yzt? H ) 1 G

=m((ﬁ+m)” (W‘ﬁ)“')'
- 272 G H 1
B —N(—T+—N+—B).

JyE+ @z Tl 72

Proof. The B-R associated curve definition imposes the following inner

2

product relations:
(B,T)=(RT) (BB)=(RB), (BN)=(RN)=o.

Evaluating these with respect to the TMOF components yields:

y _ t(67)’
J2+@Hz
zT _ 7l
Jy2+(@5?  JGZ+HZ+IZ’ (62)
7%(-125G-H)

17" IVGZ+HZ+12
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Substituting Eq. (62) into Eqs. (47) and (51) completes the proof. O
Theorem 19. If # is the B-R associated curve of y in the TMOF setting,
its curvature K and torsion T are given by:

— tly3
T 23((61))3(v2+(21)2)’

P (63)
0,72+ |02z4—4141%y222

2721222 !

f=
where the auxiliary function {2 is explicitly defined as:

0, =1G(38 k1% + 58Kt + 5K'T% — K?)

"2
+7%2H (SKZT + < _ 38"t —98't" — 467" — 35Q + 613)
T T (64)

721 (K 3812 — 68517 + 8" + 38" +358' 4 aL).
T T T

Proof. Substituting Eq. (62) and Eq. (59) into the standard curvature
and torsion formulas yields £ and a quadratic equation for . Solving this
quadratic analytically gives %, provided Q%z* — 4t*I*y?2z2 > 0 for real
solutions. O

Corollary 7. Let y be a curve with non-zero constant curvature and
constant torsion .Then, for the connection coefficient function §(s) between
the curves, the following second-order non-linear differential equation is

obtained:

&" 20t (6% - = 0.
S 1+68%t
Proof. When k = 7 = constant, the system coefficients G and H reduce
to
G =-68"1%+6%* -6k +2(6")%?,
H =668tk — 8"+ 672
Substituting these reduced expressions into Eq. (62), which is given by
6tkG+ H =0, (65)

yields the desired second-order non-linear differential equation. o

Examples

In this section, we illustrate the proposed associated curve construction
within the torsion modified orthogonal frame using a dynamic mathematical
example. To demonstrate the flexibility of our framework on curves with
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variable curvature and torsion, we focus on the T-P configuration by utilizing
a catenary curve.
Example 1. Consider the catenary curve:

y(s) = (coss, sins, coshs). (66)
The curvature and torsion are non-constant, and the structural coefficients
u,v,w,x,y,z are smooth functions of s. For the T-P associated partner,
Theorem 2 gives the distance function §(s) = —s + c. Taking ¢ = 0, the
partner curve 7(s) = y(s) — sT(s) is:

7(s) = (coss,sins, coshs) — s(—sins, coss, sinhs)
= (coss + ssins, sins — scoss, coshs — ssinhs). ©67)
Figure 1 validates the involute relationship under the TMOF, visually
confirming that the tangent vector T of y lies within the normal plane P of ¥
at every point.

While the T-P configuration is explicitly visualized, Theorem 1
precludes the existence of T-0 for T # 0. Additionally, the T-R configuration
yields a complex integral without a standard closed-form solution. Thus, the

T-P family demonstrates the geometric validity of TMOF transitions.
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Figure 1: A family of T—P associated partner curves generated for integration
constants ¢ = 0, ¢ = 2, and ¢ = —2. The pink curve represents the spatial base
curve y (catenary), while the purple curve manifests its corresponding associated
partner y.

CONCLUSION

In this paper, we established a comprehensive mathematical framework
for characterizing associated curves in Euclidean 3-space by employing the
torsion modified orthogonal frame. Our systematic investigation of the
tangent, principal normal, and binormal associated configurations has yielded
the following primary geometric outcomes:

e We proved that a regular spatial curve with non-zero torsion cannot
admit a T-O associated partner, as the structural alignment forces the
torsion to vanish identically.

e The T-P configuration recovers the family of generalized planar
involutes. Our analysis demonstrates that varying the integration
constant generates a family of parallel planar involutes.

e Under the assumption of constant torsion, the N-P and B-P
associations naturally generate partner curves with constant distance
functions, exhibiting geometric behaviors analogous to classical
Bertrand and Mannheim pairs.

The explicit formulations for curvature, torsion, and distance
constraints obtained in this work provide a stable foundation for potential
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applications in geometric modeling and kinematic design. For future studies,
this continuous frame approach can be extended to other spaces and

alternative frames.

REFERENCE

Baek, B. S. and Yiiksel, N. (2025). Geometric analysis of translation surfaces based
on special curves in the modified orthogonal frame. AIMS Mathematics, 10,
16676-16691.

Biik¢ii, B. and Karacan, M. K. (2016). On the modified orthogonal frame with
curvature and torsion in 3-space. Mathematical Sciences and Applications E-
Notes, 4, 184-188.

Choi, J. H. and Kim, Y. H. (2012). Associated curves of a Frenet curve and their
applications. Applied Mathematics and Computation, 218, 9116-9124.
Damar, E., Baek, B. S., Ogras, N. and Yiiksel, N. (2024). AW(k)-type curves in

modified orthogonal frame. Turkish Journal of Nature and Science, 13, 33-40.

Damar, E., Baek, B. S., Yiiksel, N. and Ogras, N. (2025). Tubular surfaces of adjoint
curves according to the modified orthogonal frame. Black Sea Journal of
Engineering and Science, 8, 29-30.

Demirkiran, T. (2022). Torsiyon ile modifiye edilmis ortogonal ¢atida egriler ve regle
yiizeyler (Doktora tezi). Erciyes Universitesi, Kayseri, Tiirkiye.

Elsayied, H. K., Altaha, A. A. and Elsharkawy, A. (2021). Some special curves
according to the modified orthogonal frame in Minkowski 3-space E.>.
Kasmera, 49, 2-15.

Elsayied, H. K., Altaha, A. A. and Elsharkawy, A. (2022). Bertrand curves with the
modified orthogonal frame in Minkowski 3-space E:*. Revista de Educacion,
392, 43-55.

Elsharkawy, A. and Elshenhab, A. M. (2022). Mannheim curves and their partner
curves in Minkowski 3-space E:*. Demonstratio Mathematica, 55, 798-811.

Giiven, 1. A. (2020). Some integral curves with a new frame. Open Mathematics, 18,
1332-1341.

Kaya, O. and Onder, M. (2017). New partner curves in the Euclidean 3-space.
International Journal of Geometry, 6, 41-50.

Lone, M. S., Es, H., Karacan, M. K. and Biik¢ii, B. (2019). On some curves with
modified orthogonal frame in Euclidean 3-space. lranian Journal of Science
and Technology, Transactions A: Science, 43, 1905-1916.

O'Neill, B. (2016). Elementary differential geometry. New York, USA: Elsevier.

Qian, J. and Kim, Y. H. (2015). Directional associated curves of a null curve in
Minkowski 3-space. Bulletin of the Korean Mathematical Society, 52, 183-
200.

Saad, M. K., Yiiksel, N., Ogras, N., Alghamdi, F. and Abdel-Salam, A. A. (2024).
Geometry of tubular surfaces and their focal surfaces in Euclidean 3-space.
AIMS Mathematics, 9, 12479-12493.

Sahiner, B. (2019). Direction curves of tangent indicatrix of a curve. Applied
Mathematics and Computation, 343, 273-284.

51



Sasai, T. (1984). The fundamental theorem of analytic space curves and apparent
singularities of Fuchsian differential equations. Tohoku Mathematical Journal,
36, 17-24.

Senyurt, S., Canli, D. and Ayvaci, K. H. (2022). Associated curves from a different
point of view in E*. Communications Faculty of Sciences University of Ankara
Series A1 Mathematics and Statistics, 71, 826-845.

52



53




   B 1


   B 2


    g     B 1


    g     B 2


   B 1


   N 1


   B 2


   B 1


   B 2


   B 1


   B 2


   B 1


   × f     B 2


   B 1
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    g     B 1


   f 2


    g     B 2


   E 2


  (  M ~ ,  g ~ ) = − I    × f    E 2     = ( − I    × f    E 2 , − d  t 2 +  f 2 ( t ) ( d    x 1 2 + d    x 2 2 )   )


   x 1


   x 2


   M ~ = − I    × f    E 2


   S 3 ( r ) × ℝ


   S 3 ( r )


   E 5


   Q ε 2 ×  S 1


  ε


  I  × f M


    − I  × f  E 1 2


   M ~ = − I    × f    E 2


   g ~


   g ~  = -d  t 2 +  f 2  ( t )  ( d    x 1 2 +d    x 2 2 ) .


   Π 1  : I ×   R 2 → I,   Π 2  : I ×   R 2  →   R 2


   M ~


   =   V 0  ∂ t +  V - .


