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ABSTRACT 
 

Magnesium oxide (MgO) nanostructures combined with graphene 

nanoplatelets (GNPs) have garnered considerable attention in academic 

circles due to their wide-ranging applications in nanotechnology. This 

research successfully synthesized MgO nanoparticles at room temperature 

using magnesium chloride, urea, and sodium hydroxide. These nanoparticles 

were subsequently utilized to fabricate polyvinyl alcohol (PVA)/MgO-GNPs 

nanocomposites. The PVA/MgO-GNPs nanocomposite was developed 

through sol-gel methods, integrating MgO nanoparticles with cost-effective, 

industrial-grade GNPs. PVA polymer-based nanocomposites (PVA/MgO 

with GNPs) were prepared with varying concentrations of MgO (8 wt. %) 

and GNPs (1.5 and 3 wt. %). The structural properties of the synthesized 

PVA/MgO with GNPs nanocomposites were analyzed using X-ray 

diffraction (XRD), scanning electron microscopy (SEM), and Fourier 

transform infrared spectroscopy (FTIR). The SEM and FTIR findings 

confirmed the expected structural formation. Furthermore, the optical 

properties of the nanocomposites were assessed using UV-vis spectroscopy, 

and the energy band gap values were calculated. The PVA/MgO 

nanocomposites demonstrated potential for use in memristor devices. 

 
Keywords – Graphene nanoplatelets, Magnesium oxide, Polymer, Optical 

properties, Nanocomposite  

 

INTRODUCTION  

 

Recently, researchers have been intensely focused on developing new 

and superior materials through the use of nanostructured materials. These 

materials demonstrate significantly enhanced mechanical, physical, and 

chemical properties. Nanostructured graphene and metal oxide materials, 

which offer a wide range of applications and whose potential uses are 

continually expanding, have captured considerable interest from the 

scientific community. As a result, this area has become a central focus of 

intensive research by materials scientists, physicists, and chemists. Metal 

oxide nanostructures, such as magnesium oxide (MgO), have drawn 

particular attention due to their crucial applications in electronic devices, 

electrocatalysis, refractory materials, and superconductors. Given their 

extensive and promising applications, metal oxide nanomaterials have been 

the subject of intensive study by researchers (Bdewi et al., 2016:326). 
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The synthesis of nano-structured materials, along with the 

examination of their properties and the identification of their potential 

applications, has been a subject of extensive research for many years. These 

materials are characterized by crystal sizes of less than 100 nm, and the 

uniform distribution of nanoparticles within the material significantly alters 

its properties. Nanocrystals that are evenly distributed within the material 

demonstrate substantial resistance to applied forces, thereby enhancing the 

mechanical properties of these materials. Additionally, they exhibit superior 

electronic properties. Notably, magnesium oxide and graphene 

nanostructures are increasingly significant in the production of polymer-

based multifunctional nanocomposites due to their exceptional electronic 

properties. These nanostructured graphene and magnesium oxide materials 

confer valuable attributes to polymer materials through their intrinsic 

structures. Consequently, it is crucial to investigate magnesium oxide and 

graphene-doped polymer materials with high electronic properties and cost-

effective production methods. Graphene, known for its remarkable tensile 

strength, electrical conductivity, mechanical flexibility, and exceptional 

chemical, structural, and thermal stability, is utilized in flexible electronic 

applications such as sensors (Sahatiya et al., 2016:25006), capacitors (Yang 

et al., 2018:419), batteries (Lu et al., 2018: 4614), memristors (Kim et al., 

2018: 7335), and solar cells (Díez-Pascual et al., 2018: 2017). Magnesium 

oxide (MgO), an abundant and cost-effective material, is extensively 

employed in electronic applications due to its excellent electronic properties, 

including a wide band gap (~7.4 eV), high dielectric constant, and thermal 

conductivity. The development of nanocomposites with enhanced properties 

through the incorporation of graphene and magnesium oxide structures into 

polymers is essential for their application in electronic devices and systems 

(Yalagala et al., 2019: 104673). 

