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ABSTRACT

This study investigates the construction and classification of complete (11,3)-
arcs in the projective plane PG(2,5) that include a Menelaus configuration. A
computational algorithm implemented in C# is used to identify and classify
the points outside the Menelaus configuration based on their secant line
interactions—specifically 0-secant, 1-secant, and 2-secant incidences.
Thirteen such points are identified and grouped into three categories. Based
on this categorization, two structured methods are developed for constructing
complete (11,3)-arcs.

The first method focuses on a triangle formed by three Category 3 points, each
with two 2-secant lines. By selecting one point from each of two different
triangle sides and then adding three suitable Category 2 points, twelve distinct
complete (11,3)-arcs are obtained. The second method begins by adding all
Category 2 points not lying on the triangle’s sides to the Menelaus
configuration, forming an incomplete (10,3)-arc. Then, one of the six
remaining Category 1 points is added to yield six more complete (11,3)-arcs.
In total, eighteen distinct complete (11,3)-arcs containing a Menelaus
configuration are constructed. This work contributes to the geometric and
combinatorial understanding of arcs in finite projective planes and
demonstrates how secant-based classifications can guide systematic arc
construction in PG(2,5). The results also highlight the computational power
of algorithmic approaches in finite geometry.

Keywords — finite projective plane; (k,3)-arc; Menelaus configuration; secant lines

INTRODUCTION

Arcs hold significant importance in projective geometry and are
widely utilized in combinatorics and related disciplines. A k-arc refers to a set
K of k points (k > 3) in a finite projective plane m, with the condition that no
three points lie on the same line. A special case of an arc, known as a
hyperoval, consists of (p + 2) such points. The maximum possible value of k
is attainable only when the order p of the projective plane 7 is even, in which
case k£ >p+2. In existing literature, ovals are frequently studied, with
Hirschfeld being one of the most commonly referenced authorities on the
subject [1]. Extensive research has been conducted on arcs in projective
planes, with particular emphasis on complete (k,2)-arcs that form complete
guadrangles. Such configurations, as examined in [2, 3], give rise to Fano
planes within the projective setting. In [4], the authors explore how Fano
subplanes can be identified and categorized within a projective plane of order
nine, highlighting their relationship with specific components of a left
nearfield of order nine.



Fano configurations within 5-dimensional projective spaces over
GF(2) are identified and analyzed in [5]. The simplest Cartesian Group
approaches to classifying (k,3)-arcs in projective planes of order nine and
twenty-five are detailed in [6, 7]. In PG(2,5), Altintag and Bayar examines
(k,2)-arcs defined over GF(5), making use of a custom arc-finding algorithm
developed in C# [8]. The study in [9] focuses on determining complete (k,3)-
arcs that are linked to the Ceva configuration.

Ceva’s and Menelaus’ theorems are classical geometric results that
establish criteria for the concurrency of lines and the collinearity of points,
respectively. In projective geometry, Menelaus's Theorem is a fundamental
result that provides a criterion for collinearity of three points that lie on the
sides (or their extensions) of a triangle. The theorem generalizes its classical
Euclidean counterpart to the projective context, maintaining its validity under
projective transformations. By incorporating directed ratios, it captures
orientation and thus plays a fundamental role in projective geometry, where
incidence structures and cross-ratios are preserved under transformations.

Beyond its classical form, Menelaus’ Theorem holds a significant
position in the study of harmonic sets and perspective transformations, thereby
reinforcing its duality with Ceva’s Theorem within projective configurations.
Its foundational contribution to the understanding of collinearity and
incidence relations makes it an indispensable element of modern projective
geometry, with far-reaching influence on both theoretical advancements and
applied fields.

In the recent generalization proposed by Benyi and Curgus [11], the
classical theorems of Ceva and Menelaus are extended to simultaneously
characterize both the collinearity of points and the concurrency of lines
determined by six points located on the sides of a triangle. These generalized
results highlight the deep geometric structure underlying the classical
theorems, which continue to find rich applications in both projective and
Euclidean geometries.

The theorems of Ceva and Menelaus are classical and well-established
results. However, they describe inherently projective properties—
concurrency in Ceva’s Theorem and collinearity in Menelaus’s Theorem—
using affine concepts. In an effort to bridge this conceptual gap, Benitez
proposes an alternative approach. Specifically, the study utilizes the cross
ratio, a fundamentally projective invariant, to characterize the concurrence of
cevians, thereby providing a more intrinsically projective formulation [12].
Menelaus’ Theorem can be reformulated in a purely projective context by
applying the dual of its classical characterization. Nicolae investigates the
Ceva—Menelaus transformation, which maps a line into four distinct curves—
specifically, a parabola, a hyperbola, or a bean-shaped ellipse. Remarkably,
each of the triangle’s three sides is tangent to all resulting conics. Additionally,
the study reveals that the harmonic transform of a cevian does not yield an
envelope; instead, it forms a pencil of lines radiating from a single point [13].



Menelaus and Ceva theorems in projective planes P,(F), where F is
the field of characteristic not equal to two, were given by Kelly B. Funk [14].
Menelaus and Ceva 6-figures were first introduced within the framework of
Moufang projective planes by Kaya and Ciftci [15]. Subsequently, these
configurations were explored in the context of fibered geometry in [16], where
the points and lines of the underlying geometry were assigned multiple
degrees of membership. Building upon classical projective geometry, the
study by Akca et al. [17] extends these results by formulating intuitionistic
fuzzy projective versions of the Menelaus and Ceva conditions.

This study aims to construct and classify complete (11,3)-arcs in the
projective plane PG(2,5) that incorporate a Menelaus configuration. Utilizing
a computational algorithm implemented in C#, the research identifies
candidate points external to the Menelaus structure and systematically
categorizes them according to their incidences with 0-secant, 1-secant, and 2-
secant lines. Based on this classification, two distinct construction strategies
are proposed, resulting in the discovery of eighteen distinct complete (11,3)-
arcs. The findings underscore the utility of secant line distributions in guiding
the structured construction of arcs within the context of finite projective
geometry.

PRELIMINARIES

This section introduces fundamental concepts in projective geometry, such as
projective planes, finite fields, the Menelaus configuration, and the essential
properties of arcs. It covers the definition of projective planes over finite
fields, the representation of points and lines, and key characteristics of arcs.
These foundational elements establish the theoretical basis for the present
study.

Definition 1. In a projective plane (N, D, o), the set N represents points and D
denotes lines (subsets of N), with the following axioms holding: every pair of
points lies on one and only one line, each pair of distinct lines meets at exactly
one point, and there are four non-collinear points, no three of which lie on a
common line.

Definition 2. The vector space V(n+1,q) is (n+1)-dimensional and consists
of vectors with coordinates from the finite field GF(q). The projective space
PG(n,q) is defined as the collection of points, each corresponding to a line that
passes through the origin in V(n+1,q). Specifically, this means that each point
in PG(n,q) can be represented as P(x), where x is any non-zero vector in
V(n+1,g). If K is the finite field GF(q), also denoted as Fg, then the n-
dimensional projective plane is referred to as PG(n,K) or PG(n,q). In this
context, g represents the order of PG(n,q). The number of points in this
projective plane can be determined using the formula
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(x1,%3,..., x,) represents a pointin N, where x4, x,, ..., x,, are notall zero,
and  (Axq,Axy,..., Axy) = (Xq,Xx3,..., X,), A € K\{0}. Similarly, the
notation [a4, a,,..., a, ] denotes any line in D, where a4, a,, ..., a, are not
all zero. The relationship[ua,, ..., ua,] = [a4, ..., a,] holds for u € K\{0}.
The projective plane P,K is characterized as a point-line geometry (N, D, o)
defined by K. The incidence relation is given by e

(X1, xp) o layg, ..., a,] Sa1x1 + azx, + azxs+...+apx, =0

Let p denote a prime number and r a positive integer. The projective plane
of order q = pTover the finite field K = GF(p"), where p" represents the
number of elements, is expressed as P,K = PG(2,p" ) [18].

Theorem 1. Let 2 be a projective plane. A 6-figure in 2is a sequence of six
distinct points (A,A4,A3,B;B,B;) such that A;A,A; constitutes a
nondegenerate triangle with B; € (4;,43),B, € (A41,A3), and Bz €
(A1,4A;). The points A4, A,, A3, By, By, B3 are called vertices of this 6-
figure. Such a configuration is said to be a Menelaus 6-figure if B, B,, and
B3 are collinear [16].

Definition 4. In a projective plane, a set K of k points is called a (k,n)-arc if
no line intersects K in more than n points, and at least one line meets it in
precisely n points, with n > 2 [19].

Definition 5. A line | in a projective plane is defined as an u-secant of a (k,n)-
arc Kif it intersects K at u« points. Let t; represent the total number of i-secants
to K. The notations g; or g;(Q) denote the count of i-secants to the set K that
pass through a point Q, which is part of P \ K. A point Q is classified as an
index zero point if the condition ¢,,(Q) = 0 holds [20].

If there is no (k+1,n)-arc that contains a (k,n)-arc, then the (k,n)-arc is
considered complete [20].

Definition 6. Let K be a (k,n) —arc in a projective plane. A point not
contained in K but lying on an i-secant of K —that is, a line intersecting K in
exactly i distinct points—is called a point of index i [20].

THE PROJECTIVE PLANE OF ORDER 5

The study considers PG(2,5), which is built over GF(5) using the
irreducible polynomial f(x) = x3 + 2x? + x — 1. The elements of GF(5)
with thirty one points and thirty one lines are 0, 1, 2, 3, and 4. In the projective
plane order five, every line consists of six points, and each point is associated
with six lines that pass through it [21].



The projective plane of order five has a point set N defined as N =
{N;|]i=1,2, ..., 31} where

N, = (0,0,1), N, = (1,1,1), N; = (1,2,2), N, = (1,4,2), N5 = (1,4,3),

N = (1,3,4), N, = (1,0,3), Ng = (1,3,1), Ny = (1,2,4), N;, = (1,0,4),
Ny = (1,0,1), Ny, = (1,2,1), Ny3 = (1,2,3), Nyu = (1,3,0), Ny5 = (0,1,3),
Nig = (1,1,3), N7 = (1,3,3), Nig = (1,3,2), Nyg = (1,4,0), Npo = (0,1,4),
N21 = (1,1,0), N22 = (0’1’1)1 N23 = (1:1:2)' N24- = (1,4‘,4‘), N25 = (1r0r2)1
N26 = (1,4,1), N27 = (1,2,0), NZS = (0:1:2)' N29 = (111:4')' N30 = (1r0r0)1
and N3, = (0,1,0).

Table 1 presents the incidence relation between the points and the lines in the
projective plane PG(2,5). In this table, each row corresponds to a specific line,
denoted as D;, where i ranges from 1 to 31. For each line D;, the table lists
the points on that line.

Table 1. The points and lines based on incidence relation

Dl NZ N3 N17 N22 N24- N30
D2 N3 N4- N18 N23 NZS N31
Dy Ny N Nio Noy Nae Ny
Dy N Ne Nag Nas N2z N,
DS N6 N7 N21 N26 N28 N3
D6 N7 N8 N22 N27 N29 N4
D7 N8 N9 N23 N28 N30 N5
D8 N9 NlO N24 N29 N31 N6
D9 NlO Nll NZS N30 Nl N7
DlO Nll N12 N26 N31 NZ N8
D11 N12 N13 N27 Nl N3 N9
D12 N13 N14 N28 N2 N4- N10
D13 N14 N15 N29 N3 NS N11
D14- N15 N16 N30 N4- N6 N12
D15 N16 N17 N31 N5 N7 N13
D16 N17 N18 Nl N6 N8 N14-
D17 N18 N19 NZ N7 N9 N15
D18 N19 NZO N3 N8 NlO N16
D19 NZO N21 N4- N9 Nll N17
DZO NZl NZZ NS N10 N12 N18
D21 NZZ N23 N6 Nll N13 N19
D22 N23 N24 N7 N12 N14— NZO
D23 N24 N25 N8 N13 N15 N21
D24- N25 N26 N9 N14— N16 N22
D25 N26 N27 N10 N15 N17 N23




D26 N27 N28 N11 N16 N18 N24
D27 N28 N29 N12 N17 N19 N25
D28 N29 N30 N13 N18 NZO N26
D29 N30 N31 N14- N19 N21 N27
D30 N31 Nl N15 NZO N22 N28
D31 Nl NZ N16 N21 N23 N29

INVESTIGATION OF COMPLETE (10,3)-ARCS BASED ON
THE MENELAUS CONFIGURATION IN PG(2,5)

This section presents an algorithm used to construct complete (11,3)-arcs
by including the Menelaus configuration and utilizing secant distributions in
PG(2,5).

Two different methods are applied to obtain a total of eighteen different
complete (11,3)-arcs:
Method 1. — contructs twelve different complete (11,3)-arcs
Method 2. — contructs six different complete (11,3)-arcs

Each method follows a structured approach, ensuring systematic

identification and completion of arcs.

Methodology: Constructing (11,3)-Arcs in PG(2,5)

This section presents an algorithm designed to construct (11,3)-arcs,
incorporating the Menelaus configuration and utilizing secant distributions in
PG(2,5). The algorithm follows a structured approach, ensuring systematic
identification and extension of arcs.

Step 1: Initialization and Projective Plane Definition

e Identify the points and lines of PG(2,5) using the irreducible
polynomial
f(x) =x3+2x% + x — 1 over GF(5).
e Applying this polynomial, determine 31 points and 31 lines in the
projective plane (see Table 1).
e Store the identified points and lines in dataset A.