   V -


   V 0    =   g ~ (V,∂ t )


   Π *  (  V - )  = 0


   ∇ ~


   M ~


     ∇ ~ U V =   D U V +   f' f  (  U 0  V - +  V 0  U - +  g ~ (  U - ,   V -   )∂ t )
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   E 2
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  − I    × f    E 2


   g ~


  𝜉


  S


     ∇ ~ U V =   ∇ U V+II  ( U,V ) ,


     ∇ ~ U 𝜉  = -SU,


  𝜉


     g ~  (II(U, V),ξ) = g(SU, V),


  II  ( U, V )  =  g  ( SU, V ) 𝜉 .


  R(U, V)Z, W⟩=    〈 II(V, Z), II(U, W)  〉 -   〈 II(U, Z), II(V, W) 〉 ,


   (    ∇ ~ U II)(V, Z) = (    ∇ ~ V II)(U, Z),


   ∇ ~ h


   (    ∇ ~ U II )  ( V, Z ) =  ∇ ⟂ II  ( V, Z ) -II  (  ∇ U V, Z ) - II  ( V,  ∇ U  Z ) .


   K  ext


   M ~


  K=   ⟨R(U, V)V,U ⟩    〈 U,U 〉  〈 V,V 〉 -    〈 U,V 〉 2  


   K  ext  = detS,


  H=  1 2 tr


  {U, V}


   K  ext


  U=  (  U 1 ,  U 2 ,  U 3 ) , V=  (  V 1 ,  V 2 ,  V 3 )


  T  M ~


  U  × f V=  ( −  f 2  ( t )  (  U 2  V 3 -  V 2  U 3 ) ,  (  U 3  V 1 -  V 3  U 1 ) ,   (U 1  V 2 -  V 1  U 2 ) .


   M ~ = -I    × f    E 2


   R ϑ  :    M ~ →  M ~   : (t,   x 1 ,   x 2 )→(t,   x 1   Cos ⁡ ϑ -  x 2  Sin ϑ,   x 1  Sinϑ +   x 2     Cos ⁡ ϑ )


  α(u) = (u, y(u), 0),  u∈J,


   -I    × f    E 2


  J


  I   × f     E 2


  σ  ( u, v ) =R  ( α(u) )


   M ~


  σ  ( u, v ) =  ( u, y  ( u )  Cos v, y(u) Sin v )


   M ~ = -I  × f    E  2


  {  e 1 ,  e 2 ;ξ}


   e 1 =   1     1-f 2   y' 2  ( 1 , y' Cos v, y' Sin v ) ,


   e 2  =   ( 0,   − Sin   v f ,   Cos   v f ) ,


  𝜉 =   f      1-f 2   y' 2  ( y',   Cos   v   f 2 ,   Sin   v   f 2 )


   g ~ (  e 2 ,  e 2 )=  g ~  ( 𝜉 ,ξ ) = 1


   g ~ (  e 1 ,  e 1 ) = -1


   g ~


  𝜉


  u ∈ I .


   M ~ = -I    × f    E 2


  {  e 1 ,  e 2 ;ξ}


   g ~  ( 𝜉 ,ξ ) =   g ~ (  e 1 ,  e 1 ) = -1


  S=  (      f ′ y ′  ( 2-  f 2   y' 2 ) +fy''     (   1-f 2   y' 2 )  3 / 2  0   0    − 1 − yy ′ ff ′  fy    1-f 2   y' 2 )


  ∇


     ∇   e 1 e 1 =    ∇   e 1 e 2  = 0,


     ∇   e 2 e 1 =   fy ′ + yf ′  fy    1-f 2   y' 2  e 2 ,


     ∇   e 2 e 1 =   fy ′ + yf ′  fy    1-f 2   y' 2  e 2 ,


     ∇   e 2 e 2 =   fy ′ + yf ′  fy    1-f 2   y' 2  e 1 .


     ∇   e 2 e 2 =   fy ′ + yf ′  fy    1-f 2   y' 2  e 1 .


   M ~


  {  e 1 ,  e 2 }


   ∇ ~


   M ~


       ∇ ~   e 1 e 1 =  ( 0,0,   f'y'  ( 2−  f 2   y' 2 ) +fy''     (   1−f 2   y' 2 )  3/2 ) ,
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   Π 1  : I ×   R 2 → I,   Π 2  : I ×   R 2  →   R 2


   M ~


   =   V 0  ∂ t +  V - .


   V -


   V 0    =   g ~ (V,∂ t )


   Π *  (  V - )  = 0
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   M ~


     ∇ ~ U V =   D U V +   f' f  (  U 0  V - +  V 0  U - +  g ~ (  U - ,   V -   )∂ t )
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  𝜉


     g ~  (II(U, V),N) = g(SU, V),


  II  ( U, V )  =  g  ( SU, V ) N.


  <R(U, V)Z, W⟩=    〈 II(V, Z), II(U, W)  〉 -   〈 II(U, Z), II(V, W) 〉 ,


   (    ∇ ~ U II)(V, Z) = (    ∇ ~ V II)(U, Z),


   ∇ ~ h


   (    ∇ ~ U II )  ( V, Z ) =  ∇ ⟂ II  ( V, Z ) -II  (  ∇ U V, Z ) - II  ( V,  ∇ U  Z ) .


   K  ext
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  K=   ⟨R(U, V)V,U ⟩    〈 U,U 〉  〈 V,V 〉 -    〈 U,V 〉 2  


   K  ext  = detS,


  H=  1 2 tr


  {U, V}


   K  ext


  U=  (  u 1 ,  u 2 ,  u 3 ) , V=  (  v 1 ,  v 2 ,  v 3 )


  T  M ~


  U  × f V=  ( −  f 2  ( t )  (  u 2  v 3 -  v 2  u 3 ) ,  (  u 3  v 1 -  v 3  u 1 ) ,   (u 1  v 2 -  v 1  u 2 ) .


   M ~ = -I    × f    E 2


   R ϑ  :    M ~ →  M ~   : (t,   u 1 ,   u 2 )→(t,   u 1   Cos ⁡ ϑ -  u 2  Sin ϑ,   u 1  Sinϑ +   u 2     Cos ⁡ ϑ )


  β(u) = (u, y(u), 0),  u∈J,


   -I    × f    E 2


  J


  I   × f     E 2


  σ  ( u, v ) =R  ( β(u) )


   M ~


  σ  ( u, v ) =  ( u, y  ( u )  Cos v, y(u) Sin v )


   M ~ = I  × f  E 1 2


  {  e 1 ,  e 2 ;N}


   e 1 =   (  1   −   1+f 2   y' 2 ,    y' Cos v   −   1+f 2   y' 2 ,    y' Sin v   −   1+f 2   y' 2 ) ,


   e 2  =   ( 0,   − Sin   v f ,   Cos   v f ) ,


  N =  (   -f y'   −   1+f 2   y' 2 ,   Cos   v  f  −   1+f 2   y' 2 ,   Sin   v  f  −   1+f 2   y' 2 )
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   M ~ = -I    × f    E 2


  {  e 1 ,  e 2 ;N}


   g ~  ( N,N ) =   g ~ (  e 1 ,  e 1 ) = -1


  S=  (      f ′ y ′  ( 2-  f 2   y' 2 ) +fy''     ( −   1+f 2   y' 2 )  3 / 2  0   0    − 1 − yy ′ ff ′  fy  −   1+f 2   y' 2 )
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     ∇   e 1 e 1 =    ∇   e 1 e 2  = 0,


     ∇   e 2 e 1 =   fy ′ + yf ′  fy  −   1+f 2   y' 2  e 2 ,


     ∇   e 2 e 1 =   fy ′ + yf ′  fy  −   1+f 2   y' 2  e 2 ,


     ∇   e 2 e 2 =   1 + yy ′ ff ′  fy  −   1+f 2   y' 2  e 1 .
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  K=   −      y ′ 3 f 2  f ′ +  y  ′ ′ f + y ′ f ′ ( 2 + yy ′ ′  f 2 ) + y  f  ′ ′ + y    y ′ 2  ( f    f ′ 2 −  f 2  f  ′ ′ )  yf   (     − 1 +  f 2 y ′ 2 ) 2


   K ext


   K ext


   ( 1 + yf  y ′  f ′ )  ( f ′  y ′  ( 2 −  f 2    y ′ 2 ) + f  y  ′ ′ ) = 0


  y ( u ) = ±  2   c 1 −   ∫ 1 u   ds  f ( s )  f ′ ( s )


  y ( u ) = ±  c 2 −   ∫ 1 u   ds     f ( s ) 2 +  c 1   f ( s ) 4


   c 1 ,  c 2 ∈ ℝ


   M ~ =   − I  × f  E 2


  σ  ( u, v ) =  ( u,±  2   c 1 ±   ∫ 1 u    ds  f(s)  f ' (s)  Cos v,±  2   c 1 ±   ∫ 1 u    ds  f(s)  f ' (s)  Sinv )


   ( u ,  c 2 ±   ∫ 1 u   ds     f ( s ) 2 +  c 1   f ( s ) 4 Cosv ,  c 2 ±   ∫ 1 u   ds     f ( s ) 2 +  c 1   f ( s ) 4   Sinv )


  H


  1+3yy'ff'−2yf'  f 3   y' 3 +  f 2   ( −   y' 2 + yy ′ ′ ) = 0


  K


       y ' 3 f 2  f ' −  y  '' f−  y '  f '  ( 2+   yy  ''  f 2 ) −y  f  '' −yf    y ' 2  (    f ' 2 −f  f  '' ) = 0 .