 

In 2015, Sandeep et al. explored the straightforward growth of MgO 

micro-rods at low temperatures on multilayer graphene within a polyvinyl 

alcohol (PVA) matrix. They examined the growth mechanism of MgO 

micro-rods, the role of PVA in their development, and the observed 

morphological, structural, and phase characteristics, aiming for a more 

controlled synthesis (Marka et al., 2015:530). In 2016, Heidarizad et al. 

prepared graphene oxide/magnesium oxide (GO/MgO) nanocomposites 
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using graphene oxide structures, the oxidized form of graphene. These 

nanocomposites were characterized through scanning electron microscopy, 

transmission electron microscopy, X-ray diffraction, Fourier transform 

infrared spectroscopy, X-ray photoelectron spectroscopy, and 

thermogravimetric analysis. The results confirmed the successful decoration 

of MgO particles on GO, and they investigated the effects of various 

experimental variables on the GO/MgO structures (Heidarizad and Şengör, 

2016:607). In 2017, Susan et al. synthesized MgO/PEG/GO nanocomposite 

materials using sol-gel and solyothermal methods. The microstructure of the 

nanocomposite, synthesized with three chemical compounds possessing 

adsorption properties, was examined using XRD, SEM, and FT-IR. They 

demonstrated the presence of MgO structures on nanosized GO structures 

based on SEM images, showing its effectiveness as a composite for ion 

removal (Samadi and Abbaszadeh, 2017:271). In 2018, Seham et al. 

synthesized graphene oxide (GO) from graphite using a chemical method. 

They characterized the prepared nanocomposites using XRD, Fourier 

transform infrared spectroscopy, and X-ray photoelectron spectroscopy, 

employing a simple precipitation method for creating hybrid nanocomposites 

MgO-rGO and Fe2O3-rGO. They also assessed the thermal properties of 

these hybrid nanocomposites (Abdel-Aal et al., 2018:1). In 2018, Kimiagar 

et al. synthesized magnesium oxide (MgO)-graphene oxide (GO) 

nanocomposites via a hydrothermal method at varying temperatures, 

investigating the impact of growth temperature on structural and linear and 

nonlinear optical parameters. Given the importance of discovering new 

materials for advancing optoelectronics, MgO-GO nanocomposites have 

shown potential applications in optical technology devices (Kimiagar and 

Abrinaei, 2018:243). In 2019, Pan et al. studied the role of graphene 

materials in enhancing the development of thermally conductive 

graphene/polymer nanocomposites. They specifically obtained composite 

structures using micro-sized MgO granules of controlled geometric size 

through a precipitation method, which allows for the simultaneous 

achievement of high surface activity (Pan et al., 2019:9). 

 

This study focused on producing nanocomposite materials based on 

polyvinyl alcohol (PVA) doped with magnesium oxide (MgO) and graphene 

nanoplates (GNPs). To create innovative and high-value-added PVA-MgO-
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GNPs nanomaterials, GNPs and chemically synthesized MgO structures 

were incorporated into a PVA polymer. The structural and optical properties 

of the resulting PVA/MgO structures with GNPs were thoroughly 

investigated. 

MATERIALS AND METHOD 

 

In this study, PVA/MgO nanocomposite materials with GNPs were 

obtained using the sol-gel method. PVA-based nanocomposite materials 

were produced by adding GNPs and MgO at different ratios to a PVA 

polymer material. GNPs (purity, 99.5 %; density, 0.05 g/cm3; thickness, 5–8 

nm; and specific surface area, 150 m2/g) were obtained from Graf Nano 

Technological Materials Industry and Trade Limited Company. PVA, 

sodium hydroxide (NaOH), urea, ethanol, and magnesium chloride (MgCl2) 

were purchased from Sigma-Aldrich.  

 

Synthesis of the MgO Materials 

Firstly, a solution of 16 g Sodium Hydroxide (NaOH), 1 g Urea, 8 ml 

Ethanol and 50 ml distilled H2O was prepared in a beaker-A. Secondly, the 

solution of beaker-A was added to the solution of Magnesium Chloride 

(MgCl2) prepared in distilled water in another beaker-B. The solutions in 

beakers A and B were transferred to each other and mixed at 60 °C with a 

magnetic stirrer. The resulting mixture was aged at 60 °C for 10 hours. 

Finally, white crystalline MgO materials were obtained by filtration with 

distilled water. 