Step 2: Definition of the Menelaus Configuration
e Consider a Menelaus configuration M in PG(2,5), consisting of six
points: M = {A;, Az, A3, By, B2, B3 }.
e M forms an incomplete (6,3)-arc in PG(2,5).

Step 3: Determination of Remaining Points

11



Step 4:

Identify 13 points that do not lie on the lines of M.
Classify these 13 points into three categories based on their secant line
properties to Menalaus configuration M in PG(2,5):

Category 1: Six points have

o One 0-secant line

o Four 1-secant lines

o One 2-secant line
Category 2: Four points have

o Six 1-secant lines
Category 3: Three points have

o Two 0-secant lines

o Two 1-secant lines

o Two 2-secant lines

Construction of the Triangle

Category 3 points define a triangle in PG(2,5):
C, = A{B; N A,B,,
C, = A;B; N A3Bs,
C3 = AyB, N A3Bs.
where 0,(C;) = 2,04(C;) = 2,00(C;) =2,j =1,2,3.

Each edge of this triangle intersects the Menelaus configuration at two
points.

The triangle C, C,C5 such that the points C;, C,, C5 of this triangle are
with 2 -index out of M.

Step 5: First Method - Constructing complete (11,3)-Arcs using
o,(Dy) =1,k=1.2,...6

The points Dy, lie in pairs on the sides of the triangle C;C,Cs.

Step 5.1. Constructing the (8,3)-Arc

Select one point from the points D, which are on each of two sides
of a triangle C, C,C5 belonging to Category 1 and add it to M, then
an incomplete (8,3)-arc is obtained as M; = M U {D;, D;}, where
i,j€{1,2,..,6} andi#j.

While Category 2 initially contains four points with o, (E;)=6,
t=1,2,3,4, the application of the algorithm leaves only three of them,
which can subsequently be added to the arc M;.

Step 5.2. Constructing the (11,3)-Arc

12



e A complete (11,3)-arc is obtained by adding the three remaining
points E; in Category 2 to the incomplete (8,3)-arc M, determined in
Step 5.1as M, = M, U {E;, E}, Ex}, where i,j,k € {1,2,3,4} and i #
j #k.

Step 6: Second Method - Constructing complete (11,3)-Arcs using
0.(E))=6,1t=1,2,...4
Step 6.1: Constructing the (10,3)-Arc

o After Step 2 is applied, four distinct points E; in Category 2 remain.
none of which lie on the sides of the triangle C;C,Cs.If the points
E;, t = 1,2,3,4 are added to the (6,3)-arc M, an incomplete (10,3)-arc
is obtained as M; = M U {E;,E,, E5, E,}.
Step 6.2: Constructing the (11,3)-Arc

o If the algorithm is applied to the incomplete (10,3)-arc M;, there are
six remaining points Dy, defined as o, (D)) =1, k=1,2,...6 that can be
added to the incomplete (10,3)-arc. By selecting one point of these six
points Dy, k = 1,2, ...6 and adding it to M,, a complete (11,3)-arc is
obtained.

Algorithm Implementation

We present the following algorithm, implemented in C#, designed to identify
complete (k,3)-arcs within PG(2,5):

A <« Read(Excel File)
B < Read(Text File)
C<A
while s(C)>0
B; < input(b),{b|b € C,b & B,i =s(B) + 1}
=1
while j < s(B)
for k=(j+1) to s(B)
m « the index of row on Bj, By
D <« Apn; {AmnlAmn # Bj, Amn # Bp,n=1,...,10 }
Remove a from A; {a|a € A,a € D}
Cec;{clceAceC}
end for
j=i+l
end while
end while

13



Theorem 2. Menelaus configuration determines an incomplete (6,3)-arc in
PG(2,5).

Proof. Let M= {A;,A,, A5, B;,B,, B3} be any Menelaus configuration in
PG(2,5). M contains six lines and six points. From Theorem 1, since no four
points in the Menelaus configuration are collinear, the set of these points
forms a (6,3)-arc. From Definition 5, this (6,3)-arc is hot complete.

Now, if the given algorithm is applied to the points of the incomplete
(6,3)-arc determined by Menelaus configuration to find (k,3)-arcs, then there
are thirtheen remaining points.

Theorem 3. There are eighteen different complete (11,3) —arcs containing a
Menelaus configuration in PG(2,5).

Proof. Let M be a Menelaus configuration. From Theorem 2, M is an
incomplete (6,3)-arc in PG(2,5). If the given algorithm is applied to M to find
(k,3)-arcs, there are thirtheen remaining points which are classified into three
categories based on their secant lines. Nine of these thirtheen remaining points
are 2-index points. Among them, three points C; have 0,(C;) = 2,j = 1,2,3,
six points D, have o,(Dy) =1,k =1,2,...,6, and four points E, have
01(E)=6, [=1,2,...4. When the Menelaus configuration and these categories
are examined, it is observed that the points C;, C,, C5 in Category 3 have two
2-secant lines and form a triangle C,C,Cs;as A;B; N A;B, = C;,A1B; N
A3B3 = Cy,A;B, N A3Bs = Cs.

And also, there are six non-vertex points located on two sides of a triangle that
do not belong to the Menelaus configuration. These remaining points Dy, k =
1,2,...,6 are positioned in pairs on the edges of the triangle as follows:
Dy,Ds 0 C;C3,D,,Dg 0 C,C3,D3,Dy 0 C1C,.

Now, the proof continues by applying the construction method introduced in
Step 5, beginning with the selection of two suitable points D, from different
sides of the triangle C; C,C5 to extend the Menelaus configuration.

i) If one point from each of two different sides of the triangle C;C,C5 is
selected (e.g., D1, D,) and added to M, and the algorithm is applied, then an
incomplete (8,3)-arc M, is obtained, where M; =M U{D;,D,}=
{A,A,, A3, By, By, B3, D1, D, }. After D; and D, are added, three more points
remain from the set E;, t =1,2,3,4 in Category 2, that can be added to
M, . Every line passing through any of these points intersects the Menelaus
configuration at exactly one point. Consequently, when any three of the points
E; are added to M, an (11,3)-arc M,=M; U {E;, E;, E5} is obtained. There is
no remaining point that can be added to M,, so M, is a complete (11,3)-arc.

14



Since two points from among the D, set can be selected in twelve different
ways, applying this method to all such combinations results in twelve distinct
complete (11,3)-arcs.

In the second part of the proof, we apply the construction method described in
Step 6, which focuses on extending the arc by first adding points from
Category 2 that do not lie on the triangle’s sides.

ii) Consider the points E;, that can be added and do not lie on the sides of the
triangle. These four points belong to Category 2. The triangle C;C,C5 is the
diagonal triangle of the complete quadrangle E; E,EsE,. First, let us add all
four of these points E; to M, then M U {E, E,, E5, E,} forms an incomplete
(10,3)-arc, denoted by M,. When the algorithm is applied to M,, six points
remain which are Dy, k = 1,2, ...,6. When any one from the set D,, is added
to My, an (11,3)-arc M,=M; U {D,.},k = 1,2, ...,6 is obtained. Since only one
secant passes through the added point, no additional point can be added to the
arc. Thus the resulting (11,3)-arc is complete.

Applying all possible selections of D, within Category 1 yields six distinct
complete (11,3)-arcs.

Therefore, from cases i) and ii), a total of eighteen distinct complete (11,3)-
arcs containing a Menelaus configuration in PG(2,5) are obtained.

Example 1.

Let us consider the Menalaus configuration determined by the point set M =
{N;, N3, Ng, Ng, N,1, N5, }. By applying the given algorithm to M, it is
observed that M forms a (6,3)-arc, but it is incomplete. In this projective
plane, the points lying on the lines spanned by (6,3)-arc are removed from the
point set of PG(2,5), and the remaining points are Ny, N4, Ng, Ny, N;1, Nq3,
Ni4, Nis, Nig, Nio, Ny3, Nyo, N3q1. Since six lines pass through each of these
points in PG(2,5), they can be classified into three categories based on their
secant line properties. Table 2 presents the 0-secant, 1-secant, and 2-secant
lines of the Menelaus configuration that pass through the points outside of M
in PG(2,5).

Table 2. The remaining points and the secant lines of the Menalaus configuration

Category | Point 0-secant 1-secant 2-secant
Type
Nl D9 D31D111D161D30 D31
; N13 D28 D11'D12'D15'D23 D21
CB» N14- D22 D12’ D16'D24-'D29 D13
£ Nis Dys Dy4,D17, D33, D39 D3
o N16 D26 D14-1 D151D18:D24 D31
N19 D27 D3:D171D18:D29 D21

15



> N, Dy, D3,Dg, D13,D14, D19

S N Ng D¢, D7,D14, D16, D18, D33

% N9 D7)D8’D111D17’D191D24

© N34 D3, Dg, Dy, D15, D29, D3

o Nyq Dg, D3¢ D19, D19 Dy3,D71
>

%, N3 Dy;,D;s D,,D; D34, D34
S Nag D37, Dag D¢, Dg D13,D34

When these categories are examined, it is observed that the points in Category
3 have two 2-secant lines and form a triangle N;;N,3N,q. The edges of this
triangle intersect the Menelaus configuration at two points.

According to Method 1, if one point from each of two different sides of the
triangle N;;N,3N,qis selected (e.g., N;,Nj3)and added to M =
{N,, N3, N5, Ng, N,1, N», }, and then the algorithm is applied, an incomplete
(8,3)-arc is obtained as M; = {N;, N, N3, N5, Ng, Ni3, N1, Nop}. At this
stage, three points N,, Ng, N3; remain from Category 2 that can be added to
M, . Every line passing through any of these points intersects the Menelaus
configuration at exactly one point. Consequently, when the points N, Ng, N34
are added to M, then an (11,3)-arc is obtained as M,=M; U {N,, Ng, N3, }.
There is no remaining point that can be added to M,, so M, is a complete
(11,3)-arc.

According to Method 2, if the points N,, Ng, No, N3, wWhich do not lie on the
sides of the triangle, and belong to Category 2, are selected and added to M,
and the algorithm is applied, an incomplete (10,3)-arc is obtained as M; =
M U {Ny4, Ng, Ny, N31} = {N, N3, N4, N5, Ng, Ng, No, Np1,Np3,N31}.  Then
six points Ny, Ny3, N14, Nis, N16, N1 remain, all belonging to Category 1. If
one of these remaining Category 1 points (e.g., N;) is added to the incomplete
(10,3)-arc M,, the complete (11,3)-arc is obtained as M,=M; U {N,} =
{N1, N2, N3, Ny, N5, N, Ng, No, Np1, Npz, N3q}.

Based on the example above, all complete (11,3)-arcs that can be constructed
from all possible configurations of the remaining points—using both Method
1 and Method 2—are listed in Table 3, resulting in a total of eighteen distinct
complete (11,3)-arcs containing the Menelaus configuration M =
{N,, N3, N5, Ng, Np1, N5 } in PG(2,5).
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Table 3. Complete (11,3)-arcs

Complete (10,3)-arcs
{Nlr NZI N3' N4-' NS' N6' N8' N‘J' N15' N21' NZZ}
{Nlr NZ' N3' N4-' NSI N6' NSI N‘)' N21' N22' N31}

Completion of (6,3)-arc
M U {N;, N4, Ng, No, Ny 5}
M U {N;, N4, Ng, No, N3, }

U {N;, Ny, Ng, Ny5, N3}

{Nlr NZ' N3' N4-' NSI N6' NSI N13' N21' N22' N31}

U {Ny, Ny, No, N14, N3, }

{NllNZrN31N4rN5'N6rN9rN14—rN21'N22' N31}

v {NerSIN9IN19rN31}

{NllNZrNSl NS'N6rN8lN9'N19rN21rN22'N31}

v {N4IN8rN9rN13rN16}

{NZlN3rN4-lNSrNG'NSrN9rN13rN16'N21' NZZ}

y {N4r NSIN9IN13IN31}

{NZrN31N4rNS'N6rN8lN9'N13'N21'N22rN31}

U {Ny, Ng, No, N14, N3 }

{NZrN31N4rNS'N6rN8lN9'N14'N21'N22rN31}

v {N4, NS* N9r N14l N19}

{NZl N3r N4,, NSr NG' N8r N9r N14-' N19r N21r NZZ}

y {N4r NSIN9IN151N31}

{NZrN31N4rNS'N6rN8lN9'N15'N21'N22rN31}

U {Ny, Ng, No, Nyg, N3 }

{NZ'NS'N4' NS' N6rN8' N9'N16' N21' NZZrNSI}

U {Ny, Ng, No, Nyo, N3, }

{NZ' N3' N4' N5r N6' N8r N9' N19r Nle NZZ' N31}

U {Ny, Ng, N14, Nig, N3}

{NZ'NS'N4' NS' N6rN8' N14—rN16' N21' sz, N31}

U {Ny, Ng, Ny5, N1o, N31 }

{NZ' N3' N4—' N5r N6' N8r N15' N19r Ner sz, N31}

U {N4, No, N13, N15, N3, }

{NZ!N3IN4-! NS'N6'N9'N13'N15'N21'N22' N31}

U {N4, No, N1, N1o, N3, }

{N21N3!N4l NS'NS' N9'N16'N19'N21'N22ﬁN31}

U {Ng, No, N13, N14, N3, }

{NZ!N3IN5!N6' N8'N9'N13'N14-' N21'N22' N31}

EEEEEEIEIEIEZIZIZEEE

U {Ng, No, N15, N16, N31 }

{NZ!N3IN5!N6' N8'N9'N15'N16'N21'N22' N31}

CONCLUSION

In this study, we have systematically constructed and analyzed
complete (11,3)-arcs in the projective plane PG(2,5), each containing a
Menelaus configuration. By implementing a structured algorithm in C#, we
identified and classified the remaining points outside the Menelaus
configuration based on their secant properties, particularly focusing on the
distribution of O0-secant, 1-secant, and 2-secant lines. Through this
classification, we introduced two distinct methods that together yielded a total
of eighteen different complete (11,3)-arcs.