  I  × f    S  m − 1 ( k )


  I  × f  E 1 2


  −   I  × f  E 1 2


   S 3 ( r ) × ℝ


   Q ε 2 ×  S 1


  𝜏 ≠ 0


  𝛾 : I ⊆ ℝ →   𝔼 3


  𝜅  ( s )


  𝜏  ( s )


   { 𝐓 , 𝐍 , 𝐁 }


  𝜏  ( s )


   { 𝐭 , 𝐧 , 𝐛 }


  𝐓 = 𝐭


  𝐍 = 𝜏 𝐧


  𝐁 = 𝜏 𝐛


  s


       𝐓 ′  =   𝜅  𝜏 𝐍 ,     𝐍 ′ = − 𝜅 𝜏 𝐓 +     𝜏 ′  𝜏 𝐍 + 𝜏 𝐁 ,     𝐁 ′ = − 𝜏 𝐍     =    +     𝜏 ′  𝜏 𝐁 .


  𝛼  ( t )


   ( 𝜅 , 𝜏 )


  𝐓 =     𝛼 ′  ∥   𝛼 ′ ∥ ,   𝐁 = 𝜏     𝛼 ′ ×   𝛼  ′ ′  ∥   𝛼 ′ ×   𝛼  ′ ′ ∥ ,   𝐍 = 𝐁 × 𝐓 ,


  𝜅 =   ∥   𝛼 ′ ×   𝛼  ′ ′ ∥  ∥   𝛼 ′  ∥ 3 ,   𝜏 =   det  (   𝛼 ′ ,   𝛼  ′ ′ ,   𝛼  ′ ′ ′ )  ∥   𝛼 ′ ×   𝛼  ′ ′  ∥ 2 .


  𝛾 : I →  ℝ 3


  𝜅  ( s ) > 0


  𝜏  ( s ) ≠ 0


   { 𝐓 , 𝐍 , 𝐁 }


    𝛾 ~


  𝛾


  V ∈  { 𝐓 , 𝐍 , 𝐁 }


  𝛿  ( s )


    𝛾 ~  ( s ) = 𝛾  ( s ) + 𝛿  ( s ) V  ( s ) .


   {   𝐓 ~ ,   𝐍 ~ ,   𝐁 ~ }


    𝛾 ~


    𝜅 ~  ( s )


    𝜏 ~  ( s )


  𝛾


    𝛾 ~


    𝛾 ~


    𝐎 ~  ( s ) =   u  ( s )     𝐓 ~  ( s ) + v  ( s )     𝐍 ~  ( s )   u    ( s ) 2 + ( v  ( s )   𝜏 ~  ( s )  ) 2 ,


    𝐏 ~  ( s ) =   w  ( s )     𝐍 ~  ( s ) + x  ( s )     𝐁 ~  ( s )    𝜏 ~  ( s )  w    ( s ) 2 + x    ( s ) 2 ,


    𝐑 ~  ( s ) =   y  ( s )     𝐓 ~  ( s ) + z  ( s )     𝐁 ~  ( s )   y    ( s ) 2 + ( z  ( s )   𝜏 ~  ( s )  ) 2 ,


  u  ( s ) , v  ( s ) , w  ( s ) , x  ( s ) , y  ( s ) , z  ( s )


  𝐓


    𝐏 ~


  V = 𝐓


  𝛾


    𝛾 ~


  𝐓  ( s )


  𝛾


    𝐎 ~  ( s )


    𝛾 ~


  𝐓  ( s ) =   𝐎 ~  ( s )


    𝛾 ~


  𝐓


    𝐎 ~


  𝛾


  𝛾


  𝜏 ≠ 0


  𝐓


    𝐎 ~


    𝛾 ~


  𝐓


    𝐎 ~


  𝛾


    𝛾 ~  ( s ) = 𝛾  ( s ) + 𝛿  ( s ) 𝐓  ( s ) .


      𝛾 ~ ′ =  ( 1 +   𝛿 ′ ) 𝐓 + 𝛿   𝜅  𝜏 𝐍 .


    𝐓 ~ =    ( 1 +   𝛿 ′ ) 𝐓 + 𝛿   𝜅  𝜏 𝐍  ∥     𝛾 ~ ′ ∥ .


  𝛷 =  ( 1 +   𝛿 ′ )  ( 𝜅  ( 1 +   𝛿 ′ ) +    ( 𝛿 𝜅 ) ′ ) − 𝛿 𝜅  (   𝛿  ′ ′ − 𝛿   𝜅 2 )


      𝛾 ~ ′ ×     𝛾 ~  ′ ′ =   𝛿 2   𝜅 2 𝜏 𝐓 − 𝛿 𝜅  ( 1 +   𝛿 ′ ) 𝐍 +   𝛷  𝜏 𝐁 .


       𝐁 ~  =     𝜏 ~  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥  (   𝛿 2   𝜅 2 𝜏 𝐓 − 𝛿 𝜅  ( 1 +   𝛿 ′ ) 𝐍 +   𝛷  𝜏 𝐁 ) ,     𝐍 ~  =     𝜏 ~  ∥     𝛾 ~ ′ ∥ ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥  ( −   𝛿 𝜅   𝛷    𝜏 2 𝐓 +    ( 1 +   𝛿 ′ ) 𝛷  𝜏 𝐍 +  (   𝛿 3   𝜅 3 + 𝛿 𝜅    ( 1 +   𝛿 ′ ) 2 ) 𝐁 )     =    .


    𝛾 ~


  𝐓


    𝐎 ~


   ⟨ 𝐓 ,   𝐓 ~ ⟩ =  ⟨   𝐎 ~ ,   𝐓 ~ ⟩


   ⟨ 𝐓 ,   𝐍 ~ ⟩ =  ⟨   𝐎 ~ ,   𝐍 ~ ⟩


   ⟨ 𝐓 ,   𝐁 ~ ⟩ =  ⟨   𝐎 ~ ,   𝐁 ~ ⟩ = 0


    1 +   𝛿 ′      ( 1 − 𝛿   𝜅 2 ) 2 +    (    ( 𝛿 𝜅 ) ′ ) 2 =   u     u 2 +    ( v   𝜏 ~ ) 2 ,


    − 𝛿 𝜅 𝛷  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ ∥     𝛾 ~ ′ ∥ =   v   𝜏 ~     u 2 +    ( v   𝜏 ~ ) 2 ,


    𝜏   𝜏 ~   𝛿 2   𝜅 2  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ = 0 .


  𝜏   𝜏 ~   𝛿 2   𝜅 2 = 0


    𝐓 ~ = 𝐓


    𝐍 ~ =   𝐁 ~ = 𝟎


  𝛾


  𝛾


  𝐓


    𝐎 ~


  𝛾


    𝛾 ~


  𝐓  ( s )


  𝛾


    𝐏 ~  ( s )


    𝛾 ~


  𝐓  ( s ) =   𝐏 ~  ( s )


    𝛾 ~


  𝐓


    𝐏 ~


  𝛾


    𝛾 ~


  𝐓


    𝐏 ~


  𝛾


       𝐓 ~  =   𝐍  x ,     𝐍 ~  =     𝜏 ~ w     w 2 +   x 2 𝐓 +     𝜏 ~     w 2 +   x 2 𝐁 ,     𝐁 ~  =     𝜏 ~ x     w 2 +   x 2 𝐓 −     𝜏 ~ w  x    w 2 +   x 2 𝐁 .


    𝛾 ~


  𝐓


    𝐏 ~


  𝛾


  𝐓


    𝛾 ~


   ⟨ 𝐓 ,   𝐓 ~ ⟩ = 0


    𝐓 ~


    1 +   𝛿 ′      ( 1 +   𝛿 ′ ) 2 +    ( 𝛿 𝜅 ) 2 = 0 ⟹ 1 +   𝛿 ′ = 0 .