 

Preparation of the PVA-MgO Solution 

First, a PVA solution was prepared by mixing 50 mL H₂O and 2 g 

PVA with a mechanical mixer at 70 ⁰C at 800 rpm. Then, an MgO solution 

prepared by adding 8 wt% MgO in 10 mL H₂O to the prepared PVA mixture 

was added. The obtained PVA-MgO mixture was mixed using a mechanical 

mixer, and a homogenous solution was obtained. For the optical and 

structural tests, the PVA-MgO solution was dried in an oven at 60⁰C for 24 

h, and a PVA-MgO composite material was produced. 
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Fabrication of the PVA/MgO with GNPs Nanocomposites 

First, 1.5 wt% and 3 wt% of GNPs were added to the PVA-MgO 

solution obtained during the preparation of PVA/MgO with GNPs 

composites. The obtained solutions were then stirred with a magnetic stirrer 

for 24 h to obtain a new homogenous solution. Finally, PVA/MgO 

nanocomposite materials incorporating GNPs were produced by drying the 

solutions in Petri dishes at 60 °C for 24 h in an oven. The PVA/MgO 

nanocomposite materials incorporating GNPs were successfully synthesized 

with weight fractions as specified in Table 1. The resulting PVA/MgO 

nanocomposites with GNPs are shown in Fig. 1. 

 

Table 1: % wt. compositions of the produced PVA/MgO nanocomposites with GNPs 

 

Characterization Techniques 

UV-VIS spectroscopy was performed using a spectrophotometer 

(Shimadzu UV 1800). Fourier-transform infrared (FTIR) spectroscopy 

measurements were conducted using an FTIR spectrometer (Perkin Elmer 

Spectrum). The surface images of the produced PVA/MgO nanocomposite 

materials were obtained using a scanning electron microscope (SEM; Zeiss 

Evo). The crystal structures of PVA/MgO with GNPs nanocomposite 

materials were investigated using X-ray diffraction (XRD). Panalytical 

Philips X`Pert PRO brand XRD device was used in XRD Laboratory of 

Department of Physics, Kahramanmaras Sutcu Imam University. The 

operating parameters were determined using monochromatic Cu Kα 

radiation (λ=0.154056 nm) at 40 kV and 30 mA. Analysis measurements 

were taken from 20 °to 100 °at a speed of 0.02°/s.  

 

Samples  wt. % PVA wt. % MgO wt. % GNPs 

PVA-MgO        92.00 8.00 0.0 

PVA-MgO with 1.5 wt % GNPs     90.62 7.88 1.5 

PVA-MgO with 3 wt % GNPs     89.24 7.76 3.0 



11 

 
Figure 1: Fabricated PVA/MgO with GNPs nanocomposites. 

 

RESULTS AND DISCUSSION 

 

Ultraviolet–Vis Spectra 

Figure 2 illustrates the absorption spectra of the prepared PVA/MgO 

nanocomposites with GNPs in various combinations. As depicted in Figure 

2, both PVA/MgO with GNPs and nanocomposites without GNPs exhibit an 

absorption limit at low wavelengths ranging from 260 to 370 nm. This limit 

varies in PVA/MgO-GNPs nanocomposites produced without graphene and 

with different graphene additives. Notably, the spectra of the PVA-MgO 

structures display two absorption bands, observed at approximately 275 and 

320 nm. 
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Figure 2: Absorption spectra of prepared PVA/MgO with GNPs nanocomposites in 

different combinations 

 

However, when examining the PVA/MgO with GNPs nanocomposite 

structures, a hump band appears at around 325 nm. These bands in the Mg-

PVA with GNPs nanocomposite structures may suggest the presence of 

carbonyl groups in PVA (Rudko et al., 2015:33). Equation (1) (Shinde et al., 

2006:326:Water et al., 2002:998:Murali et al., 2010:350) was employed to 

determine the type of optical band gap using the basic absorption spectra of 

PVA/MgO-GNPs nanocomposite structures shown in Figure 2. 

 

                 (αh)=A(h-Eg)1/2                                                                                            (1) 

 

In this context, h represents the photon energy, while A is a constant 

that does not depend on energy.  
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Figure 3: The plots of (αh)2 against (h) for the PVA-MgO structures. 

 

Figure 3 displays the plots of (αh)² as a function of photon energy (h) 

for the PVA–MgO structures. In contrast, Figure 4 shows the plots of (αh)² 

against photon energy (h) for the PVA–MgO structures that include GNPs. 

The direct band gap values were obtained by extrapolating the linear regions 

of these plots to the point of zero absorption, where (αh)² = 0 (Uruş et al., 

2017:133). The optical bandgap values for the PVA–MgO and PVA–MgO 

with GNPs nanocomposite structures were derived from Figures 3 and 4. 