The first method focused on the triangle formed by Category 3 points
with two 2-secant lines. Here in, we utilized the structured placement of index-
2 points on the sides of this triangle. By selecting one point from each of two
different sides of the triangle and then adding the three remaining point in
Category 2, twelve complete (11,3)-arcs were obtained.

The second method focused on the points out of the sides of the
triangle, resulting in six distinct complete (11,3)-arcs. By adding all remaining
points not on the triangle with index-1 and then adding one point from six
remaining point in Category 1, six complete (11,3)-arcs were obtained. As a
result, a total of eighteen different complete (11,3)-arcs containing a Menelaus
configuration are identified in PG(2,5).

This work contributes to the structural understanding of arcs derived
from classical configurations in finite projective geometry and offers a
computational approach to their classification.
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ABSTRACT

This study investigates complete (10,3)-arcs in the projective plane PG(2,5)
that contain a Menelaus configuration. By developing and implementing a
computational algorithm in C#, we construct and classify complete arcs
through a detailed analysis of the secant line distributions associated with the
Menelaus configuration. The algorithm identifies thirteen points outside the
Menelaus set, which are grouped into three distinct categories based on their
incidence with 0-secant, 1-secant, and 2-secant lines. Two different methods
are proposed to construct complete (10,3)-arcs: the first method produces
twenty-four arcs by extending the triangle formed by points with two 2-secant
lines; the second method yields eight additional arcs through a structured
selection of points on the triangle edges. As a result, a total of thirty-two
distinct complete (10,3)-arcs are obtained. This work highlights the geometric
and combinatorial structure of the Menelaus configuration in finite projective
planes and offers a practical algorithmic approach for the classification and
construction of complete arcs in PG(2,5).

Keywords — projective plane; (k,3)-arc; Menelaus configuration; secant lines; finite
geometry; PG(2,5)

INTRODUCTION

Arcs play a crucial role in projective geometry and find numerous
applications in combinatorics and allied fields. A k-arc is defined as a set K of
k points (where k > 3) that are not all located on the same line in a finite
projective plane z. A hyperoval is defined as a (p+2)-arc. The highest value
of k can be achieved only when p is even, while k >p+2 if the plane 7 has an
order of p. In the literature, ovals are a common topic, and Hirschfeld is often
cited in this context [1]. Research on arcs in projective planes is extensive,
particularly regarding complete (k,2)-arcs that create complete quadrangles,
leading to Fano planes in the projective plane, as analyzed in [2, 3]. The
identification and classification of Fano subplanes in a projective plane of
order nine, related to parts of a left nearfield of order nine, are described in

[4].

Fano configurations in 5-dimensional projective spaces over GF(2)
are discovered in [5]. In the projective planes of order nine and twenty-five,
the simplest Cartesian Group techniques for classifying (k,3)-arcs are outlined
in references [6, 7]. The research by Altintas investigates (k,2)-arcs in
PG(2,5), coordinated by elements from GF(5), using an arc-finding algorithm
developed in C# [8]. The determination of complete (k,3)—arcs related to the
Ceva configuration is presented in [9].
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Ceva’s and Menelaus’ theorems are fundamental results in geometry,
characterizing the conditions for concurrency of lines and collinearity of
points, respectively. In projective geometry, Menelaus's Theorem is a
fundamental result that provides a criterion for collinearity of three points that
lie on the sides (or their extensions) of a triangle. It extends the classical
Euclidean version into a projective setting, where it remains valid under
projective transformations. This directed ratio condition accounts for
orientation, making the theorem fundamental in projective geometry, where
incidence relations and cross-ratios are preserved under transformations.

Beyond its classical formulation, Menelaus’ Theorem plays a crucial
role in harmonic sets and perspective transformations, reinforcing its duality
with Ceva’s Theorem in projective configurations.

Its foundational role in collinearity and incidence relations makes it
an essential tool in modern projective geometry, influencing both theoretical
developments and practical applications.

In the recent Benyi-Curgus generalization of the theorems of Ceva
and Menelaus [11], both the collinearity of points and the concurrence of
straightlines specified by six points on the edges of a triangle are
characterized. Both Menelaus's and Ceva's theorems have intriguing
applications in projective and Euclidean geometries.

Theorems of Ceva and Menelaus are well-known conclusions.
However, these theorems characterize a projective property through an affine
property: concurrency in Ceva's theorem and collinearity in Menelaus'
theorem. Benitez aims to get over this, therefore. In particular, the cross ratio
a projective quantity is used in the study to characterize the concurrence of the
cevians [12]. One can express Menelaus' theorem in a projective form by using
the dual of this latter characterization. Nicolae discusses the Ceva-Menelaus
transformation of a line into four curves. This proved to be a parabola, a
hyperbola, or a bean ellipse. The triangle's three straight lines are tangent to
each of the conics. Furthermore, in the study the harmonic transform for a
ceviana has no envelope since it is a beam of straight lines flowing through a
point is discovered [13].

Menelaus and Ceva theorems in projective planes P,(F), where F is
the field of characteristic not equal to two, were given by Kelly B. Funk [14].
Menelaus and Ceva 6-figures were first introduced in Moufang projective
planes by Kaya and Cift¢i in [15]. Menelaus and Ceva’s 6-figures in fibered
geometry were examined in [16] with multiple degrees of membership of the
points and lines of the basic geometry. The study by Akea et al. provides
intuitionistic fuzzy projective versions of Menelaus and Ceva's conditions,
based on a classical projective plane. [17].

The main objective of this study is to construct and classify complete
(10,3)—arcs in the projective plane PG(2,5) which contain a Menelaus
configuration. By applying a computational algorithm developed in C#, the
study identifies the points outside the Menelaus configuration and categorizes
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them based on their secant line incidences—specifically, their interaction with
0-secant, 1-secant, and 2-secant lines. Leveraging this classification, two
different construction methods are introduced, which lead to the identification
of thirty-two distinct complete (70,3)— arcs. This approach highlights how
secant line distributions can be effectively utilized in the systematic
construction of arcs in finite projective geometry.

PRELIMINARIES
This section outlines key concepts in projective geometry, including
projective planes, finite fields, Menelaus configuration and arc properties. We
define projective planes over finite fields, the representation of points and
lines, and the properties of arcs. These definitions provide the foundation for
our study.

Definition 1. In a projective plane (N, D, o), the set N represents points and D
denotes lines (subsets of N), with the following axioms holding: every pair of
points lies on one and only one line, each pair of distinct lines meets at exactly
one point, and there are four non-collinear points, no three of which lie on a
common line.

Definition 2. The vector space V(n+1,q) is (n+1)-dimensional and consists
of vectors with coordinates from the finite field GF(q). The projective space
PG(n,q) is defined as the collection of points, each corresponding to a line that
passes through the origin in V(n+1,q). Specifically, this means that each point
in PG(n,q) can be represented as P(x), where x is any non-zero vector in
V(n+1,g). If K is the finite field GF(q), also denoted as Fg, then the n-
dimensional projective plane is referred to as PG(n,K) or PG(n,q). In this
context, g represents the order of PG(n,q). The number of points in this
projective plane can be determined using the formula

_ qti-1
f(n) = v

(x1,%5,..., x,) represents a pointin N, where x4, x5, ..., x,, are notall zero,
and  (Axq,Axg, ..., Axy) = (Xq,Xx3,..., X)), A € K\{0}. Similarly, the
notation [a4, a,,..., a, ] denotes any line in D, where a4, a,, ..., a, are not
all zero. The relationship[uay,...,ua,] = a4, ..., a,] holds for u € K\{0}.
The projective plane P,K is characterized as a point-line geometry (N, D, o)
defined by K. The incidence relation is given by o

(X1, xp) o [aq,...,ay] ea.1x; + azx, + azxs+...+ ayx, =0

Let p denote a prime number and r a positive integer. The projective plane
of order q = p"over the finite field K = GF(p"), where p" represents the
number of elements, is expressed as P,K = PG(2,p" ) [18].
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Theorem 1. Let 2 be a projective plane. A 6-figure in 2is a sequence of six
distinct points (A;A,A3,B;B,B;) such that A;A,A; constitutes a
nondegenerate triangle with B; € (4,,A43),B, € (4;,A3), and B3 €
(A1,A;). The points Ay, A,, A3, By, By, B; are called vertices of this 6-
figure. Such a configuration is said to be a Menelaus 6-figure if B, B,, and
B3 are collinear [16].

Definition 4. In a projective plane, a set K of k points is called a (k,n)-arc if
no line intersects K in more than n points, and at least one line meets it in
precisely n points, with n > 2 [19].

Definition 5. A line | in a projective plane is defined as an u-secant of a (k,n)-
arc Kif it intersects K at x« points. Let t; represent the total number of i-secants
to K. The notations g; or g;(Q) denote the count of i-secants to the set K that
pass through a point Q, which is part of P \ K. A point Q is classified as an
index zero point if the condition ¢,,(Q) = 0 holds [20].

If there is no (k+1,n)-arc that contains a (k,n)-arc, then the (k,n)-arc is
considered complete [20].

Definition 6. Let K be a (k,n) —arc in a projective plane. A point not
contained in K but lying on an i-secant of K —that is, a line intersecting K in
exactly i distinct points—is called a point of index i [20].

THE PROJECTIVE PLANE OF ORDER 5

The study considers PG(2,5), which is built over GF(5) using the
irreducible polynomial f(x) = x3 + 2x2 + x — 1. The elements of GF(5)
with thirty one points and thirty one lines are 0, 1, 2, 3, and 4. In the projective
plane order five, every line consists of six points, and each point is associated
with six lines that pass through it [21].

The projective plane of order five has a point set N defined as N =
{N;|]i=1,2, ..., 31} where

N, =(0,0,1), N, = (1,1,1), N; = (1,2,2), N, = (1,4,2), N5 = (1,4,3),

N¢ = (1,3,4), N, = (1,0,3), Ng = (1,3,1), Ny = (1,2,4), N;o = (1,0,4),
N11 = (1,0,1), N12 = (11211)1 N13 = (1r213)1 N14— = (11310)1 N15 = (0;1;3);
N16 = (1,1,3), N17 = (1r3r3)1 N18 = (1r312)f N19 = (1,4’,0), NZO = (0!1!4)1
N21 = (1'1'0)' NZZ = (0,1,1), N23 = (1:1:2)r N24- = (1,4,4’), NZS = (1:0:2)1
N26 = (1'4'1)' N27 = (1,2,0), N28 = (0:1:2)r N29 = (11114)r N30 = (1:0:0)1
and N3; = (0,1,0).

Table 1 presents the incidence relation between the points and the lines in the
projective plane PG(2,5). In this table, each row corresponds to a specific line,
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denoted as D;, where i ranges from 1 to 31. For each line D;, the table lists
the points on that line.

Table 1. The points and lines based on incidence relation

Dl NZ N3 N17 NZZ N24 N30
DZ N3 N4 N18 N23 NZS N31
Dy Ny Ns Nio Noy Nae Ny
D4- N5 N6 NZO NZS N27 NZ
D5 N6 N7 N21 N26 N28 N3
D6 N7 N8 N22 N27 N29 N4-
D7 N8 N9 N23 N28 N30 N5
Dg No Nig Noy Nag N3 Ne
Dqg Nig Ny Nos N3 Ny N7
D10 N11 N12 N26 N31 NZ N8
D11 N12 N13 N27 Nl N3 N9
Dy, Nis Nig Nog N, Ny Nig
D3 N4 Nis N2o N3 Ns Ny
D14 N15 N16 N3O N4- N6 NlZ
D15 N16 N17 N31 NS N7 N13
D16 N17 N18 Nl N6 N8 N14-
D17 N18 N19 NZ N7 N9 N15
D18 N19 NZO N3 NS NlO N16
D19 NZO N21 N4- N9 Nll N17
DZO N21 N22 NS NlO N12 N18
D21 N22 N23 N6 N11 N13 N19
D22 N23 N24- N7 N12 N14- NZO
D23 N24- N25 N8 N13 N15 N21
D24- NZS N26 N9 N14 N16 NZZ
DZS N26 N27 NlO N15 N17 N23
D26 N27 N28 N11 N16 N18 N24
D27 N28 N29 N12 N17 N19 N25
D28 N29 N30 N13 N18 NZO N26
D29 N30 N31 N14- N19 N21 N27
DSO N31 Nl N15 NZO NZZ N28
D31 Nl NZ N16 N21 N23 N29

INVESTIGATION OF COMPLETE (10,3)-ARCS BASED ON
THE MENELAUS CONFIGURATION IN PG(2,5)
This section presents an algorithm used to construct complete (10,3)-arcs
by including the Menelaus configuration and utilizing secant distributions in

26



PG(2,5).
Two different methods are applied to obtain a total of thirty-two different
complete (10,3)-arcs:
Method 1. — contructs twenty-four different complete (10,3)-arcs
Method 2. — contructs eight different complete (10,3)-arcs
Each method follows a structured approach, ensuring systematic
identification and completion of arcs.