  𝛿  ( s ) = − s + c ,


  c


   ⟨ 𝐓 ,   𝐍 ~ ⟩ =  ⟨   𝐏 ~ ,   𝐍 ~ ⟩


   ⟨ 𝐓 ,   𝐁 ~ ⟩ =  ⟨   𝐏 ~ ,   𝐁 ~ ⟩


  1 +   𝛿 ′ = 0


         𝜏 ~ w     w 2 +   x 2  =     𝜏 ~   𝛿 3   𝜅 4  ∥     𝛾 ~ ′ ∥ ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ ,       𝜏 ~ x     w 2 +   x 2  =     𝜏 ~   𝛿 2   𝜅 2 𝜏  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ .


  1 +   𝛿 ′ = 0


  ∥     𝛾 ~ ′ ∥ = 𝛿 𝜅


  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ =   𝛿 2   𝜅 2    𝜏 2 +   𝜅 2


    w     w 2 +   x 2 =   − 𝜅     𝜏 2 +   𝜅 2   and     x     w 2 +   x 2 =   𝜏     𝜏 2 +   𝜅 2 .


  w = − 𝜅


  x = 𝜏


  𝜅 > 0


  w < 0


    𝛾 ~


  𝐓


    𝐏 ~


  𝛾


    𝛾 ~


  𝛾


    𝛾 ~


  𝐓


    𝐏 ~


  𝛾


    𝜅 ~


    𝜏 ~


    𝛾 ~


       𝜅 ~  =   𝜏    w 2 +   x 2  x 𝛿 𝜅 ,     𝜏 ~  =   𝜅   𝜏 ′ −   𝜅 ′ 𝜏  𝛿 𝜅  (   𝜏 2 +   𝜅 2 ) .


  𝛾


    𝛾 ~


  𝐓


    𝐏 ~


  𝛾


    𝛾 ~


  d  ( 𝛾 ,   𝛾 ~ ) =  | − s + c | .


  𝛿  ( s )


  𝛾


    𝛾 ~


  𝐓  ( s )


  𝛾


    𝐑 ~  ( s )


    𝛾 ~


  𝐓  ( s ) =   𝐑 ~  ( s )


    𝛾 ~


  𝐓


    𝐑 ~


  𝛾


    𝛾 ~


  𝐓


    𝐑 ~


  𝛾


       𝐓 ~  =   y     y 2 +    ( z   𝜏 ~ ) 2 𝐓 +   z   𝜏 ~  𝜏    y 2 +    ( z   𝜏 ~ ) 2 𝐍 ,     𝐍 ~  =     𝜏 ~  𝜏 𝐁 ,     𝐁 ~  =   z     𝜏 ~ 2     y 2 +    ( z   𝜏 ~ ) 2 𝐓 −   y   𝜏 ~  𝜏    y 2 +    ( z   𝜏 ~ ) 2 𝐍 .


  𝐓


    𝐑 ~


   ⟨ 𝐓 ,   𝐓 ~ ⟩ =  ⟨   𝐑 ~ ,   𝐓 ~ ⟩


   ⟨ 𝐓 ,   𝐍 ~ ⟩ =  ⟨   𝐑 ~ ,   𝐍 ~ ⟩ = 0


   ⟨ 𝐓 ,   𝐁 ~ ⟩ =  ⟨   𝐑 ~ ,   𝐁 ~ ⟩


    1 +   𝛿 ′      ( 1 +   𝛿 ′ ) 2 +    ( 𝛿 𝜅 ) 2 =   y     y 2 +    ( z   𝜏 ~ ) 2 ⟹ 1 +   𝛿 ′ =   y 𝛿 𝜅  z   𝜏 ~ ,


  −     𝜏 ~ 𝛿 𝜅 𝛷  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ ∥     𝛾 ~ ′ ∥ = 0 ,


    𝜏   𝜏 ~   𝛿 2   𝜅 2  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ =   z   𝜏 ~     y 2 +    ( z   𝜏 ~ ) 2 ,


  𝛷 =  ( 1 +   𝛿 ′ )  ( 𝜅  ( 1 +   𝛿 ′ ) +    ( 𝛿 𝜅 ) ′ ) − 𝛿 𝜅  (   𝛿  ′ ′ − 𝛿   𝜅 2 )


    𝜏 ~


  𝛿


  𝜅


  𝛷 = 0


  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ = 𝜏 𝛿 𝜅     ( 𝛿 𝜅 ) 2 +    ( 1 +   𝛿 ′ ) 2 .


    𝛾 ~


  𝐓


    𝐑 ~


  𝛾


    𝜅 ~


    𝜏 ~


    𝜅 ~ =   𝜏 𝛿 𝜅     ( 1 +   𝛿 ′ ) 2 +    ( 𝛿 𝜅 ) 2 ,     𝜏 ~ =     𝛺 1     ( 𝜏 𝛿 𝜅 ) 2  (    ( 1 +   𝛿 ′ ) 2 +    ( 𝛿 𝜅 ) 2 ) ,


    𝛺 1


       𝛺 1  = 𝜏   𝛿 2   𝜅 2  (   𝛿  ′ ′ ′ − 3   𝛿 ′   𝜅 2 − 3 𝛿 𝜅   𝜅 ′ −   𝜅 2 + 𝛿   𝜅 2     𝜏 ′  𝜏 )     =    −   𝜏 2 𝛿 𝜅  ( 1 +   𝛿 ′ ) ( 3   𝛿  ′ ′   𝜅  𝜏 − 𝛿     𝜅 3  𝜏 − 𝛿 𝜅 𝜏     =    +  ( 1 + 3   𝛿 ′ )    (   𝜅  𝜏 ) ′ + 𝛿    (   𝜅  𝜏 )  ′ ′ +  ( 1 + 2   𝛿 ′ )   𝜅   𝜏 ′    𝜏 2 + 𝛿     𝜏 ′  𝜏    (   𝜅  𝜏 ) ′ ) .     =   


    𝜅 ~


         𝛾 ~  ′ ′ ′  =  (   𝛿  ′ ′ ′ − 3   𝛿 ′   𝜅 2 − 3 𝛿 𝜅   𝜅 ′ −   𝜅 2 + 𝛿   𝜅 2     𝜏 ′  𝜏 ) 𝐓     =    +  ( 𝜅 + 3   𝛿 ′ 𝜅 + 2 𝛿   𝜅 ′ ) 𝐁     =        =    + ( 3   𝛿  ′ ′   𝜅  𝜏 − 𝛿     𝜅 3  𝜏 − 𝛿 𝜅 𝜏 +  ( 1 + 3   𝛿 ′ )    (   𝜅  𝜏 ) ′ + 𝛿    (   𝜅  𝜏 )  ′ ′     =    +  ( 1 + 2   𝛿 ′ )   𝜅   𝜏 ′    𝜏 2 + 𝛿     𝜏 ′  𝜏    (   𝜅  𝜏 ) ′ ) 𝐍 .


  𝛾


    𝛾 ~


  𝛿  ( s )


    E 3


  d  ( 𝛾 ,   𝛾 ~ ) =  |   e  ∫   y 𝜅  z   𝜏 ~ d s  [ − ∫   e  − ∫   y 𝜅  z   𝜏 ~ d s d s +   c 1 ] | ,


    c 1


    𝛿 ′ −  (   y 𝜅  z   𝜏 ~ ) 𝛿 = − 1 .


  𝜇  ( s ) = exp  ( − ∫   y 𝜅  z   𝜏 ~ d s )


     ( 𝜇 𝛿 ) ′ = − 𝜇


  s


  𝛿  ( s ) =   − ∫ 𝜇  ( s ) d s +   c 1  𝜇  ( s ) .