The energy gap (Eg) value for the PVA–MgO structure, as indicated in 

Figure 3, was found to be 5.70 eV. Using the same approach, the Eg values 

for the PVA/MgO-1.5% wt GNPs and the PVA/MgO with 3% wt GNPs 

nanocomposites, as shown in Figure 4, were determined to be 5.60 eV and 

5.49 eV, respectively. Analyzing these results reveals that the Eg value of 

the PVA–MgO nanocomposite material is the lowest. The addition of GNPs 

to the PVA–MgO structure resulted in a decrease in the Eg values. 
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Figure 4: The plots of (αh)2 against (h) for the PVA-MgO with GNPs structures. 
 

FTIR Spectra  

The FTIR spectra of MgO nanoparticles were captured within the 

400–4000 cm − 1 range, as illustrated in Fig. 5. A prominent peak in the MgO 

structures appears at a wavenumber of 3281 cm − 1, corresponding to the O–

H stretching vibration group. The peak at 671 cm − 1 signifies Mg–O bond 

stretching, confirming the presence of Mg–O vibrations (Bdewi et al., 

2016:326). The FTIR spectra of PVA and the synthesized PVA–MgO 

structures are presented in Fig. 6. The characteristic FTIR spectrum of PVA 

displays several bands, including O–H stretching, asymmetric and 

symmetric stretching of CH2, and stretching of OH, C–O, and C–C. As 

shown in Fig. 6, the distinctive FTIR spectral peaks of the PVA structure are 

clearly observed at 2936 cm − 1 for the asymmetric stretching of CH2 and at 

2906 cm − 1 for the symmetric stretching of CH2. Additionally, the FTIR 

bands of the PVA structure at 1083 and 1416 cm − 1 are attributed to the 

stretching of C–O and CH2 bending, respectively (Asran et al., 2010:868:Liu 

et al., 2010:203). As illustrated in Fig. 6, the peaks of the FTIR spectra of the 

prepared PVA–MgO nanocomposite materials closely align with those of the 



15 

PVA structure. However, Fig. 6 reveals a broadening of the PVA–MgO 

structure FTIR peaks when comparing PVA and PVA–MgO structures.  

 
Figure 5: FTIR spectrum of the MgO structures. 

 
Figure 6: FTIR spectrum of the PVA and prepared PVA-MgO structures. 

 

The FTIR spectra of PVA–MgO with 1.5 wt % GNPs and PVA–MgO 

with 3 wt % GNPs structures are shown in Fig. 7. As depicted in Fig. 7, the 
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PVA–MgO structures with 1.5 wt % and 3 wt % GNPs exhibit similar FTIR 

results. Consequently, when comparing PVA-MgO with 1.5 wt % GNPs and 

PVA-MgO with 3 wt % GNPs structures, produced with the addition of 

GNPs and MgO nanostructures, to PVA and PVA-MgO structures, slight 

shifts and changes in the peaks of the bond groups are observed. 

 
Figure 7: FTIR spectrum of prepared PVA-MgO with 1.5 wt % GNPs and PVA-

MgO with 3 wt % GNPs structures. 

 

Scanning Electron Microscopy (SEM) 

In this study, the microstructures of the fabricated nanocomposites 

were examined using SEM. Fig. 8 presents SEM images of the prepared 

PVA-MgO structures at magnifications of (a) 3 KX and (b) 5 KX. As 

depicted in Fig. 8, the white spherical shapes within the PVA material 

signify the presence of an MgO structure. Notably, in the image of the PVA-

MgO structure, the MgO material is uniformly distributed throughout the 

PVA. This homogeneous distribution is clearly observed due to MgO's 

unique structural characteristics and high specific surface area (Kinderlehrer 

et al., 2002:233: Warot et al., 2002:151). 
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Figure 8: SEM image with a magnification of (a) 3 KX and (b) 5 KX of the prepared 

PVA-MgO structures. 