Methodology: Constructing (10,3)-Arcs in PG(2,5)

This section presents an algorithm designed to construct (10,3)-arcs,
incorporating the Menelaus configuration and utilizing secant distributions in
PG(2,5). The algorithm follows a structured approach, ensuring systematic
identification and extension of arcs.

Step 1: Initialization and Projective Plane Definition

o Identify the points and lines of PG(2,5) using the irreducible
polynomial
f(x) = x3 + 2x% + x — 1 over GF(5).
e Applying this polynomial, determine 31 points and 31 lines in the
projective plane (see Table 1).
o Store the identified points and lines in dataset A.

Step 2: Definition of the Menelaus Configuration

e Consider a Menelaus configuration M in PG(2,5), consisting of six
points: M = {A;, Az, A3, By, B2, B3 }.
e M forms an incomplete (6,3)-arc in PG(2,5).

Step 3: Determination of Remaining Points

o Identify 13 points that do not lie on the lines of M.
Classify these 13 points into three categories based on their secant line
properties to Menalaus configuration M in PG(2,5):

1. Category 1: Six points have
o One 0-secant line
o Four 1-secant lines
o One 2-secant line

2. Category 2: Four points have
o Six 1-secant lines

3. Category 3: Three points have
o Two 0-secant lines
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o Two 1-secant lines
o Two 2-secant lines

Step 4: Construction of the Triangle

Category 3 points define a triangle in PG(2,5):
C, = AyB; N A,B,,
C, = A;B; N A3Bs,
C3 = A,B, N A3Bs.
where 0,(C;) = 2,01(C;) = 2,00(C;) = 2,j = 1,2,3.

Each edge of this triangle intersects the Menelaus configuration at two
points.

The triangle C, C,C5 such that the points Cy, C,, C3 of this triangle are
with 2 -index out of M.

Step 5: First Method - Constructing complete (10,3)-Arcs using
0,(C;) =2,j=1,2.3

Step 5.1: Constructing the (7,3)-Arc

Select one of the Category 3 points and add it to the (6,3)-arc, then an
incomplete (7,3)-arc is obtained as M U {C;},j = 1,2,3.
The remaining six points consist of:

o Two in Category 1

o Four in Category 2

Step 5.2: Constructing the (8,3)-Arc

Identify two of Category 1 points Dy, k = 1,2, ... 6 on a triangle edge
not adjacent to C; where 0,(Dy) = 1,0,(Dy) = 4,00(Dx) =1k =
1,2,..6.

Select one and add it to the (7,3)-arc, then an incomplete (8,3)-arc is
obtained.

The remaining four points consist of Category 2.

Step 5.3: Constructing the (9,3)-Arc

The remaining four Category 2 points ( E;, E,, E3,E,) form a
quadrangle where g, (E;) = 6,1 = 1,2,3, 4.
The diagonal points of this quadrangle define the triangle C;C,C5.
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o Select two points on the quadrangle edge that does not pass through
C; and add them to the (8,3)-arc, then a complete (10,3)-arc is
obtained.

Step 6: Second Method — Constructing complete (10,3)-Arcs using
Uz(Dk)zl, k=1,2,...6

o Each edge of the triangle C, C,C5 contains two Category 1 points.

o Since these edges are 2-secant lines, selecting one point per edge and
adding it to the (6,3)-arc results in an incomplete (9,3)-arc.

e The one remaining point is in Category 2. And if this one remaining
Category 2 point of index one is added to the (9,3)-arc, then a
complete (10,3)-arc is obtained.

Algorithm Implementation

We present the following algorithm, implemented in C#, designed to identify
complete (k,3)-arcs within PG(2,5):

A « Read(Excel File)
B « Read(Text File)
C<A
while s(C)>0
B; « input(b),{b|b € C,b & B,i =s(B) + 1}
=1
while j < s(B)
for k=(j+1) to s(B)
m « the index of row on Bj, By
D < Apn; {AmnlAmn # Bj, Amn # B,n =1,...,10 }
Remove a from A; {a|a € A,a € D}
Cec;{clceAceCC}
end for
j=i+l
end while
end while

Theorem 2. Menelaus configuration determines an incomplete (6,3)-arc in
PG(2,5).

Proof. Let M= {A,,A,, A3, B;,B,, B3} be any Menelaus configuration in
PG(2,5). M contains six lines and six points. From Theorem 1, since no four
points in the Menelaus configuration are collinear, the set of these points
forms a (6,3)-arc. From Definition 5, This (6,3)-arc is not complete.
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Now, if the given algorithm is applied to the points of the incomplete
(6,3)-arc determined by Menelaus configuration to find (k,3)-arcs, then there
are thirtheen remaining points.

Theorem 3. There are thirty-two different complete (10,3) —arcs containing a
Menalaus configuration in PG(2,5).

Proof. Let M be a Menelaus configuration. From Theorem 2, M is an
incomplete (6,3)-arc in PG(2,5). If the given algorithm is applied to M to find
(k,3)-arcs, there are thirtheen remaining points which are classified into three
categories based on their secant lines. Nine of these thirtheen remaining points
are 2-index points. Among them, three points C; have aZ(Cj) =2,j=1,2,3,
and six points D, have o,(Dy) =1,k =1,2,..,6. When the Menelaus
configuration and these categories are examined, it is observed that the points
C;, Cy, C5 in Category 3 have two 2-secant lines and form a triangle C;C,C5 as
A;B; N AyB, = Cy,A1B; N A3B3 = Cp, A,B, N A3B3 = (3.

And also, the remaining points Dy, k = 1, 2, ...,6 are located two by two on
the edges of this triangle such that D;, Dg o C;C3, D, Dg © C;C3,D3, Dy © C1C,.

i) If one of these points is selected as C; and added to M, and this algorithm
is applied, then an incomplete (7,3)-arc M, is obtained as M U {C,} =
{A,A,, A, By, B, Bs, C1}. After C; is added, two points remain to be added
to (7,3)-arc from the remaining points Dy, k = 1,2, ...,6. Suppose that two
remaining points D,, D are located on the edge C,Cs not on the point C; of
the triangle C,C,C5. If one of these points is added to M;, and the algorithm
is applied, then an incomplete (8,3)-arc M, is obtained as M U {C;,D,} =
{A4,A,, A3, By, By, B3, C1, D, }. When the algorithm is applied M,, then four
remaining points E;, E,, E5, E, in Category 2 to can be added M, remain. Any
three of them E;, E,, E5, E, are not collinear, and each of them has six 1-secant
lines. So, these points form a quadrangle E, E,E5E,, and the diagonal points
of this quadrangle E; E,E3E, are Cq,C,, C5. If two points on the edge of the
quadrangle E, E,E3E, that does not pass through C; are added to M,, then a
(10,3)-arc is obtained as M;=M, U {E;, E,}. Since there isn’t any remaining
point that can be added to M3, M5 is a complete (10,3)-arc.

Since there are three different choices for C;, two different choices for Dy, and
four different choices for Ej, applying all possible selections within this
method results in twenty-four different complete (10,3)-arcs.

ii) Consider again the triangle C;C,C5. Since these edge lines of the triangle
C;C,C5 are 2-secant lines, if one of the two points D, on each edge is selected
and added to the incomplete (6,3)-arc formed by the Menelaus configuration,
an incomplete (9,3)-arc is obtained such as M U {D,, D,, D,}. If the algorithm
is applied, one point belonging to Category 2 remains. If this point is added to
the incomplete (9,3)-arc, a complete (10,3)-arc is obtained. Applying all
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possible selections of the points D,within Category 1, eight different
complete (10,3)-arcs are obtained.

So from i) and ii), there are thirty-two different complete (10,3)-arcs including
Menelaus configuration in PG(2,5).

Let M be Menalaus configuration {N,, N3, N5, Ng, N»1, N5, }. By applying this
algorithm to M it is seen that M = {N,, N5, Ns, Ng, N,1, N, } is (6,3)-arc but
an incomplete arc. In this projective plane, the points on the lines spanned by
(6,3)-arc are deleted in PG(2,5), then N;,N,, Ng, No, Nii,Ni3, Nia,
Nys, Nig, N1g, N23, Nyg, N3 points are remained. Since six lines pass through
each of these points in PG(2,5), these points can be classified into three
categories based on their secant line properties. In Table 2, 0-secant, 1—secant
and 2-—secant lines of the Menalaus configuration passing through the
remaining points out of (6, 3)—arc are given in PG(2,5).

Table 2. The remaining points and the secant lines of the Menalaus configuration

Category Point 0-secant 1-secant 2-secant
Type
Ny Dy D3, D11,D16, D3 D34
‘;' Ni3 Dyg D11,Dq3, D15, Doz Dyq
g Ni4 Dy, D13, D16, D24, D29 D3
£ Nis D5 D14,D17, D33, D3q D3
o Nig D¢ D14, D15,D18, D3y D34
Nio Dyy D3,D;7,D1g, Dy Dyq
> N, D;,D3,Dg,D13,D14, D19
S N Ng D¢, D7, D19, D16, D1g, D33
% N9 D7'D8!D11'D17!D19'D24—
o N31 Dz»De'Dlo’D15'D29’D30
o Nyq Dg, D3¢ D19, D19 Dy3,D7,
>
083 N3 Dy3,D;s D,,D; D31, D34
8 Nyg Dy7,D,g Dg, Dg D3, D34

When these categories are examined, it is observed that the points in Category
3 have two 2-secant lines and form a triangle N;;N,3N,q. The edges of this
triangle intersect the Menelaus configuration at two points.
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Example 1.

Let M be Menalaus configuration {N,, N5, Ns, Ng, N,4, N, }. By applying this
algorithm to M it is seen that M = {N,, N3, N5, Ng, N,1, N, } is (6,3)-arc but
incomplete arc. In this projective plane, the points on the lines spanned by
(6,3)-arc are deleted in PG(2,5), then N,,N,, Ng, Ng,N;i,Ni3, Nja,
Nye, Nig, Nig, N,3, Nog, N34 points are remained. Since six lines pass through
each of these points in PG(2,5), these points can be classified into three
categories based on their secant line properties. In Table 2, 0-secant, 1—secant
and 2-secant lines of the Menalaus configuration passing through the
remaining points out of (6, 3)—arc are given in PG(2,5).

Table 2. The remaining points and the secant lines of the Menalaus configuration

Category | Point 0-secant 1-secant 2-secant
Type
Ny Dy D3, D14, D16, D3 D3y
;' Ni3 Dyg D11,D13,Dq5,Dp3 Dy
’g Niy Dy, D13, D16,D34, D39 Dy3
£ Nis Dys D14,D17, D33, D3 Dy3
© Nig Dye D14, Dy5,D18,Dyy Dz,
Nig Dy D3,D;7,Dy8, Dy Dy
E, N4- D2lD3'D6!D12'D14—!D19
%N Ng D¢, D7,D14, D16, D18, D3
% Ny D7, Dg, D11, D17, D19, D2y
© N3 D3, Dg, D19, D15, D29, D3
o Ny Dy, Dy Dy9, D19 Dy3,Dz1
>
% N33 D33, D35 Dy, D7 D31, D34
8 N9 D37,D3g Dg, Dg Dy3,D34

When these categories are examined, it is observed that the points in Category
3 have two 2-secant lines and form a triangle N;;N,3N,o. The edges of this
triangle intersect the Menelaus configuration at two points.

According to Method 1, if the point N;; is selected and added to the
incomplete (6,3)-arc M = {N,, N3, N5, N¢, N»4, N,,} formed by the Menelaus
configuration, and then the algorithm is applied, an incomplete (7,3)-arc is
obtained as M; = {N,, N3, N5, Ng, N;1, No1, N, }. Accordingly, six different
points Ny, N4, Ng, No, N;6, and N34 remain, with two belonging to Category 1
and four to Category 2. These two remaining points, N; and N;¢, lie on the
edge opposite N;q,and the line they span is a 2-secant of the Menelaus
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configuration. If the point N; is added to the incomplete (7,3)-arc My, an
incomplete (8,3) arc is obtained as M, =
{N;,N,, N3, N, Ng, N11, N»1, N5, },and after applying the algorithm, four
points Ny, Ng, N, and N3; remain, none of which are collinear, and these
points correspond to the vertices of a quadrilateral such that its edges intersect
the Menelaus configuration at one point. Also, the triangle N;;N,3N,q forms
the diagonal triangle of this quadrilateral N,NgNgN3,. There are six 1-secant
lines passing through these four points N, Ng, Ng, N34. |If two points N,, Ng
on the edge of the quadrangle N,NgNyN5 that does not pass through N;, are
added to M,, then a (10,3)-arc is obtained as M;=M, U {N,, Ng} =
{N;,N,, N3, Ny, Ng, Ng, Ng, Ny1, N,1, N, }. After the algorithm is applied, Mis
a complete (10,3)-arc as no further point can be added to it.