  𝜇  ( s )


  V = 𝐍


    𝐎 ~


    𝐏 ~


    𝐑 ~


  𝐍  ( s )


  𝛾


    𝛾 ~


  𝐍  ( s )


  𝛾


    𝐎 ~  ( s )


    𝛾 ~


  𝐍  ( s ) =   𝐎 ~  ( s )


    𝛾 ~


  𝐍


    𝐎 ~


  𝛾


    𝛾 ~


  𝐍


    𝐎 ~


  𝛾


       𝐓 ~  =   u     u 2 +    ( v   𝜏 ~ ) 2  (   1 − 𝛿 𝜅 𝜏  𝜏    ( 𝛿 𝜏 ) ′ 𝐓 +  1    𝜏 2 𝐍 +   𝛿 𝜏  𝜏    ( 𝛿 𝜏 ) ′ 𝐁 ) ,     𝐍 ~  =   v     𝜏 ~ 2  𝜏    u 2 +    ( v   𝜏 ~ ) 2 (   −    ( 𝛿 𝜏 ) ′ 𝐅   ( 1 − 𝛿 𝜅 𝜏 ) 𝐅 − 𝛿   𝜏 2 𝐃 𝐓 +  1  𝜏 𝐍     =        =    +      ( 𝛿 𝜏 ) ′ 𝐃  𝜏  (  ( 1 − 𝛿 𝜅 𝜏 ) 𝐅 − 𝛿   𝜏 2 𝐃 ) 𝐁 ) ,     𝐁 ~  =   v     𝜏 ~ 2    ( 𝛿 𝜏 ) ′  u 𝜏  (  ( 1 − 𝛿 𝜅 𝜏 ) 𝐅 − 𝛿   𝜏 2 𝐃 )  ( 𝜏 𝐃 𝐓 + 𝐅 𝐁 ) ,


  𝐃


  𝐅


     𝐃  = 𝜏    ( 𝛿 𝜏 ) ′  ( 2   𝛿 ′ 𝜏 + 3 𝛿   𝜏 ′ )     =    − 𝛿   𝜏 2  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ + 𝛿     𝜏  ′ ′  𝜏 + 2   𝛿 ′     𝜏 ′  𝜏 − 𝛿   𝜏 2 ) ,   𝐅  =  ( 1 − 𝛿 𝜅 𝜏 )  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ + 𝛿     𝜏  ′ ′  𝜏 + 2   𝛿 ′     𝜏 ′  𝜏 − 𝛿   𝜏 2 )     =    +      ( 𝛿 𝜏 ) ′  𝜏  ( 2   𝛿 ′ 𝜅 𝜏 + 2 𝛿 𝜅   𝜏 ′ + 𝛿   𝜅 ′ 𝜏 ) .


  𝛾


    𝛾 ~


  𝐍


    𝐎 ~


    𝛾 ~  ( s ) = 𝛾  ( s ) + 𝛿  ( s ) 𝐍  ( s ) .


    𝐓 ~ =    ( 1 − 𝛿 𝜅 𝜏 ) 𝐓 +      ( 𝛿 𝜏 ) ′  𝜏 𝐍 + 𝛿 𝜏 𝐁      ( 1 − 𝛿 𝜅 𝜏 ) 2 +    (    ( 𝛿 𝜏 ) ′ ) 2 +   𝛿 2   𝜏 4 .


         𝛾 ~  ′ ′  = −  ( 2   𝛿 ′ 𝜅 𝜏 + 2 𝛿 𝜅   𝜏 ′ + 𝛿   𝜅 ′ 𝜏 ) 𝐓     =    +  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ + 𝛿     𝜏  ′ ′  𝜏 + 2   𝛿 ′     𝜏 ′  𝜏 − 𝛿   𝜏 2 ) 𝐍     =    +  ( 2   𝛿 ′ 𝜏 + 3 𝛿   𝜏 ′ ) 𝐁 .


      𝛾 ~ ′


      𝛾 ~ ′ ×     𝛾 ~  ′ ′ = 𝜏 𝐃 𝐓 + 𝐄 𝐍 + 𝐅 𝐁 ,


  𝐃


  𝐄


  𝐅


     𝐃  =    ( 𝛿 𝜏 ) ′  ( 2   𝛿 ′ 𝜏 + 3 𝛿   𝜏 ′ )     =    − 𝛿   𝜏 2  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ + 𝛿     𝜏  ′ ′  𝜏 + 2   𝛿 ′     𝜏 ′  𝜏 − 𝛿   𝜏 2 ) ,   𝐄  = −  ( 1 − 𝛿 𝜅 𝜏 )  ( 2   𝛿 ′ 𝜏 + 3 𝛿   𝜏 ′ ) − 𝛿 𝜏  ( 2   𝛿 ′ 𝜅 𝜏 + 2 𝛿 𝜅   𝜏 ′ + 𝛿   𝜅 ′ 𝜏 ) ,   𝐅  =  ( 1 − 𝛿 𝜅 𝜏 )  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ + 𝛿     𝜏  ′ ′  𝜏 + 2   𝛿 ′     𝜏 ′  𝜏 − 𝛿   𝜏 2 )     =    +      ( 𝛿 𝜏 ) ′  𝜏  ( 2   𝛿 ′ 𝜅 𝜏 + 2 𝛿 𝜅   𝜏 ′ + 𝛿   𝜅 ′ 𝜏 ) .


  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ = 𝜏    𝐃 2 +   𝐄 2 +   𝐅 2 .


    𝐍 ~


    𝐁 ~


       𝐁 ~  =   𝜏 ~   𝜏 𝐃 𝐓 + 𝐄 𝐍 + 𝐅 𝐁  𝜏    𝐃 2 +   𝐄 2 +   𝐅 2 ,     𝐍 ~  =  (     𝜏 2 𝛿 𝜏   𝜏 ~ 𝐄 − 𝜏    ( 𝛿 𝜏 ) ′   𝜏 ~ 𝐅  𝜏 ∥     𝛾 ~ ′ ∥    𝐃 2 +   𝐄 2 +   𝐅 2 ) 𝐓 +  (    ( 𝟏 − 𝜹 𝜿 𝝉 )   𝝉 ~ 𝐅 −   𝝉  𝟐 𝜹   𝝉 ~ 𝐃  𝝉 ∥     𝜸 ~ ′ ∥    𝐃  𝟐 +   𝐄  𝟐 +   𝐅  𝟐 ) 𝐍     =    +  (      ( 𝜹 𝝉 ) ′   𝝉 ~ 𝐃 −  ( 𝟏 − 𝜹 𝜿 𝝉 )   𝝉 ~ 𝐄  𝝉 ∥     𝜸 ~ ′ ∥    𝐃  𝟐 +   𝐄  𝟐 +   𝐅  𝟐 ) 𝐁 .     =   


  𝐍


    𝐎 ~


   ⟨ 𝐍 ,   𝐓 ~ ⟩ =  ⟨   𝐎 ~ ,   𝐓 ~ ⟩


    𝜏    ( 𝛿 𝜏 ) ′      ( 1 − 𝛿 𝜅 𝜏 ) 2 +    (    ( 𝛿 𝜏 ) ′ ) 2 +   𝛿 2   𝜏 4 =   u     u 2 +    ( v   𝜏 ~ ) 2 .


   ⟨ 𝐍 ,   𝐍 ~ ⟩ =  ⟨   𝐎 ~ ,   𝐍 ~ ⟩


       v   𝜏 ~     u 2 +    ( v   𝜏 ~ ) 2  =   𝜏  (  ( 1 − 𝛿 𝜅 𝜏 ) 𝐅 −   𝜏 2 𝛿 𝐃 )      ( 1 − 𝛿 𝜅 𝜏 ) 2 +    (    ( 𝛿 𝜏 ) ′ ) 2 +   𝛿 2   𝜏 4    𝐃 2 +   𝐄 2 +   𝐅 2 ,     =   


   ⟨ 𝐍 ,   𝐁 ~ ⟩ =  ⟨   𝐎 ~ ,   𝐁 ~ ⟩ = 0


    𝜏   𝜏 ~ 𝐄     𝐃 2 +   𝐄 2 +   𝐅 2 = 0 .


  𝜏 ,   𝜏 ~ ≠ 0


  𝐄 = 0


    𝛾 ~


  𝐍


    𝐎 ~


  𝛾


  𝛾


  𝜏 = constant


  𝛿  ( s )


  𝜅  ( s )


  𝛿  ( s ) =  2  𝜏 𝜅  ( s ) + c


  c


  𝐄 = 0


    𝜏 ′ = 0


  𝐄


  2   𝛿 ′ +   𝛿 2   𝜅 ′ 𝜏 = 0 .