 

SEM images of the prepared structures, (a) PVA-MgO with 1.5 wt % 

GNPs and (b) PVA-MgO with 3 wt % GNPs, are displayed in Fig. 9. As 

illustrated in Fig. 9 (a) and Fig. 9 (b), the morphological structures of the 

particles forming the microstructure of both PVA-MgO with 1.5 wt % GNPs 

and PVA-MgO with 3 wt % GNPs are identical. However, Fig. 9 (a) reveals 

that the SEM image of the PVA-MgO with 1.5 wt % GNPs nanocomposite 

material shows a significant impact on the microstructure due to the addition 
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of 1.5 wt % GNPs, resulting in changes to the particles forming the 

microstructure. Given the direct relationship between a material's 

microstructure and its properties, it is anticipated that changes in the 

microstructure will lead to alterations in the material's properties. 

Consequently, Fig. 9 demonstrates that the addition of GNPs to the prepared 

PVA-MgO materials alters the properties of the resulting PVA-MgO with 

GNPs (1.5 wt % and 3 wt %) nanocomposite material. Furthermore, as 

shown in Fig. 9 (b), increasing the GNPs ratio to 3 wt % in the 

nanocomposite material results in further observable changes. 

 

 

 
Figure 9: SEM image with a magnification of 3 KX of prepared (a) PVA-MgO with 

1.5 wt % GNPs and (b) PVA-MgO with 3 wt % GNPs structures. 
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X-ray Diffraction (XRD) 

Fig. 10 presents the XRD pattern of pure PVA powder, which is a 

semi-crystalline material. As depicted in Fig. 10, a prominent crystal 

reflection is observed at 219.27°, corresponding to the semi-crystalline phase 

of PVA. Additionally, Fig. 10 reveals that pure PVA material displays a 

characteristic peak at approximately 40°, indicative of its semi-crystalline 

nature (Abdullah et al., 2015:18: Gupta et al., 2009:186: Waly et al., 

2021:2962: Aziz et al., 2017:486). This distinctive semi-crystalline structure 

of PVA arises from intramolecular and intermolecular hydrogen bonds, 

enabling the formation of such bonds between molecules of the same or 

different monomer units (Aziz et al., 2017:486: Abdullah et al., 2016:1103). 

 
Figure 10: XRD pattern of pure PVA powder. 

 

The XRD patterns of PVA-MgO with 1.5 wt % GNPs and PVA-

MgO with 3 wt % GNPs are depicted in Fig. 11. As illustrated in Fig. 11, the 

XRD patterns for the PVA-MgO nanocomposite materials with 1.5 wt % and 

3 wt % GNPs do not distinctly display the characteristic peaks of both MgO 

nanoparticles and GNPs nanostructured materials. Nonetheless, the XRD 

pattern of the resulting PVA-MGO-GNPs structures reveals a prominent 

peak at 219.27. Additionally, several other peaks appear at different angles 
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with very low intensities adjacent to this prominent peak. The absence of 

distinct peaks characteristic of MgO and GNPs is attributed to the very low 

concentrations of MgO and GNPs structures relative to the semi-crystalline 

PVA polymer. Consequently, it is not feasible to clearly demonstrate the 

contribution of MgO and GNPs in the XRD patterns of PVA-MGO-GNPs 

structures. However, other structural properties of the produced PVA-MGO-

GNPs structures were determined using FTIR. 

 
Figure 11: XRD pattern of PVA-MgO with 1.5 wt % GNPs and PVA-MgO with 3 

wt % GNPs structures. 

 

CONCLUSIONS 

 

In this study, MgO nanoparticles were effectively synthesized using 

the sol-gel method. Subsequently, nanocomposite structures of PVA-MgO 

containing 8 wt % were produced with the synthesized MgO. These PVA-

MgO structures were then doped with 1.5 and 3 wt % GNPs, leading to the 

creation of PVA-MgO with 1.5 wt % GNPs and PVA-MgO with 3 wt % 

GNPs nanocomposite materials. The structural properties of the resulting 

PVA-MgO-GNPs structures were analyzed using PXRD and FTIR, while 

SEM was employed to examine their morphological properties. 

Additionally, the optical properties of the prepared PVA-MgO-GNPs 
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nanocomposite structures were investigated. The Eg values for the 

nanocomposites PVA-MgO, PVA/MgO with 1.5 wt % GNPs, and 

PVA/MgO containing 3 wt % GNPs were determined to be 5.70, 5.60, and 

5.49 eV, respectively. The results indicate that the Eg values decrease when 

MgO and GNPs are doped into the PVA polymer material. 
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ABSTRACT 

This work, we study (2+1) dimensional massless Dirac equation within a 

uniform magnetic field in the commutation relations of the Anti /de-Sitter 

space. Where the energy eigenvalues and the corresponding wave functions 

are obtained using the Nikiforov-Uvarov method after submission of this latter 

in the extended uncertainty principle of Heisenberg in order to show the 

curvature of the space. We find the findings have been affected by the studied 

deformation of the dS which has a hard confinement for large values of n2 (the 

principal quantum number).  
 