The process continues according to Method 2 to obtain a (10,3)-arc. Consider
again the triangle Ny, N,3N,q. If the points Ny, N;4, and N;q are selected, one
from each edge of this triangle, and added to M, an incomplete (9,3)-arc is
obtained as M; =M U {N;,Ny4,N;9} =
{N1, N3, N3, N5, Ng, N14, N1o, Noq, Ny, 3. Then, after the algorithm is applied,
one point, Ng, remains and can be added to M, belonging to Category 2. By
adding Ny, a complete (10,3)-arc is obtained as M, = M; U { Ny} =
{Nll NZ) N3' N5' N6' N9 ’ N14-) N19) N21' NZZ}-

All complete (10,3)-arcs obtained based on all possible configurations of the
remaining points using Method 1 and Method 2 are presented in Table 3,
resulting in thirty-two distinct complete (10,3)-arcs.

Table 3. Complete (10,3)-arcs

Completion of (6,3)-arc

Complete (10,3)-arcs

M U {N;, N4, Ng, N4}

{Nl'NZ' N3'N4—' NS'NG'NB'N11!N21IN22}'

M U {N;, N4, Ny4, N3y}

{NliNZJ N3'N4' NS'NG'Nll'NZI'N221N31}

M U {N;, Ny, Ny3,Nys}

{NIJNZ'NB'N4-'N5'N6'N13'N15'N21'N22}

M U {N;, Ng, Ng, N11}

{N4-1JNZ'N3'NS'N6'N8'N9'N11'N211N22}

M U {N;, Ng, N;5, Ny}

{Nl'NZ' N3'N5'N6'N8'N15!N19!N211N22}

M U {N;,Ng, Ny, N3y}

{N1, N2, N3, N5, Ng, No, N11, No1, Noo, N3g }

M U {Ny, Ng, N14, N1o}

{N1'N21N3'N5'N6'N9'N14-' N19'N21'N22}

M U {Ny;, Ny3, N4, N3q}

{NliNZI N3' NSIN6'N13'N14'N21'N221N31}

M U {Ny, Ng,Ny;, Ny}

{Nz;N3, N4-' NSIN6'N8'N11'N16'N211N22}

M U {Ny4, Ng, Ny4,Np3}

{NZ,N3,N4,N5,N6,N8,N14, N211N22'N23}

M U {Ng4, Ng, Ny5,Np3}

{NZJN3lN4'N5'N6'N81N151N211N22'N23}

M U {Ng4, Ng, N13, Noo}

{NZJN3IN4'N5'N6'N9IN131N211N22'N29}

M U {Ng4, No, N14, Np3}

{N2)N3' N4-' N5'N6'N9' N14-'N21'N221N23}

M U {Ng4, No, N;5, Np3}

{N2)N3' N4-' N5'N6'N9' N15'N21'N221N23}

M U {Ny, Ng, N1g, Noo}

{NZI N3' N4-' N5'N6'N9' N19'N21'N221N29}
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U {Ny4, N11,Nig, N1}

{NZJN3'N4'NS'N6'N111N161N21'N22'N31}

U {N4, Ny3,Npg, N34 }

{NZI N3) N4-) NS! N6! N13, NZlI NZZ! N29! N31}

U {Ny, N14, N1g, N1o}

{NZI N3) N4-) NS! N6! N14-I N16I N19! N21! NZZ}

U {N4, N1, N2g, N31}

{N3, N3, Ny, N5, Ng, Nyg, Npy, Npp, Npg, N3 }

U {Ng, No, Ny1, N1}

{Nz, N3, N5, Ng, Ng, No, Ny5, Ny, Ny, Nop}

U {Ng, No, Ny3, Noo}

{NZJN3'NS'N6'N8'N9'N131N21'N22'N29}

U {Ng, Ng, N1, N9}

{N,, N3, N5, Ng, Ng, Ng, N1g, No1, Npp, Npg}

U {Ng, N13, N14, N16}

{NZINS' NS' N6lN81N13!N14!N16IN211N22}

U {Ng, Ny3,Npg, N3, }

{NZI N3) N5) N6! N8! N13, NZlI NZZ! N29! N31}

U {Ng, N14, Np3, N3, }

{NZJ N3, N5, N6!N8!N14'N21'N22!N231N31}

U {Ng, Ni5, Np3, N3, }

{NZJ N3, N5, N6!N8!N15'N21'N22!N231N31}

U {Ng, N19, N2g, N34}

{N2, N3, N5, Ng, Ng, N19, Np1, Nz, Nao, N31}

U {Ng, N11, N16, N31}

{NZ' N3' NS' N6'N9' Nlllest21'N221N31}

U {Nog, N13, N15, N16}

{NZ,N3,N5,N6,Ng,N13,N15,N16,N21,N22}

U {Ng, N14, N3, N3, }

{NZI N3) NS) N6f N9f N14»' N21' N22f N231 N31}

SHEHHEHEHERNNEEEE

U {Ng, Ny5, No3, N3 }

{N2, N3, N5, N, No, Ny5, N1, Nap, Naz, N3y}

M U {N;5, Nig, N1g, N3q}

{N2, N3, N5, Ng, Ny5, Ny, Nio, Nog, Noz, N3}

CONCLUSION

In this study, we have systematically constructed and analyzed
complete (10,3)-arcs in the projective plane PG(2,5), each containing a
Menelaus configuration. By implementing a structured algorithm in C#, we
identified and classified the remaining points outside the Menelaus
configuration based on their secant properties, particularly focusing on the
distribution of 0-secant, 1-secant, and 2-secant lines. Through this
classification, we introduced two distinct methods that together yielded a total
of thirty-two different complete (10,3)-arcs.

The first method focused on the triangle formed by Category 3 points
with two 2-secant lines, resulting in twenty-four distinct complete (10,3)-arcs.
The second method utilized the structured placement of index-2 points on the
edges of this triangle. By selecting one such point per edge and then adding
the remaining point in Category 2, eight complete (10,3)-arcs were obtained.
As a result, a total of thirty-two different complete (10,3)-arcs containing a
Menelaus configuration are identified in PG(2,5).

This work contributes to the structural understanding of arcs derived
from classical configurations in finite projective geometry and offers a
computational approach to their classification.
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ABSTRACT

Catechins have an important role in supporting our health as a natural type of
flavonoid. These compounds, which are especially abundant in sources such
as green tea, have a wide range of positive health effects and are therefore of
interest to researchers. Research has shown that catechins exhibit a variety of
biological activities and may be a potential solution to difficult-to-treat
diseases. Catechins are known to support many biological activities such as
antiallergic,  antiangiogenesis, antimicrobial, antifungal, antiviral,
antimtagenic, antiobesity, antidiabetes, antioxidant, antiprotective, and
anticancer. Furthermore, research shows that catechins provide positive
effects on COPD, cholesterol, and cardiovascular health. Catechins remain
important as a potential health resource that has been studied and is still being
studied. Studies to better understand the health effects of these valuable
compounds and expand their uses may offer important information that may
provide more health benefits in the future.

Key words: Catechin, Biological activity, Flavonoid

INTRODUCTION
What are catechins and in which foods are they found?

Today, old natural treatments are as important as clinical treatment. However,
the benefits of herbal products are also a matter of curiosity and research by
experts about the healing properties of the chemical groups in these products.
Catechins are also one of the components that experts focus on the benefit of
and are the subject of great scrutiny.

Catechins are flavanols in the group of polyphenols. Catechins are found in
tea, wine, chocolate, fruit and soft drinks. Due to the 2,3 double bonds
contained in these flavonoids, catechins are studied in 8 different
stereoisomerides (1)

The most important of these are catechin and epicatechin. (+) The catechin
carries a betahydroxyl (OH) group in the C ring, while the (-) epicatechin
carries an alpha OH group in the C ring. Catechins are found in the structure
of many foods, and we obtain these flavanols from food. The table below gives
some foods and the amount of catechins they contain. (2)
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Table 1. Presence of catechins in foods (Musial et al.2020) (3)

Food

Catechin Content

Apple

17 mg/kg K+ 129 mg/kg EK

Chocolate (black)

610 mg/kg K+ EK

Chocolate (milk)

159 mg/kg K+ EK

Cocoa

78 mg/L K+ 132 mg/L EK

Grape 1892 mg/kg K+ 988 mg/kg EC+353 mg/kg ECG
Kiwi 4.5 mg/kg K+ EK

Strawberry 10-70 mg/kg K+ 1 mg/kg EK

Tea (black) 20 mg/L K+ 37 mg/L EK+ 73 mg/L ECG+42

mg/L EGK+ 128 mg/L EGKG

Tea (green)

21 mg/L K+ 98 mg/L EK+ 90 mg/L ECG+411

mg/L EGK+ 444 mg/L EGKG
Wine (red) 27-96 mg/L
Beer 0.1-5 mg/L

The richest food source in terms of catechins is tea. Catechins are the main
bioactive components in tea leaves. (25-35% of dry weight) A cup of green
tea contains up to 200 mg of catechins. Tea, which has a very high catechin
ratio (especially green tea, this rate is much higher), has become an important
food for alternative medicine and modern medicine due to this feature. (2)

Tea

Figure 1. Green Tea(Wikipedia.org)
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History of Tea

Tea (Camelliasins) is a green leafy plant belonging to the Theaceae family. It
grows in humid climates. About 5000 years ago, he was discovered by the
Chinese Emperor ShenNung (Legendary Red Emperor) by falling into boiling
water by chance, and his taste, color and smell were liked. Since then, tea has
spread all over the world. It is produced in about 30 countries. In our country,
tea started to be produced in 1888. (2)

The Medicinal Importance of Tea

Black and green teas, which are similar beverages in terms of content, show
their antioxidant effects with the different substances they contain. Green tea
contains a large amount of polyphenols from the flavonoid group. In addition,
the presence of catechins from the polyphenol group and
epigallocatechingallate (EGCG) from catechins is also high. In addition,
epigallocatechin (EGC), epicatechiningallate (ECG), epicatechin (EC),
catechin (C), gallocatechin (GC) and gallocatechingallate (GCG) are also
available in different amounts. The most important catechins of black tea are
theaflavins (TF) and thearubigins (TB), which also give black tea its color and
astringent aroma. The ratios of the ingredients found in black and green tea
are presented in the table below (1)

Table 2. Proportions Of Components Found in A Cup Of Black And Green Tea (4)

COMPONENT | GREEN BLACK
TEA (Q|TEA (1
CUP) CUP)
CATECHINS | 60-125 MG | 30-60 MG
THEAFLAVINS | - 3-6 MG
CAFFEINE 20-50 MG | 30-60MG
L-THEANINE | 20-40 MG | 20-40 MG
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Table 3. Ratios Of Catechin Isomers in Tea Mg/G (4)

COMPONENT GREEN | BLACK | OOLONG
TEA |TEA |TEA

EPICCATECHIN 6,6 4 1.75

EPICATECIN 534 [119 |[358

GALLAT

EPIGALLOCATECHIN | 365 |1 7

EPIGALLOCATECHIN | 181 |1 9

GALLLATE

GALLOCATECHIN 0.2 - -

GALLATE

GALLO CATECHIN |2 0,4 -

GALLIC ACID 0,7 2,7 05

Studies have shown that tea has protective effects against arthritis, antiviral
and anti-inflammatory diseases, especially various types of cancer such as
coronary heart diseases (CHD), stroke, cardiovascular diseases (CVD),
hypertension (HT), esophagus, stomach, colorectal, lung and prostate, and
regulating bone density for all age groups. It is stated that both green and black
tea are an antioxidant drink due to the polyphenolic compounds they contain
and provide their protective effect from chronic diseases in this way. The
antioxidant capacity of flavonoids may enhance endothelial function by
reducing oxidative stress. Increased endothelial function affects vasomotor
tone, platelet activity, leukocyte adhesion and vascular smooth muscle cells.
Studies on humans show that the flavonoids in black tea increase coronary
circulation and reduce low-density lipoprotein (LDL) cholesterol by 11.1%.
Catechins appear to increase free radical activity in DNA mutations at an early
stage of cancer pathogenesis. According to the results of in vitro animal
studies, antioxidants were found to be responsible for the anti-inflammatory
response. It is stated that the catechins in green tea and the polyphenols in
black tea prevent the formation of cancer, have an anti-inflammatory effect
and inhibit tumor formation. (1)

1.5. Structure and characteristics of the catechin

Catechin was identified in 1803 by a scientist named Davy, and keteschin
species, which were first detected in tea, are used in many areas. The crystal

42



structure of the catechin is in the form of fine needles and its melting point is
212-214 C. Catechin dissolves easily in alcohol and acetone. It is in the form
of a catechin C15H1406 formula, which is a type of flavanol, natural phenol
and antioxidant.it consists of 8 different isomers in the family of catechins
(flavan-3-ol). These are the following compounds. (5)

(+) catechin (K), (-) epicatechin (EK), (+) gallocatechin (GK), (-)
epigallocatechin (EGK), (+) catechiningallate (KG), (-) epicatechiningallate
(ECG), (+) gallocatechingallate (GKG), (-) epigallocatechingallate (EGKG)
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Table 4.Types of catechins, chemical formulas

Compound Name Chemiucal Structure
(+) catechin (K) @OH
HO O oH
OH
OH
(-) epicatechin (EK) @OH
HO (0] o OH
“'OH
OH
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(+) gallocatechin (GK) OH
OH
HO O W\
- OH
OH
OH
(-) epigallocatechin OH
OH
HO O W\
B OH
OH
OH
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(+) catechiningallate (KG)

(-) epicatechiningallate (ECG)

o o
T T

HO O
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(+) gallocatechingalate (GKG)

(-) epigallocatechingallate
(EGKG)
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Due to the various qualities of catechins that are beneficial to one's health, it
is recommended that food items, especially those containing catechins, be
included in one's diet on a daily basis. It is believed that the catechin group
has the most significant effect due to its chemopreventive, anti-inflammatory
and antioxidant properties.