    2   𝛿 ′    𝛿 2 = − 𝜏   𝜅 ′


  s


    𝛾 ~


  𝐍


    𝐎 ~


  𝛾


    𝜅 ~


    𝜏 ~


    𝛾 ~


       𝜅 ~  =     u 4  (  ( 1 − 𝛿 𝜅 𝜏 ) 𝐅 − 𝛿   𝜏 2 𝐃 )  v   𝜏 2   𝜏 ~    ( 𝛿 𝜏 ) ′ (   u 2 +    ( v   𝜏 ~ ) 2  )   3 2 ,     =    𝜏 ~ =      𝛺 2     (   u 𝜏  (  ( 1 − 𝛿 𝜅 𝜏 ) 𝐅 − 𝛿   𝜏 2 𝐃 )  v    ( 𝛿 𝜏 ) ′ ) 2 3 ,


    𝜅 ~


    𝜏 ~


  𝛾


    𝛾 ~


  𝐍  ( s )


  𝛾


    𝐏 ~  ( s )


    𝛾 ~


  𝐍  ( s ) =   𝐏 ~  ( s )


    𝛾 ~


  𝐍


    𝐏 ~


  𝛾


    𝛾 ~


  𝐍


    𝐏 ~


  𝛾


       𝐓 ~  =    ( 1 − 𝛿 𝜅 𝜏 )      ( 1 − 𝛿 𝜅 𝜏 ) 2 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐓 +   𝛿 𝜏      ( 1 − 𝛿 𝜅 𝜏 ) 2 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐁 ,     𝐍 ~  =     𝜏 ~     w 2 +   x 2 (   𝜏 𝛿 x      ( 1 − 𝛿 𝜅 𝜏 ) 2 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐓 +   w    𝜏 2 𝐍     =        =    −   x  ( 1 − 𝛿 𝜅 𝜏 )    𝜏 2     ( 1 − 𝛿 𝜅 𝜏 ) 2 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐁 ) ,     𝐁 ~  =     𝜏 ~  ( 𝜏 𝐝 𝐓 + 𝐞 𝐍 + 𝐟 𝐁 )  𝜏    𝐝 2 +   𝐞 2 +   𝐟 2 ,


  𝐝 , 𝐞


  𝐟


     𝐝  = − 𝛿   𝜏 3  (   𝜅  𝜏 − 𝛿   𝜅 2 − 𝛿   𝜏 2 ) ,   𝐞 = − 𝛿   𝜏 ′  ( 1 − 𝛿 𝜅 𝜏 ) −   𝛿 2   𝜏 2   𝜅 ′ ,     =    𝐟 =  ( 1 − 𝛿 𝜅 𝜏 )  (   𝜅  𝜏 − 𝛿   𝜅 2 − 𝛿   𝜏 2 ) .


  𝐍


    𝐏 ~


   ⟨ 𝐍 ,   𝐍 ~ ⟩ =  ⟨   𝐏 ~ ,   𝐍 ~ ⟩ ,    ⟨ 𝐍 ,   𝐁 ~ ⟩ =  ⟨   𝐏 ~ ,   𝐁 ~ ⟩ ,    ⟨ 𝐍 ,   𝐓 ~ ⟩ =  ⟨   𝐏 ~ ,   𝐓 ~ ⟩ = 0 .


         


  𝜏 ≠ 0


     ( 𝛿 𝜏 ) ′ = 0


  𝐃 , 𝐄 , 𝐅


  𝐝 , 𝐞 , 𝐟


    𝐓 ~


    𝐍 ~


    𝛾 ~


  𝐍


    𝐏 ~


  𝛾


  𝛿  ( s ) =   c  𝜏  ( s )


   ( c ∈ ℝ )


    𝛾 ~


  𝐍


    𝐏 ~


    𝛾 ~


  𝐍


    𝐏 ~


  𝛾


    𝜅 ~


    𝜏 ~


    𝛾 ~


    𝜅 ~ =     𝜏 2   w 3   𝐞 4    w 2 +   x 2    x 4 (  ( 1 − 𝛿 𝜅 𝜏 ) 𝐟 − 𝛿   𝜏 2 𝐝  ) 3 ,     𝜏 ~ =     𝛺 3   x 2    𝐞 2   𝜏 4  (   w 2 +   x 2 ) ,


    𝛺 3


     ( 𝛿 𝜏 ) ′ = 0


  𝛾


    𝛾 ~


  𝐍  ( s )


  𝛾


    𝐑 ~  ( s )


    𝛾 ~


  𝐍  ( s ) =   𝐑 ~  ( s )


    𝛾 ~


  𝐍


    𝐑 ~


  𝛾


    𝛾 ~


  𝐍


    𝐑 ~


  𝛾


       𝐓 ~  =   y     y 2 +    ( z   𝜏 ~ ) 2  (   1 − 𝛿 𝜅 𝜏  𝜏    ( 𝛿 𝜏 ) ′ 𝐓 +  1    𝜏 2 𝐍 +   𝛿 𝜏  𝜏    ( 𝛿 𝜏 ) ′ 𝐁 ) ,     𝐍 ~  =   y z   𝜏 ~    y 2 +    ( z   𝜏 ~ ) 2  (  (   𝛿 𝜏     ( 𝛿 𝜏 ) ′ −   𝐅    𝜏 2 𝐄 ) 𝐓 −  (   1 − 𝛿 𝜅 𝜏    𝜏 3    ( 𝛿 𝜏 ) ′ −   𝐃    𝜏 3 𝐄 ) 𝐁 ) ,     𝐁 ~  =   z     𝜏 ~ 2     y 2 +    ( z   𝜏 ~ ) 2  (   𝐃  𝐄 𝜏 𝐓 +  1    𝜏 2 𝐍 +   𝐅    𝜏 2 𝐄 𝐁 ) .


  𝐍


    𝐑 ~


   ⟨ 𝐍 ,   𝐓 ~ ⟩ =  ⟨   𝐑 ~ ,   𝐓 ~ ⟩ ,    ⟨ 𝐍 ,   𝐁 ~ ⟩ =  ⟨   𝐑 ~ ,   𝐁 ~ ⟩ ,    ⟨ 𝐍 ,   𝐍 ~ ⟩ =  ⟨   𝐑 ~ ,   𝐍 ~ ⟩ = 0 .


    𝐓 ~


    𝐍 ~


    𝐁 ~


    𝛾 ~


  𝐍


    𝐑 ~


  𝛾


    𝜅 ~


    𝜏 ~


       𝜅 ~  =   𝐄   y 3  𝜏 z   𝜏 ~ (    ( 𝛿 𝜏 ) ′  ) 3  (   y 2 +    ( z   𝜏 ~ ) 2 ) ,     =      𝜏 ~ =     𝛺 4   z 2 ±    𝛺 4 2   z 4 − 4   𝜏 8   𝐄 4   y 2   z 2  2   𝜏 4   𝐄 2   z 2 ,


    𝛺 4


    𝜅 ~


    𝜏 ~


    𝜏 ~


    𝛺 4 2   z 4 − 4   𝜏 8   𝐄 4   y 2   z 2 ≥ 0


  𝛾


  𝜅 , 𝜏 = constant


  𝛿  ( s )


    𝛿  ′ ′ +   2 𝜏  ( 𝜅  ( 1 − 𝛿 𝜅 𝜏 ) − 𝛿   𝜏 3 )     ( 1 − 𝛿 𝜅 𝜏 ) 2 +   𝛿 2   𝜏 4    (   𝛿 ′ ) 2 +  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 − 𝛿   𝜏 2 ) = 0 .


  𝜅


  𝜏


  𝐃


  𝐄


     𝐃  = 2    (   𝛿 ′ ) 2   𝜏 2 − 𝛿   𝜏 2  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ − 𝛿   𝜏 2 ) ,   𝐄  =  ( 1 − 𝛿 𝜅 𝜏 )  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ − 𝛿   𝜏 2 ) + 2    (   𝛿 ′ ) 2 𝜅 𝜏 .


       =   ( 1 − 𝛿 𝜅 𝜏 )  (  ( 1 − 𝛿 𝜅 𝜏 )  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ − 𝛿   𝜏 2 ) + 2    (   𝛿 ′ ) 2 𝜅 𝜏 )     =    − 𝛿   𝜏 2  ( 2    (   𝛿 ′ ) 2   𝜏 2 − 𝛿   𝜏 2  (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ − 𝛿   𝜏 2 ) ) = 0 .


   (  ( 1 − 𝛿 𝜅 𝜏 )   𝜅  𝜏 +   𝛿  ′ ′ − 𝛿   𝜏 2 )


     (   𝛿 ′ ) 2


  V = 𝐁


  𝐁  ( s )


  𝛾


    𝛾 ~


  𝐁  ( s )


  𝛾


    𝐎 ~  ( s )


    𝛾 ~


  𝐁  ( s ) =   𝐎 ~  ( s )


    𝛾 ~


  𝐁


    𝐎 ~


  𝛾


    𝛾 ~


  𝐁


    𝐎 ~


  𝛾


       𝐓 ~  =   u     u 2 +    ( v   𝜏 ~ ) 2  (   𝐓  𝜏    ( 𝛿 𝜏 ) ′ −   𝛿     ( 𝛿 𝜏 ) ′ 𝐍 +   𝐁    𝜏 2 ) ,     𝐍 ~  =   v     𝜏 ~ 2     u 2 +    ( v   𝜏 ~ ) 2  (   𝐇    ( 𝛿 𝜏 ) ′  𝜏  ( −   𝜏 2 𝛿 𝐆 − 𝐇 ) 𝐓 −   𝐆    ( 𝛿 𝜏 ) ′  𝜏  ( −   𝜏 2 𝛿 𝐆 − 𝐇 ) 𝐍 +   𝐁    𝜏 2 ) ,     =        𝐁 ~  =   v     𝜏 ~ 2    ( 𝛿 𝜏 ) ′  u  ( −   𝜏 2 𝛿 𝐆 − 𝐇 )  ( 𝐆 𝐓 +   𝐇  𝜏 𝐍 ) ,


  𝐆


  𝐇


     𝐆  = − 𝛿   𝜏 2  (   𝛿  ′ ′ + 2   𝛿 ′     𝜏 ′  𝜏 + 𝛿     𝜏  ′ ′  𝜏 − 𝛿   𝜏 2 )     =    −    ( 𝛿 𝜏 ) ′  (   𝜅  𝜏 − 2   𝛿 ′ 𝜏 − 3 𝛿   𝜏 ′ ) ,   𝐇  =    ( 𝛿 𝜏 ) ′  ( 𝛿 𝜏 𝜅 ) −  (   𝛿  ′ ′ + 2   𝛿 ′     𝜏 ′  𝜏 + 𝛿     𝜏  ′ ′  𝜏 − 𝛿   𝜏 2 ) .