Keywords – Graphene, Anti /deSitter Space, Thermodynamic Properties. 

 

I. INTRODUCTION 

  Carbon in its allotropic forms such as graphite and diamond occupies a prominent 

place in various branches of science. In particular, one can imagine that graphite 

consists of the accumulation of thick layers of carbon in an atom, the so-called 

graphene. The theoretical scientific community, since experimental observations 

revealed the existence of electrical charge carriers that behave like massless Dirac 

quasi-particles [1-4]. The reason for this lies in the unusual molecular structure of 

graphene. Carbon atoms are arranged in a hexagonal lattice, similar to a honeycomb 

structure [5]. It has been observed that low-energy electronic excitations at the 

corners of the Brillouin zone of graphene can be described by (2 + 1) Dirac fermions 

with a linear scattering ratio (massless) [3, 4]. This effect offers the opportunity to 

test various aspects of relativistic phenomena, which generally require high energy, 

in experiments in condensed matter physics, such as: the chiral tunnel and the Klein 

paradox [6, 7] 

    On the other hand, among the various attempts to integrate gravity into the 

quantum world, there is one area that has generated great interest; it is the quantum 

theory of fields in curved space through generalizations of Heisenberg algebra, such 

as the extended uncertainty principle (EUP). The purpose of this extended principle 

is to account for the quantum fluctuations of the gravitational field in order to include 

gravity in the quantum mechanics domain. One of the consequences of this 

standardization is the existence of a minimal length scale of the Planck order [8]. We 

can combine this minimum length with a modification of Heisenberg's standard 

algebra by adding small corrections to the canonical commutation relations and thus 

changing their standard algebra; we quote here the work of Mignemi [8], who 

showed that Heisenberg relations in the (anti-) deSitter space are modified by adding 

corrections that are proportional to the cosmological constant. These modifications 

were also motivated by Doubly Special Relativity (DSR) [9, 10], string theory [11], 

non-commutative geometry [12] and black hole physics [13, 14]. Effects of 

Newtonian gravity in quantum systems [15] and the modification of inertia, which 
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is predicted by some alternative theories of gravity on cosmic scales, can be derived 

naturally within the framework of the EUP [16]. 

    In recent years, a large part of the research work has been devoted to the study of 

relativistic quantum mechanics with the EUP [17-19]. Some problems have also 

been solved in non-relativistic quantum mechanics; this happened despite the fact 

that we cannot derive any non-relativistic Schrödinger-like covariant equations from 

the Klein-Fock-Gordon covariant equation in the traditional field theoretical method 

of the deSitter (dS) models and anti-deSitter (AdS) [20-22]. 

In this work, we are interested in phenomenological models of quantum gravity. We 

study analytically in 2D spaces, the massless Dirac equation in the position space 

representation for deformed quantum mechanics with EUP in an interaction with an 

external uniform magnetic field for this system.    The paper is organized as follows: 

In Sec.2, we provide an analysis of the AdS /dS model while in Sec.3; we introduce 

the Nikiforov–Uvarov (NU) method used to solve the equation of our system. We 

expose in Sec.4 the explicit calculations of both eigenfunctions and eigenvalues of 

the deformed 2D graphene in a uniform magnetic field with AdS/dS algebra. To sum 

up with a conclusion in Sec.6. 

II. REVIEW OF QUANTUM MECHANICS RELATIONS 

     We may introduce some relations in the deformed quantum mechanics such the 

deformed Heisenberg algebra leading to the EUP of Ads space given [9-10] 

[𝑿𝒊 , 𝑿𝒋] = 𝟎 ; [𝑷𝒊 , 𝑷𝒋] = −𝒊ℏ𝝀𝝐𝒊𝒋𝒌 𝑳𝒌 ; [𝑿𝒊 , 𝑷𝒋] = 𝒊ℏ(𝜹𝒊𝒋 − 𝝀𝑿𝒊𝑿𝒋) (1) 

𝜆 is a small positive deformation parameter. 