Catechins act as powerful antioxidants by neutralizing reactive oxygen
species, limiting the formation of free radicals, and inhibiting lipid
peroxidation. These functions are pivotal for their role in plant protection.
Studies highlight that the antioxidant properties of green tea catechins, along
with their notable ability to reduce the prevalence of modern civilization-
related illnesses, are significantly influenced by the structural elements in their
molecules, particularly the hydroxyl group count. Furthermore, research
indicates that consuming green tea might contribute to a lower risk of
developing various cancers, such as those affecting the esophagus, lungs,
prostate, stomach, breasts, pancreas, intestines, and bladder (3).

Many studies have been conducted and continue to be conducted to
demonstrate the beneficial effects of catechins on health. These;
Anticarcinogen, Antitumorigenic, Antimutagenic, Chemopreventative,
Antiproliferative, Anti-inflammatory, Antioxidant, Antidiabetic, Antiallergic,
Antihypertensive,  Antiplatelet,  Antiobesity, = Hypocholesterolemic,
Neuroprotective effects. (1)

With these studies, catechins have the ability to create the above indications
from a medical point of view. After the catechin is absorbed, it reaches the
target tissues and shows anticancer activity. It fights against cancer cells by
providing the opposite effect at all stages of cancer formation (proliferation,
transformation, inflammation, apoptosis, metastasis and occupation stages). It
shrinks the tumor. Green tea has potential benefits in the prevention of
metabolic syndrome thanks to the catechins in it. It lowers cholesterol. Adjusts
blood pressure and blood sugar. Studies have shown that green tea or
nutritional supplements containing catechins (EGCG) are beneficial in weight
management, blood sugar control and reducing the risk of cardiovascular
diseases. It achieves this by increasing fat burning in the body. Increased fat
burning reduces adipose tissue. Thanks to the reduced adipose tissue, the risk
of obesity, type 2 diabetes, cardiovascular diseases and metabolic syndrome
is also reduced. Green tea strengthens blood vessels thanks to the flavonoids
in it. Prevents high blood pressure. Catechins also provide relaxation and
calming in the person with their sedative effects. Again, today it is
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recommended to be used to increase immunity and fight colds. In slimming
diets, the fat-burning effect of catechin has been proven. Thanks to its blood
sugar control, it also provides appetite control. Green tea catetechins have
been found to increase leptin levels in the body. Leptin is a protein released
from the hypothalamus that is involved in regulating body weight, initiating
both food intake and energy expenditure. Increasing the level of leptin in the
body is a mechanism that reduces appetite. (2)

BIOLOGICAL ACTIVITIES
Antallergic activity

Catechin has been found to have a role in improving the symptoms of allergic
disorders such as bronchial asthma and anaphylaxis in both human and animal
studies. (6,7)

In studies revealing the anti-allergic properties of catechin and its
pharmacological potential in this direction, it has been confirmed that
antimicrobial, antiallergic and corticosteroid drugs that stabilize mast cells
help stabilize mast cells. (8,9)

Concentration equal to or greater than 5 mM was able to stop the process of
degranulate extrosis and reduced the number of mast cells degranulate.

While catechin was previously seen only as a source of antiallergic drugs to
stabilize mast cells, it has been proven in the latest study that it inhibits
exocytosis alone and shows antiallergic benefits by stabilizing mast cells. (6,7)

Based on all studies, while low concentrations of saciccatechin alone did not
stabilize mast cells, they strengthened the mast cell stabilizing properties of
antiallergic drugs and caffeine in synergy. At high concentrations, it showed
an antiallergic effect by stabilizing mast cells alone. (8,9)

Antiangiogenesis activity

Angiogenesis plays an important role in the growth of tumors and lesions.
Inhibition of angiogenesis is important to stop them. Catechins (EGCG)
provide antiangiogenesis by acting on different cell mechanisms. Some of
these mechanisms are as follows:

Mechanisms such as effect on the use of miRNAs, suppression of cell
proliferation, induction of apoptosis, inhibition of the expression of
angiogenic factors, suppression of phosphorylation of receptors, suppression
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of VEGF receptor provide antiangiogenesis. Catechin, whose effect on such
mechanisms has been discovered, comes to the fore in terms of
antiangiogenesis properties. (10)

Anti-inflammatory activity

Inflammation is a kind of defense mechanism that protects organs from
external factors and prevents infection. (11)

However, if the inflammatory response becomes chronic with
overstimulation, it causes disease progression and adverse health effects. For
this, it is important to control inflammation.(12)

Catechins have an anti-inflammatory effect and prevent inflammation during
diseases.

It has been observed that inflammation during Alzheimer's disease and
inflammation is suppressed by the passage of catechins decomposing in the
small intestine into the brain tissue through the blood-brain barrier.(13)

Catechin repairs mitochondrial damage in the brain. Again, by stimulating
different pathways in the brain, the catechin repaired the cognitive dysfunction
and the inflammation that caused it. Catechins relieve inflammation during
metabolic syndrome by reducing their inflammatory cytokines. (14)

Catechins can also play a role in relieving inflammation in the liver and
respiratory tract. Catechin, which reduces the pressure on the liver with its
effect on cholesterol, relaxes the respiratory tract by reducing pulmonary
inflammation, and catechins establish the intestinal microbial balance by
regulating the components of metabolites in the intestine. (15)

Catechins, which are not absorbed from the intestine and remain here, play an
important role in relieving inflammation in the GIS. (16)

Antimicrobial activity
The antimicrobial properties of catechins have long been studied.

As a result of these studies, it has been revealed that catechins fight organisms
directly or indirectly. The anti-inflammatory effects of catechins also support
these antimicrobial effects. Studies on E. Coli bacteria have shown that
catechin has a significant effect on bacteria. (17,18)
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Catechins have the ability to bind to the cell membrane of bacteria. This can
have both a beneficial and sometimes harmful effect. (19,20,21)

Catechins are a flavonoid that can interfere with the activation of enzymes in
the cell. Again, catechins can show a positive synergistic feature with some
antibiotics in terms of their antibacterial properties. For this, it has been
determined that their use together is beneficial. For example, it acts together
with imipenem against MRSA. (21)

Antifungal activity

In studies with catechins, catechins have an effect on fungi such as
Aspergillus, M. Canis, T. Mentagrophytes, T. Rubrum. Again, together with
funcanazole, it has been revealed that they can work synergistically by
inducing apoptosis on yeast fungi that are resistant to funcanazole. (22,23)

Antiviral activity

Many studies have been conducted on the antiviral properties of catechins.
Especially with studies with EGCG, the antiviral effect of catechins against
DNA and RNA viruses has been observed. (24)

Table 5. Antiviral studies related to catechins

VIRUS | EFFECT VIRUS | EFFECT

CiLV Inhibition of viral RNA | HCV Inhibition of viral entry
replication (25) into the target cell (34)

CILV Inhibition of viral entry | HIV Reduction and
into target cells (26) suppression of Nf-kB

expression (35)
CVB3 Inhibition of viral RNA | HIV Inhibition of viral

replication (27) replication (36)

EBV It inhibits EBV by down- | HIV Suppressing viral
regulating RNA synthesis infection ability,
(28) inhibiting viral( 37)

HBV Inhibition of HBsAg and | HIV Inhibition of  viral
HBeAg secretion) (29) transcription (Calland et

al.2012)(38)
HBV Reducing HBV | HSV Activating viral (39)

replication against HBV-
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induced deficient
autophagy (30)
HBV Inhibiting core promoter | ZIKA | Inhibition of viral entry
transcription (31) into the target cell (40)
HBV Inhibition of RNA, DNA, | HIN1 | Disruption  of  viral
and cccDNA synthesis membrane integrity,
(32) prevention (41)
HCV To interfere with and | HIN1 | Inhibition of erythrocyte
prevent virus adsorption agglutination (42)
(33)

When experimenting with natural compounds with antiviral properties to be
used as an adjunct to drugs used to bind and inhibit the SARS-COV-2 virus
that causes the Covid 19 pandemic, the result seen is that Catechin binds and
inhibits the virus more than other compounds. Thus, it has been recommended
that those who are infected with this virus consume foods containing catechins
excessively.

Effect on cholesterol

As a result of animal experiments on catechins, it has been determined that
catechins reduce triglyceride and total cholesterol levels. Again, as a result of
these experiments, it has been shown that it affects lipid metabolism by
increasing energy use. (42,43)

Despite all these effects, the mechanism of action of catechin on cholesterol
has not been resolved. As a result of a double-blind controlled study conducted
for this purpose, it was observed that the cholesterol level of the group using
catechins improved compared to the group not using catechins. Thus, one can
talk about the good effect of catechin on cholesterol. (43)

Effect on copd

In studies on COPD, it has been observed that catechin increases the survival
rate of human bronchial epithelial cells that are tried to be killed by cigarette
smoke by looking at ROS formation. Again, in an extended study, it was
observed that it inhibits inflammation in lung cells. (44)

Researchers thought that catechin has antioxidative and anti-inflammatory
effects, and it was observed that Catechin reduced oxidative stress and
inhibited the bad effects of the elements in the cells to which they gave various
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foreign substances. Thus, they saw it as a potential treatment method against
all respiratory diseases, especially COPD. (45)

Antimutagenic activity

Researchers who have been studying the mutation of cells for years have
studied tea catechins to study the effects of catechins on mutagenicity.During
these studies, it was primarily observed that Catechin blocks N-nitrosations
very efficiently. That is, it revealed a rapid formation of bonds between nitrites
and catechins. In another study, it was stated that catechin directly suppresses
the mutation in activated fomes of Trp-P-2 and Glu-P-1 and reduces DNA
single-strand breaks.Again, in the light of all these studies, it was seen that
catechins had an effect on wing point test and DNA repairs, and as a result,
reduced genotoxicity in such systems.

In order to benefit from the antimutagenic benefit of catechins, it is
recommended to take them regularly and in sufficient concentration. (46, 47)

Cardiovascular Activity

Catechins have special effects on the cardiovascular system. In the
development of muscle strength, myofilament reduces Ca+2 sensitivity. It
inhibits the myosin-actin interaction, causing muscle relaxation. (48)
Catechins have the ability to regulate rhythmic actions in cardiac contraction
by influencing the Ca+2 process in cardiomyocytes.

Catechins regulate the cycle of heart contraction by regulating SERCAZ2a,
which is responsible for contraction in the heart. Considering all these effects,
catechins are an effective form on cardiovascular system health. (49)

Antiobesity Activity

Obesity is seen by experts as the biggest and rapidly spreading disease of our
time. One of the reasons for this is seen as triggering most diseases. The fact
that catechins are a potential treatment method in terms of antiobesity has
brought many experiments. In these studies, the effect of catechin on lipids
and the inhibitions brought about by the apoptosis feature have been shown to
have an antiobesity effect of catechin. (17)

Again, catechin is good for ROS and oxidative stress, which are considered as
factors that increase obesity, and has a good effect on the development of
obesityln experiments, catechin consumption reduced body mass index,
thinned waist and hip circumference, and decreased body and abdominal fat
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in obese people. However, it has been concluded that it can help exercises in
the weight loss process as it facilitates energy expenditure. (50)

Antidiabetes Activity

Diabetes is one of the most common diseases in the world. In addition,
although diabetes is a disease, it is also a trigger of other diseases. Diabetes is
not caused by a single mechanism, but by a network of mechanisms consisting
of many signaling molecules. (51)

Catechins, on the other hand, can inhibit DM in a good way by affecting these
multiple mechanisms. Catechins; improves insulin resistance, reduces
oxidative stress, regulates mitochondrial function, reduces ER stress, has anti-
inflammatory effects, reduces blood sugar sources, modulates intestinal
functions. More studies are still needed for catechins, which are argued to be
indirectly good for diabetes with these effects. (52)

Antioxidant Activity

In vitro and in vivo studies have shown that catechin is a good antioxidant
compound. (53) In studies conducted by Spizziri er al. in 2009, it showed the
highest cytochiometry in reducing the rate of ABTS % during the
administration of catechins. They also showed %ABTS cleaning activity.
Again, at the oxidation rate called DHR123, it was seen that catechins defeated
compounds with high oxidation. (54)

In cell modeling, catechins showed good protection against hemolysis caused
by AAPH. Epicatechingallate has been discovered to be the most effective
antioxidant against fluorescent bleaching caused by NaOCI. (55)

Oxidative stress is an imbalance of ROS and antioxidant systems. In the
studies conducted by Lima et al. in 2009, it was determined that Catechin
inhibits the ROS system and reduces oxidative stress on this functional
disorder, which is the beginning of many diseases. (56)

In the light of all these studies, it would be the right choice to accept catechin
as a high-functioning antioxidant compound and use it in this direction. Still,
many studies are needed to grasp the true antioxidant potential of catechin.
(57)
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Neuroprotective Activity

Neurodegeneration is the loss of structure and function in neurons, including
the death of neurons. Many diseases, especially Alzheimer's and Parkinson's,
occur due to neurodegeneration. (58)

Factors affecting neurodegeneration; environmental factors, mitochondrial
dysfunction, age and family history, ROS, synaptic injuries, metal uptake,
protein disorders. (59)

In recent years, experts have taken action for neurodegeneration, which is the
beginning of the most common disorders due to the increasing elderly
population, and have focused on the treatment of neurodegenerative diseases.
(60)

In studies with catechins, it has been observed that catechin is beneficial
against neurodegenerative diseases as a potential neuroprotective. (61)
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Table 6. Neuroprotective studies of catechin

Experimental Disease Result
Model
Laboratory Alzheimer's Inhibition of tau aggregation and oxidation (George et
al.2013) (62)

Laboratory Huntington's | Inhibitory effect on htt aggregation (63)
disease

Mouse Parkinson's It improves rotational behavior, mobility, and memory. (64)
disease

Mouse Alzheimer's It reduces oxidative stress and shows cholinergic

improvement. improvement in synaptic and mitochondrial
functions. (65)
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Mouse Multiple Reduces the onset and clinical severity of the disease.
sclerosis Reduces inflammatory leaks. (66)

Drosophila Huntington's | can modulate symptoms. (67)
disease

Human being Multiple Improves muscle metabolism, prevents NOX and
sclerosis overactivation, reduces plasma NAA levels. (68)

Human being Down Improves visual recognition memory. (69)
syndrome

Human being Alzheimer's The low prevalence of cognitive impairment is associated

with a decrease in oxidative stress and reduces lipid
peroxidation. (70)
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Anticancer Activity

Cancers (malignant tumors, malignant tumors) are usually continuous and
fast-growing tumors. They do not have capsules, they know no boundaries
when growing, they penetrate into the surrounding tissues and vessels
(invasion, infiltrative growth). They often metastasize. Untreated or delayed
cancers are fatal.