  𝛾


    𝛾 ~


  𝐁


    𝐎 ~


    𝛾 ~  ( s ) = 𝛾  ( s ) + 𝛿  ( s ) 𝐁  ( s ) .


    𝐓 ~ =   𝐓 − 𝛿 𝜏 𝐍 +      ( 𝛿 𝜏 ) ′  𝜏 𝐁   1 +   𝜏 2    ( 𝛿 𝜏 ) 2 +    (    ( 𝛿 𝜏 ) ′ ) 2 .


         𝛾 ~  ′ ′  =  ( 𝛿   𝜏 2 𝜅 ) 𝐓 +  (   𝜅  𝜏 − 2   𝛿 ′ 𝜏 − 3 𝛿   𝜏 ′ ) 𝐍     =    +  (   𝛿  ′ ′ + 2   𝛿 ′     𝜏 ′  𝜏 + 𝛿     𝜏  ′ ′  𝜏 − 𝛿   𝜏 2 ) 𝐁 .


      𝛾 ~ ′ ×     𝛾 ~  ′ ′ = 𝜏 𝐆 𝐓 + 𝐇 𝐍 + 𝐈 𝐁 ,


  𝐆


  𝐇


  𝐈


     𝐆  = − 𝛿   𝜏 2  (   𝛿  ′ ′ + 2   𝛿 ′     𝜏 ′  𝜏 + 𝛿     𝜏  ′ ′  𝜏 − 𝛿   𝜏 2 )     =    −    ( 𝛿 𝜏 ) ′  (   𝜅  𝜏 − 2   𝛿 ′ 𝜏 − 3 𝛿   𝜏 ′ ) ,   𝐇  =    ( 𝛿 𝜏 ) ′  ( 𝛿 𝜏 𝜅 ) −  (   𝛿  ′ ′ + 2   𝛿 ′     𝜏 ′  𝜏 + 𝛿     𝜏  ′ ′  𝜏 − 𝛿   𝜏 2 ) ,   𝐈  =  (   𝜅  𝜏 − 2   𝛿 ′ 𝜏 − 3 𝛿   𝜏 ′ ) +   𝛿 2   𝜏 3 𝜅 .


  ∥     𝛾 ~ ′ ×     𝛾 ~  ′ ′ ∥ = 𝜏    𝐆 2 +   𝐇 2 +   𝐈 2 .


    𝐍 ~


    𝐁 ~


       𝐁 ~  =     𝜏 ~  ( 𝜏 𝐆 𝐓 + 𝐇 𝐍 + 𝐈 𝐁 )  𝜏    𝐆 2 +   𝐇 2 +   𝐈 2 ,     𝐍 ~  =  (      ( 𝛿 𝜏 ) ′   𝜏 ~ 𝐇 + 𝛿   𝜏 2   𝜏 ~ 𝐈  ∥     𝛾 ~ ′ ∥    𝐆 2 +   𝐇 2 +   𝐈 2 ) 𝐓 +  (   −    ( 𝜹 𝝉 ) ′   𝝉 ~ 𝐆 +   𝝉 ~ 𝐈  𝝉 ∥     𝜸 ~ ′ ∥    𝐆  𝟐 +   𝐇  𝟐 +   𝐈  𝟐 ) 𝐍     =        =    +  (   − 𝛿   𝜏 2   𝜏 ~ 𝐆 −   𝜏 ~ 𝐇  𝜏 ∥     𝛾 ~ ′ ∥    𝐆 2 +   𝐇 2 +   𝐈 2 ) 𝐁 .


   ⟨ 𝐁 ,   𝐓 ~ ⟩ =  ⟨   𝐎 ~ ,   𝐓 ~ ⟩


   ⟨ 𝐁 ,   𝐍 ~ ⟩ =  ⟨   𝐎 ~ ,   𝐍 ~ ⟩


   ⟨ 𝐁 ,   𝐁 ~ ⟩ = 0


  𝜏 ,   𝜏 ~ ≠ 0


  𝐈 = 0


  𝛾


    𝜏 ′ = 0


  𝐈 = 0


    𝜅  𝜏 − 2   𝛿 ′ 𝜏 +   𝛿 2   𝜏 3 𝜅 = 0 ,


    𝛿 ′ =   𝜅  2   𝜏 2 +   𝜅   𝜏 2 2   𝛿 2 .


    𝛿 1


  𝛿 =   𝛿 1 +  1  𝜈


    𝛿 ′ =   𝛿 1 ′ −     𝜈 ′    𝜈 2


    𝛿 1 ′ −     𝜈 ′    𝜈 2 =   𝜅  2   𝜏 2 +   𝜅   𝜏 2 2  (   𝛿 1 2 +   2   𝛿 1  𝜈 +  1    𝜈 2 ) .


    𝛿 1


    𝜈 ′ +  ( 𝜅   𝜏 2   𝛿 1 ) 𝜈 = −   𝜅   𝜏 2 2 .


  𝜈  ( s )


    e  ∫ 𝜅   𝜏 2   𝛿 1 d s


  𝜈  ( s ) =   e  − ∫ 𝜅   𝜏 2   𝛿 1 d s  ( − ∫   𝜅   𝜏 2 2   e  ∫ 𝜅   𝜏 2   𝛿 1 d s d s + c ) ,


  c


  𝛿  ( s )


  𝛿  ( s ) =   𝛿 1  ( s ) +     e  ∫ 𝜅   𝜏 2   𝛿 1 d s  − ∫   𝜅   𝜏 2 2   e  ∫ 𝜅   𝜏 2   𝛿 1 d s d s + c .


    𝛾 ~


  𝐁


    𝐎 ~


  𝛾


    𝜅 ~


    𝜏 ~


    𝜅 ~ =     u 4  ( −   𝜏 2 𝛿 𝐆 − 𝐇 )  v    ( 𝛿 𝜏 ) ′    (   u 2 +    ( v   𝜏 ~ ) 2 )   3 2 ,     𝜏 ~ =      𝛺 5     (   u  ( −   𝜏 2 𝛿 𝐆 − 𝐇 )  v    ( 𝛿 𝜏 ) ′ ) 2 3 ,


       𝛺 5  = 𝜏 𝐆  ( 3   𝛿 ′ 𝜅   𝜏 2 + 5 𝛿 𝜅 𝜏   𝜏 ′ + 𝛿   𝜅 ′   𝜏 2 −   𝜅 2 )     =    +   𝜏 2 𝐇  ( 𝛿   𝜅 2 𝜏 +     𝜅 ′  𝜏 − 3   𝛿  ′ ′ 𝜏 − 9   𝛿 ′   𝜏 ′ − 4 𝛿   𝜏  ′ ′ − 3 𝛿      (   𝜏 ′ ) 2  𝜏 + 𝛿   𝜏 3 ) .