In modern medicine, it is predicted that in order for a formation to be called
""cancer", it must contain 5 qualities; (71,72)

Unlimited proliferation ability in cells. Insensitivity to factors that inhibit its
growth. Immortality of its cells (absence of apoptosis). Ability to stimulate the
formation of new vessels (angiogenesis). Factors such as its ability to enter
tissues (invasion) and form new colonies (metastasis) are the characteristics
of catechin. Experts have discussed catechin as a potential treatment method
that has turned out to be an obstacle to these qualities. As a result of the
experiments, striking results were obtained. The anticancer effect of catechin
has been shown by many studies to act in more than one type of cancer.

When catechins are taken in the lungs and orally, they prevent the formation
of cancer in the prostate. Abnormal DNA methylation and tumor formation
are a factor in the onset and progression of cancer. The antitumor effect of
catechin reveals its anticancer effect. (36)

As a result of in vivo studies, catechins have been found to suppress colon
cancer cells by inhibiting VEGF, and this is due to the angiogenic effect of
catechins. (73)

It would not be wrong to talk about a similar situation in studies conducted in
human pancreas and breast cells. In suppressing cancer in human colorectal
cells, it has been observed that catechins suppress EGFR and
PDGFR.Catechin is one of the natural components that received a passing
grade in terms of preventing tumor migration, which is one of the most
common effects in ensuring the spread of cancer. This is considered to be one
of the anticancer effects of catechin. (74) One of the anticancer effects of
catechin is considered to be inducing apoptosis.Apoptosis; Catechin acts
separately on 5 different forms: caspase-dependent, caspase-independent,
mediated by lysosomal membrane permeability, autophagy and adjuvant.
Various studies have shown that catechin helps in the inhibition of the Bcl-2
protein family in a caspase-dependent manner and induces apoptosis by down-
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regulation in nasopharyngeal casino, prostate carcinoma, breast carcinoma,
hepatoma cell carcinoma, bladder and ovarian carcinoma cells. Catechins
cause apoptosis in laryngeal epidermoid carcinoma cells independently of
caspase. (75) Autophagy refers to cell death through the breakdown of cellular
components. Although there are results that catechin supports autophage,
further studies are needed. (76)

The use of catechins as adjuvants may increase anticancer activity. In order to
break the multi-drug resistance in tumors, catechins work in harmony with
drugs. It has been observed that catechins benefit the patient when given
together with the drug in multidrug-resistant breast carcinoma and kidney
carcinoma cells. (77) Catechins have an anticancer effect by modulating
signaling molecules. Catechins, which clean ROS, indirectly inhibit cancer
formation with their antioxidant properties. Catechins, which have a
strengthening effect on extracellular signals (such as chemotherapy) called
nuclear factor-B and MAPK, have an indirect anticancer effect. As a result of
all these ongoing studies, catechins stand out as a potential anticancer
treatment component directly or indirectly, depending on the concentration.
(78)

Table 7. Anticancer activity studies with catechins

Working Model Biological Effect

Leukemia T cells Cell cycle and growth arresting effect. (79)
Human colon | It provides inhibition of nitric oxide inside the
carcinoma cells cell. (80)

Mouse macrophages | Inhibition of cell proliferation and apoptosis
effect. (80)

Human leukemia Raji | Induction of apoptosis. (81)
B cells

Human breast cancer | Inhibition of cell growth and cell proliferation.
cells (82)
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Human lymphoma | Formation of apoptosis, ROS formation. (83)
cells

Human colon cancer | It is a potent inhibitor of DNA polymerase
cells activity. (84)
RESULT

Studies on catechin have been associated with a variety of direct and indirect
activities. However, although they have a high potential for some activities,
more experimental studies are needed before full activation can be proven.
The great advantage of the catechin is that it is a natural ingredient, in addition
to embodying many different activities. Therefore, catechin, which can exert
beneficial biological effects on the body when taken in the right doses, should
be taken with catechin-rich foods. The potential of catechins and their natural
origin offer an important option for health. However, more research is needed
before its full effects can be understood. The results of these studies will help
us better understand the effects of catechins on health and ensure optimal
benefit.
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ABSTRACT

In the current work, we investigate an epidemic model that
incorporates both saturated treatment and logistic population growth. We
derive sufficient conditions under which bifurcations may occur within the
system. Furthermore, to validate the analytical findings, we present several
numerical simulations that illustrate the dynamical behavior of the model
under varying parameter regimes.

Keywords — Epidemic model, Stability, Bifurcation, Logistic growth, Saturated
Treatment.

INTRODUCTION

The mathematical modeling of infectious diseases has become an
indispensable tool for understanding the transmission dynamics of epidemics
and for designing effective control strategies. Among the classical
compartmental models, the Susceptible—Infectious—Recovered—Susceptible
(SIRS) framework is particularly relevant for diseases that do not confer
permanent immunity, allowing individuals to return to the susceptible class
after a period of recovery. Such models are especially applicable to recurrent
infectious diseases such as influenza, pertussis, and COVID-19.

Several recent studies have extended the classical SIRS framework to
account for factors such as partial immunity, co-infection dynamics, and
waning immunity, especially in the context of diseases like COVID-19 and
influenza (ElI Khalifi & Britton, 2022; Zafarnejad, Griffin, & Ventresca,
2022; Bhowmick, Sokolov, & Lentz, 2022; Nesteruk, 2024; Imran,
McKinney, & Butt, 2025).

In real-world scenarios, epidemic dynamics are often influenced by a
combination of demographic and treatment-related factors. Logistic
population growth accounts for the limited environmental carrying capacity
and provides a more realistic representation of population dynamics
compared to models with constant population size. Additionally, the
assumption of unlimited treatment resources is rarely practical, especially in
the context of large-scale outbreaks. To address this, saturated treatment
functions have been introduced to capture the diminishing effectiveness of
treatment as the number of infected individuals increases, reflecting the
constraints of healthcare infrastructure.
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In this study, we investigate the stability and dynamic behavior of an
SIRS epidemic model incorporating logistic growth and a saturated
treatment response. We conduct a comprehensive analysis of the equilibrium
points and determine the conditions under which the disease-free and
endemic equilibria are locally asymptotically stable. Furthermore, we
explore the possibility of Hopf bifurcation arising from changes in model
parameters, which may lead to the emergence of sustained oscillations in the
number of infected individuals. Understanding these bifurcations is crucial
for predicting periodic outbreaks and for informing timely public health
interventions.

By integrating logistic growth and treatment saturation into the
classical SIRS model, this work aims to provide deeper insights into the
complex interplay between population dynamics, resource limitations, and
disease transmission. The analytical findings are complemented by
numerical simulations to illustrate the rich dynamical behaviors exhibited by
the model under various parameter regimes.

To gain a deeper understanding of the system’s dynamics, we
construct a deterministic compartmental model governed by a system of
nonlinear ordinary differential equations. The total population is partitioned
into three distinct epidemiological classes: susceptible individuals S(t),
infected individuals I(t), and recovered individuals R(t). The model
incorporates logistic population growth to reflect natural birth and death
processes under limited environmental capacity, and a saturated treatment
response to account for limitations in medical resources during outbreaks.
The treatment saturation is modeled through a nonlinear function that
captures the diminishing per capita treatment rate as the number of infections
increases.

The proposed model extends the classical SIRS framework by
integrating these realistic features and aims to capture the complex interplay
between population dynamics, disease transmission, recovery, and
healthcare limitations. In the next section, we present the mathematical
formulation of the model, provide a detailed description of all parameters
and state variables, and establish the fundamental properties of the model.
These foundational results set the stage for the subsequent analysis of
equilibrium points, local stability, and the conditions leading to Hopf
bifurcation.
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Mathematical Model
In this section, we develop an SIRS epidemic model that accounts for

logistic population growth and includes a saturated treatment response. The
total population at time t, represented by N(t) = S(t) + I(t) + R(t), is
categorized into three distinct compartments: susceptible individuals S(t),
infected individuals I(t), and recovered individuals R(t). The evolution of
these compartments over time is described as follows:

di—(tt) =aS(t) <1 — %) — B SI(t) + 6 R(t), D
PO _ g 510~ o+ i) - @
dt 1+€l(t)
dR(t) rI(t)
It :yl(t)_(p+6)R(t)+TI(t)' 3

where each term is given the following table.

Table 1: Definition of parameters

Parameters Definition

intrinsic growth rate of the susceptible population

environmental carrying capacity

transmission rate of the infection

the immunity loss rate transitioning recovered individuals back to the
susceptible compartment.

natural death rate

natural recovery rate of infected individuals,

maximum treatment rate

saturation parameter of the treatment function

M IRND &5 ™K

Equilibria and Local Dynamics
In this section, we conduct a local stability analysis of the model

system (1)—(3). A critical threshold parameter, the basic reproduction
number Ry, plays a central role in determining the stability of the system’s
equilibrium points. This value reflects the average transmission potential of
an infected individual within a population where all individuals are
susceptible. We derive the expression for the basic reproduction number R,
corresponding to the model equations (1)—(3) as follows.

KB
p+y+r
The model (1)-(3) has following equilibria:

o the disease-free equilibrium E° = (K, 0,0,) ,

o the endemic equilibrium E* = (§*,I*, R*). Here

C)

0=

72



s :% (p ty+ 1+:'I*),

. I r
R :p+5(y+1+61*)
and I™ is the positive root of the following equation,
f(D=A313+A,1> + A, 1+4,=0

where
a

K
Ao = K_ﬁz(p ty+ r)z (1 B p+yﬁ+r)'

A =p (1+L+L)+M(p+y+r)—%(2p+2y+r),

p+8  p+6S KpB2
KB
parper(i-K2)
pty

a
K B?

A, = 2p6+pp%(2)/+7')+
A; = (p + pP+V5) €2,
It is evident that the coefficient A5 is always positive. Additionally, we
observe that Ay >0 when Ry, <1, and 4, <0 when Ry;>1. The
discriminant D of the cubic polynomial f is expressed as
D=A%A%—-4A,A3—4A3A;+18A) A, A, A; — 27 A3 A%. 5)
This discriminant characterizes the nature of the roots of the polynomial: if
D < 0, the polynomial has one real root and a pair of complex conjugate
roots; if D = 0, it has three real roots, at least two of which coincide; and if
D > 0, all three roots are real and distinct. Let x; and x, denote the critical
points of f, defined as the solutions of its first derivative. These points are
given by:
—24,+ /4A§—12A1A2
645

Now, we regard the case when R, < 1. In this scenario, we have
f(0)=A,>0. If x; is a complex number or x; < 0, the function f is
monotonically increasing on the interval (0, o), implying that it possesses
no positive real roots. This observation facilitates a graphical interpretation
of the root structure, leading to the formulation of the following theorem.
Theorem 1. Assume Ry, < 1 and D is given by (5).

e If D < 0, the system (1)-(3) does not admit any endemic equilibria.

X1,2 =

o If D =0, there exists a unique endemic equilibrium provided that
x; > 0; otherwise, no endemic equilibria exist.
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e If D > 0, the system (1)-(3) has two endemic equilibria when x; >

0, and no endemic equilibria if this condition is not met.
Now, consider the case when Ry > 1, which implies that £(0) = A, < 0. In
this setting, if the critical point x, is either complex or satisfies x, > 0, the
function f is strictly increasing on the interval (—oo,0). As a result, the
polynomial has no negative real roots. Based on this behavior, we are able to
establish the following theorem.
Theorem 2. Assume R, > 1. Then the system (1)-(3) has a unique endemic
equilibrium.
Theorem 3. Assume R, = 1.

o |f A; < 0, then the system (1)-(3) has a unique endemic equilibrium.

e If Ay > 0 and A, > 0, then the system (1)-(3) has no endemic

equilibria.

The Jacobian matrix corresponding to the model (1)-(3) as follows:

2aS I s 5

a————Fp B
r
J= BI BS—p—v-— T +e? 0
r
0 Yt ATy —+ 5)J

Theorem 4. The disease free equilibrium E° of the system (1)-(3) is locally
asymptotically stable when R, < 1, and becomes unstable when R, > 1.
Proof. The Jacobian matrix corresponding to E° = (K, 0,0) of model (1)-(3)
is as follows:

—-a —-BK 1)
J°=|Bl PBK—-(p+y+r) 0 :
0 S+r —(p+9)

The eigenvalues of /° are

o 1, =—qa,

e A, =—(p+9),

e I3=(+y+nr(Ry— 1.
It is clear that 4;, 4, < 0. Note that if Ry, < 1, 43 < 0 and so the disease-
free equilibrium E° is locally asymptotically stable. Conversely, if R, > 1,
A3 > 0 and so E° is unstable.

74



Theorem 5. If Ry, > 1 then the system (1)-(3) has a unigue infected
equilibrium E* and in this instance E* locally asymptotically stable provided
the following condition is satisfied

o B, B,> B,
where
2a S* % *
e B = —a+pI"—BS"+2p+y+9,
2a S* " " r
* By = (a— K —ﬁ])(ﬁS _p_y_(1+61*)2)
2a S* * * -,
+o+8) (~a+ T+ B = BS +p+y + i) T BT
2a S* * *
« Bi=(p+8)(a =2 pr) (s —p—v - i)
2 7% o _ x__TBS
+p+ OB S —y S BI - s

Proof. The Jacobian matrix corresponding to E* = (S*,I*, R*) of the system
(1)-(3) is as follows:

2aS*
B . |
r
Jr= Bl BS —P—V—m 0
0 y+(1:7)2 —(p+0)

and the characteristic equation is 13> + B; 12 + B, 1+ B; = 0.

If By B, > Bs then by Routh-Hurwitz criterion, characteristic equation of J*
as the roots which are negative or with negative real parts. Therefore, we
finalize that E* is locally asymptotically stable for R, > 1 supplied
B, B, > Bj.

Hopf Bifurcation and Numerical Example

In this section, we concentrate on the case where R, > 1 and examine
the Hopf bifurcation occurring around the positive equilibrium E* =
(S*,I*,R").

Theorem 6. Let Ry > 1.
o |f the inequality B; B, > B3 holds, then the positive equilibrium E* of

the system (1)-(3) is conditionally stable.
e Conversely, if By B, < Bs, this leads the system (1)—(3) to experience
a Hopf bifurcation at E™.
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Next, we demonstrate the occurrence of a Hopf bifurcation for the
system (1)—(3) through a numerical example.
Example 1. Firstly, we take &« = 0.5,K =50, § = 0.001, g8 = 0.05, p =
0.2, y =0.1,r = 0.5, € = 5. In this case R, > 1 and the system (1)-(3) has
a unique endemic equilibrium. Figure 1 and Figure 2 show that E* is locally
asimptotically stable when B; B, > B5. Later, we take @ = 0.5, K = 100,
6 =0.001, =05 p=08 y=01r=08 =1, and we observe
that E* loses its stability, leading to the occurrence of a Hopf bifurcation,
where a family of periodic solutions emerges from E* when B; B, < B; (see
Figure 3 and Figure 4).
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Figure 1. When B, B, > B3, E™ is asiymptotically stable.

Figure 2. Phase portrait of E* when B; B, > B;.

It can be observed from Figures 1 and 2 that the system converges to the
endemic equilibrium E*, confirming its asymptotic stability.
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Figure 3. When B; B, < B, E* demonstrates Hopf bifurcation.

Figure 4. Phase portrait of E* when B, B, < B;.

Figures 3 and 4 clearly demonstrate the emergence of limit cycle
oscillations, confirming the occurrence of Hopf bifurcation predicted
theoretically.

RESULTS AND DISCUSSION

In this section, we present and analyze the primary analytical and
numerical findings for the proposed SIRS epidemic model incorporating
logistic growth and saturated treatment. Initially, we examined the local
stability of both the disease-free and endemic equilibria. Our results indicate
that the disease-free equilibrium is locally asymptotically stable for values of
the basic reproduction number R, < 1, whereas it becomes unstable once R,
exceeds unity. This threshold behavior is consistent with classical epidemic
theory, suggesting that the disease can be controlled and potentially
eliminated if interventions successfully reduce R, below one. Additionally,
we explored the conditions for the occurrence of Hopf bifurcation at the
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endemic equilibrium. Utilizing Hopf bifurcation theory alongside the Routh—
Hurwitz criteria, we established sufficient conditions that guarantee the
system undergoes a Hopf bifurcation, leading to oscillatory dynamics around
the endemic state. These conditions reveal that the nonlinear saturation in
treatment, combined with logistic population growth, can lead to oscillatory
behavior in disease prevalence.

To validate the theoretical results, we performed computational

experiments using MATLAB. The simulations confirm the analytical
findings: when the system parameters are such that R, < 1, the infection
dies out over time. However, for R, > 1 and under certain parameter ranges
satisfying the Hopf bifurcation criteria, the system exhibits sustained
oscillations around the endemic equilibrium. This behavior highlights the
complex dynamics that can arise from the interaction between saturation in
treatment capacity and limited population growth.
These findings underline the importance of considering treatment saturation
in epidemiological models. In real-world scenarios, medical resources are
often limited, and such saturation effects can significantly influence the
long-term behavior of disease dynamics. Our results suggest that increasing
treatment capacity or improving efficiency can prevent the onset of
oscillatory outbreaks and promote disease control.

In summary, the model exhibits rich dynamical behavior depending on
key parameters, and the occurrence of Hopf bifurcation provides important
insights into the conditions under which recurrent outbreaks may arise. This
emphasizes the necessity of carefully managing treatment resources in public
health planning.
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ABSTRACT

In this study, supercapacitors (SCs) are used as energy storage
systems that divided into 3 main sections. These are electrical double layer
capacitance (EDLC), pseudocapacitance (PC) and hybrid capacitors (HCs).
We have focused on especially on hybrid supercapacitors electrode
materials. Carboneous materials have EDLC mechanism. However, metal
oxides and conducting polymers show PC mechanism. PC mechanisms have
redox reactions in fast electron transfer. Moreover, HC has both EDLC and
PC systems. Therefore, HC materials include the combination of these
materials. In addiition, SC components are very important to obtain higher
electrochemical performances, such as electrolyte type, electrode material,
mambrane, used voltage, used methods, etc. Aqueous electrolytes mostly
supply good ionic diffusion and conductivity, which enhance the
electrochemical performance of SC device.

Keywords — Supercapacitors, EDLC, power density, graphene, pseudocapacitance

INTRODUCTION

Supercapacitors (SCs) have higher electrochemical performances than
the other energy storage systems (Li and Xie, 2012:106). There are many
various electrode materials for supercapacitors because of their better ion
transfer capability and cycle life (Jiang et al., 2020:199).
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Figure 1: Classification of supercapacitor (Nagarajarao et al., 2022:5; Ansari et al.,
2025:115564).

Nowdays, supercapacitors are used together with solar panel systems
to collect sunlight using photo-voltaic cells (Viswanathan and Sheety, 2018).
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Electric double layer capacitance (EDLC)

EDLC system shows ion movement in Helmoltz plane. However, PC
mechanism occurs with oxidation-reduction reactions on the electrode
surface (Saha et al., 2016; Liao et al., 2018:3861).

Graphene oxide (GO) is obtained from graphite using oxidizers such
as KMnO, by Hummers method. It has a single layer of materials and good
dispersion of water because of its functional groups (Sharma and Lee.,
2016:563; Chen et al., 2012:6027). Graphene is a 2D nanosheets, which
mostly used in SCs. It is a graphitic nanosheet with a few atom thicks.
Therefore, it supplies good mechanical and thermal behaviors. Moreover, it
can be used in the component of electrode materials. It is also used in
different fields, such as solar cells, chemical detectors, batteries and
supercapacitors (Sykes, 2009:175).
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Figure 2: Formation of active carbon using FJH method (Gao et al., 2025:237129).
In literature, graphene has a high surface area of ~2600 m?/g

(Ilvanosckii, 2012:571) and good specific capacitance of Cs=550 F/g (Chen
etal., 2013).

Active carbon synthesis using FJH method show that functional
groups display significant role on conductivity and wettability of
supercapacitors, which have significant to the performance of
supercapacitors (Cai et al., 2023:118368). Pore size is very critical
importance for AC materials. The micropores (<2 nm) show a larger surface
area and provide more active sites for supercapacitors. Ultra-micropore (<
0.7 nm) can mostly reduce the thickness of the EDLC. Thus, it improves the
electrochemical performance of supercapacitors. Moreover, meso-pores
(between 2 and 50 nm) supply ion movements. Moreover, large pores (>50
nm) are called macropores, which are conductive to electrolyte storage (Su
etal., 2017:73).
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Pesudocapacitace (PC)

In literature, conducting polymers are used as a most potential
electrode material component due to its good electrical conductivity, facile
synthesis, cheaper and high energy storage capability (Sun and Chen,
2009:924). Conducting polymers supply an electrical conductivity due to
their m-conjugation structures (Shulga et al., 2014). As a result, they enable
the high electrochemical performances of SCs. Although they also show
doed and undoped process in their chemical skeleton, they have low charge-
discharge stability.

Polythiophenes (PThs) are used in different area, such as batteries
(Ansari et al., 2025:115564), electrochromic devices (Srivastava, et al.,
2025:889), electrochemical sensors (Shahzad and Afzal, 2025:163) and
supercapacitors, etc. (Xiao et al., 2025:09673911241304848).

Polyaniline (PANI) is mostly used in SCs due to its facile synthesis,
eco-friendly, cheaper and recersible electrochemical redox states (Solonaru
and Grigoras, 2017:127).

Moreover, transition metal oxides supply redox reactions due to their
more oxidation states. They have limited electrochemical performances. In
addition, their charge-discharge stability is very low because of the
development of cracks in the active materials (Zhi et al., 2013).

Ruthenium oxide (RuQO>) is very expensive metal oxide compared to
other metal oxides, such as NiO, CuO, Fe;03, V20s, C0203, etc. (Xiong et
al., 2014). It shows good electrochemical performances for SCs due to
changeable oxidation states and good electrical conductivity (Cho et al.,
2015). Titanium dioxide (TiO2) is mostly used in semiconductor technology
due to good electronic properties, physical and chamical stability and low-
cost (Phan et al., 2016).

Hybrid Supercapacitors (HC)

Polypyrrole (PPy) nanowires and GO nanosheets are synthesized by
in-situ polymerization inside GO suspension solution and pyrrole monomer.
The specific capacitance of GO/PPy electrode was presented as Csp= 633 F/g
at 1 A/g.
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Figure 3: Synthesis illustration of GO/Th/PEDOT electrode (Wang, et al., 2015:370;
Ansari et al., 2025;115564).

In literature, graphene/TiO. nanocomposites were presented using
different methods (Meng et.al., 2011:165602; Zhang et al., 2011:274).
Moreover, graphene/Co304 electrode was given with a good electrochemical
performances of Cs,=392 F/g at 1 A/g (Wang et al., 2017:1750102).

100 nm =%

Figure 4: SEM images of the (a, b, ¢) CN@WC and (d, e, f) CNSP@PWC
nanocomposites (Prabu et al., 2025:236705).
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o

In literature, CoNisSs (P)@pine wood-derived carbon (PWC)
electrode (CNSP@PWC) were presented as a dood electrochemical
performances (801 C/g at 0.5 A/g) in 1 M KOH and Na;SO, electrolyte
solution. Their FE-SEM and BET analysis images were given in Figure 4
and 5. It has a good capacity protection (90% at 10 A/g for 5000 charge-
discharge cycles) (Prabu et al., 2025:236705). In addition, MnO./carbon fiber
electrores showed a good specific capacitance of Cs,=151.1 F/g (Ning et al.,
2016:754).

Synthesis methods and used parameters

There are many synthesis methods for fabrication of electrode
materials. These are chemical oxidation (Alvi et al., 2011:9406),
electrochemical deposition (Lee et al., 2012:1899), vapor phase
polymerization (Chen et al., 2013:1152), etc.

The pH is also another parameter to achieve the best efficiency. It
should be compatible with the electrode material. For example, PPy/
graphene electrodes were studied in 3 different solutin medium. The highest
specific capacitance was measured as Csp= 646.5 F/g at 10 mV/s in acidic
mesium (Cai et al., 2011:460; Haciismailoglu et al., 2024:3315; Sharma et
al., 2008:268).

In literature, organic frameworks with triazine (COFs-CTF) were
synthesized and showed a good specific capacity of 159.8 mAh/g at 1 A/g
(He et al., 2025:116291).
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Figure 7: a) CV plots of a single ZIC and two ZICs connected in series at a 100
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Inkjet printing can be used with various properties such as shape,
dimensions of materials using computer-aided layout and thickness in SCs
(Li et al., 2020:144872). It supplies good electrical conductivity and thermal
stability (Liu et al., 2016:385603). The printed graphene have many
advantages such as high electrical conductivity (26000 S/cm), electron
mobility (2x10° cm?/Vxs) (Li et al., 2014:19095).

RESULTS AND DISCUSSION

In this study, hybrid supercapacitor electrode materials were
investigated 3 main sections (EDLC, PCs and HCs). Carbaneous materials
such as graphene oxide (GO), active carbon (AC), etc. were given in more
detail. Surface area and pore size effects were presented in carbaneous
materials. PCs were given as conducting polymers such as PThs and PANI
and transition metal oxides. Some examples were also given especially for
HCs from literature. Lastly, synthesis methods and SC components were
analyzed to obtain higher electrochemical performances of SCs.
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