  𝛾


    𝛾 ~


  𝐁  ( s )


  𝛾


    𝐏 ~  ( s )


    𝛾 ~


  𝐁  ( s ) =   𝐏 ~  ( s )


    𝛾 ~


  𝐁


    𝐏 ~


  𝛾


    𝛾 ~


  𝐁


    𝐏 ~


  𝛾


       𝐓 ~  =  1   1 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐓 −   𝛿 𝜏   1 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐍 ,     𝐍 ~  =     𝜏 ~     w 2 +   x 2  (   𝛿 𝜏 x   1 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐓 +   x    𝜏 2  1 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐍 +   w    𝜏 2 𝐁 ) ,     =        𝐁 ~  =     𝜏 ~     w 2 +   x 2  (   − w 𝛿 𝜏   1 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐓 −   w    𝜏 2  1 +   𝜏 2    ( 𝛿 𝜏 ) 2 𝐍 +   x    𝜏 2 𝐁 ) . .     =   


  𝐁


    𝐏 ~


   ⟨ 𝐁 ,   𝐍 ~ ⟩ =  ⟨   𝐏 ~ ,   𝐍 ~ ⟩ ,    ⟨ 𝐁 ,   𝐁 ~ ⟩ =  ⟨   𝐏 ~ ,   𝐁 ~ ⟩ ,    ⟨ 𝐁 ,   𝐓 ~ ⟩ =  ⟨   𝐏 ~ ,   𝐓 ~ ⟩ = 0 .


       w     w 2 +   x 2  =   𝜏  ( −   𝜏 2 𝛿 𝐆 − 𝐇 )   1 +   𝜏 2    ( 𝛿 𝜏 ) 2 +    (    ( 𝛿 𝜏 ) ′ ) 2    𝐆 2 +   𝐇 2 +   𝐈 2 ,     x     w 2 +   x 2  =   𝜏 𝐈     𝐆 2 +   𝐇 2 +   𝐈 2 ,     𝜏    ( 𝛿 𝜏 ) ′   1 +   𝜏 2    ( 𝛿 𝜏 ) 2 +    (    ( 𝛿 𝜏 ) ′ ) 2  = 0 .


  𝜏 ≠ 0


     ( 𝛿 𝜏 ) ′ = 0


  𝐁  ( s )


  𝛾


    𝐏 ~  ( s )


    𝛾 ~


    𝛾 ~


  𝐁


    𝐏 ~


  𝛿  ( s ) =   c  𝜏  ( s )


   ( c ∈ ℝ )


  𝜏


  𝛿


    𝛾 ~


  𝐁


    𝐏 ~


  𝛾


    𝜅 ~


    𝜏 ~


    𝜅 ~ =     w 3    w 2 +   x 2    𝛿 3   𝜏 8    ( 1 +   𝛿 2   𝜏 4 ) 3 ,     𝜏 ~ =     𝛺 13    w 2 +   x 2 ,


    𝛺 13


       𝛺 13  =   𝛿 2   𝜏 5  ( 2 𝛿 𝜅 𝜏   𝜏 ′ + 𝛿   𝜅 ′   𝜏 2 −   𝜅 2 )     =    + 𝛿   𝜏 4  ( 𝛿   𝜅 2 𝜏 +     𝜅 ′  𝜏 − 𝛿   𝜏  ′ ′ + 𝛿   𝜏 3 )     =    +   𝜏 2  (   𝜅  𝜏 − 𝛿   𝜏 ′ +   𝛿 2   𝜏 3 𝜅 )  ( 𝜅 − 3 𝛿 𝜏   𝜏 ′ ) .


     ( 𝛿 𝜏 ) ′ = 0


  𝛾


    𝛾 ~


  𝐁  ( s )


  𝛾


    𝐑 ~  ( s )


    𝛾 ~


  𝐁  ( s ) =   𝐑 ~  ( s )


    𝛾 ~


  𝐁


    𝐑 ~


  𝛾


    𝛾 ~


  𝐁


    𝐑 ~


  𝛾


       𝐓 ~  =   y     y 2 +    ( z   𝜏 ~ ) 2  (  1  𝜏    ( 𝛿 𝜏 ) ′ 𝐓 −   𝛿 𝜏  𝜏    ( 𝛿 𝜏 ) ′ 𝐍 +  1    𝜏 2 𝐁 ) ,     𝐍 ~  =   y z     𝜏 ~ 2    y 2 +    ( z   𝜏 ~ ) 2  (  (   𝐇    𝜏 2 𝐈 +   𝛿     ( 𝛿 𝜏 ) ′ ) 𝐓 +  (  1    𝜏 3    ( 𝛿 𝜏 ) ′ −   𝐆    𝜏 3 𝐈 ) 𝐍 ) ,     𝐁 ~  =   z     𝜏 ~ 2     y 2 +    ( z   𝜏 ~ ) 2  (   𝐆  𝜏 𝐈 𝐓 +   𝐇    𝜏 2 𝐈 𝐍 +  1    𝜏 2 𝐁 ) .


  𝐁


    𝐑 ~


   ⟨ 𝐁 ,   𝐓 ~ ⟩ =  ⟨   𝐑 ~ ,   𝐓 ~ ⟩ ,    ⟨ 𝐁 ,   𝐁 ~ ⟩ =  ⟨   𝐑 ~ ,   𝐁 ~ ⟩ ,    ⟨ 𝐁 ,   𝐍 ~ ⟩ =  ⟨   𝐑 ~ ,   𝐍 ~ ⟩ = 0 .


       y     y 2 +    ( z   𝜏 ~ ) 2  =   𝜏    ( 𝛿 𝜏 ) ′  ∥     𝛾 ~ ′ ∥ ,     z   𝜏 ~     y 2 +    ( z   𝜏 ~ ) 2  =   𝜏 𝐈     𝐆 2 +   𝐇 2 +   𝐈 2 ,     𝜏   𝜏 ~  ( −   𝜏 2 𝛿 𝐆 − 𝐇 )  ∥     𝛾 ~ ′ ∥    𝐆 2 +   𝐇 2 +   𝐈 2  = 0 .


    𝛾 ~


  𝐁


    𝐑 ~


  𝛾


    𝜅 ~


    𝜏 ~


       𝜅 ~  =   𝜏 𝐈   y 3  z   𝜏 ~ (    ( 𝛿 𝜏 ) ′  ) 3  (   y 2 +    ( z   𝜏 ~ ) 2 ) ,     =      𝜏 ~ =     𝛺 7   z 2 ±    𝛺 7 2   z 4 − 4   𝜏 4   𝐈 4   y 2   z 2  2   𝜏 2   𝐈 2   z 2 ,


    𝛺 7


       𝛺 7  = 𝜏 𝐆  ( 3   𝛿 ′ 𝜅   𝜏 2 + 5 𝛿 𝜅 𝜏   𝜏 ′ + 𝛿   𝜅 ′   𝜏 2 −   𝜅 2 )     =    +   𝜏 2 𝐇  ( 𝛿   𝜅 2 𝜏 +     𝜅 ′  𝜏 − 3   𝛿  ′ ′ 𝜏 − 9   𝛿 ′   𝜏 ′ − 4 𝛿   𝜏  ′ ′ − 3 𝛿      (   𝜏 ′ ) 2  𝜏 + 𝛿   𝜏 3 )     =        =    +   𝜏 2 𝐈  ( 𝜅 − 3   𝛿 ′   𝜏 2 − 6 𝛿 𝜏   𝜏 ′ +   𝛿  ′ ′ ′ + 3   𝛿  ′ ′     𝜏 ′  𝜏 + 3   𝛿 ′     𝜏  ′ ′  𝜏 + 𝛿     𝜏  ′ ′ ′  𝜏 ) .


    𝜅 ~


    𝜏 ~


    𝜏 ~


    𝛺 7 2   z 4 − 4   𝜏 4   𝐈 4   y 2   z 2 ≥ 0


  𝛾


  𝛿  ( s )


    𝛿  ′ ′ −   2 𝛿   𝜏 4  1 +   𝛿 2   𝜏 4    (   𝛿 ′ ) 2 − 𝛿   𝜏 2 = 0 .


  𝜅 = 𝜏 = constant


 


 


     𝑮  = − 𝛿   𝛿  ′ ′   𝜏 2 +   𝛿 2   𝜏 4 −   𝛿 ′ 𝜅 + 2    (   𝛿 ′ ) 2   𝜏 2 ,   𝑯  = 𝛿   𝛿 ′   𝜏 2 𝜅 −   𝛿  ′ ′ + 𝛿   𝜏 2 .


  𝛿 𝜏 𝜅 𝑮 + 𝑯 = 0 ,


  𝐓


    𝐏 ~


  𝛾  ( s ) =  ( cos s , sin s , cosh s ) .


  u , v , w , x , y , z


  s


  𝐓


    𝐏 ~


  𝛿  ( s ) = − s + c


  c = 0


    𝛾 ~  ( s ) = 𝛾  ( s ) − s 𝐓  ( s )


       𝛾 ~  ( s )  =  ( cos s , sin s , cosh s ) − s  ( − sin s , cos s , sinh s )     =  =  ( cos s + s sin s , sin s − s cos s , cosh s − s sinh s ) .


  𝐓


  𝛾


    P ~


    𝛾 ~


  𝐓


    𝐏 ~


  𝐓


    𝐎 ~


  𝜏 ≠ 0


  𝐓


    𝐑 ~


  𝐓


    𝐏 ~


  𝐓


    𝐏 ~


  c = 0


  c = 2


  c = − 2


  𝛾


    𝛾 ~


  𝐓


    𝐎 ~


  𝐓


    𝐏 ~


  𝐍


    𝐏 ~


  𝐁


    𝐏 ~