𝐿𝑘 is the angular momentum variable, expressed as follows : 

𝑳𝒌 = 𝝐𝒊𝒋𝒌𝑿𝒊𝑷𝒊 (2) 

The usual algebra is written: 

                 [𝐿𝑖 , 𝑃𝑗] = 𝑖ℏ𝜀𝑖𝑗𝑘𝑃𝑘  ; 

[𝐿𝑖 , 𝑋𝑗] = 𝑖ℏ𝜀𝑖𝑗𝑘𝑋𝑘  ; [𝐿𝑖 , 𝐿𝑗] = 𝑖ℏ𝜀𝑖𝑗𝑘𝐿𝑘                 (3) 

The Ads model (1) deformed algebra is defined by the existence of a minimum 

uncertainty in momentum that is nonzero and gives rise to modified Heisenberg 

uncertainty relationships: 

𝚫𝑿𝒊𝚫𝑷𝒊 ≥
ℏ

𝟐
(𝟏 ± 𝝀(𝚫𝑿𝒊)

𝟐) 
(4) 

The non-commutative operators 𝑋𝑖 and𝑃𝑖  as functions of the usual 𝑥𝑖 and 

𝑝𝑖 operators will be used to satisfy the ds algebra (1), 

𝑿𝒊 =
𝒙𝒊

√𝟏 ± 𝝀𝒓𝟐
; 𝑷𝒊 = −𝒊ℏ√𝟏 ± 𝝀𝒓𝟐𝝏𝒙𝒊 

  (5) 

III. MASSLESS DIRAC EQUATION IN ADS AND DS 

 



28 

The electron in quantum theory of graphene is a massless fermion that moves at a 

velocity VF  =  (1.12 ±  0.02)  ×  106 ms−1, called the Fermi velocity verify the 

relativistic massless Dirac equation. The discovery of graphs gives us the 

opportunity to test various effects of QED, such as the “small paradox”, since this 

effect cannot be observed in particle physics [28]. In this section, we are interested 

in solving the Dirac equation without dimensional mass (1 + 2) in the presence of a 

constant external magnetic field 𝐴 ⃗⃗  ⃗ =  
𝐵

2
 (−𝑦, 𝑥, 0). The Hamiltonian of the massless 

(2+1)-dimensional Dirac equation is [29]; 

             (𝛂̂. 𝐩)Ψ(r)=
𝐄

𝐕𝐅
Ψ(r) 

Where 𝛼̂ is the usual Dirac matrices and we may assume that the four-component 

spinor Ψ is of the form Ψ(r) = (Ψa(r), Ψb (r)). 

    We use the AdS algebra definition (eqs.6 and 7) and involving the spinor above, 

to rewrite this equation in the deformed momentum space: 

            𝛔̂. (𝐩 − 𝐞𝐀)𝚿𝐛 (𝐫) =
𝐄

𝐕𝐅
𝚿𝐚(𝐫) (19-a) 

            𝛔̂. (𝐩 − 𝐞𝐀)𝚿𝐚(𝐫) =
𝐄

𝐕𝐅
𝚿𝐛 (𝐫) (19-b) 

With σ̂ designates the Pauli matrices. Then, we eliminate Ψb (r)in favor of Ψa(r), to 

obtain the following equation: 

           [𝛔̂. (𝐩 − 𝐞𝐀)]𝟐𝚿𝐚(𝐫) =
𝐄𝟐

𝐕𝐅
𝟐 𝚿𝐚(𝐫) 

According to the following relations: 

(𝛔̂. 𝐀)(𝛔̂. 𝐁) = 𝐀. 𝐁 + 𝐢𝛔̂. (𝐀 × 𝐁)   (21) 

The eq (20) becomes: 

(𝐩⁻. 𝐩⁻ + 𝐢𝛔 ̂. (𝐩⁻ × 𝐩⁻))𝚿𝐚(𝐫) =
𝐄𝟐

𝐕𝐅
𝟐
𝚿𝐚(𝐫) 

 (22) 

Where p− = (√1 ± 𝜆𝑟2p − (
𝑒𝐵

2
) (

−𝑦

√1±𝜆𝑟2
𝑖 +

𝑥

√1±𝜆𝑟2
𝑗 )). 

After a straightforward calculation of eq (22), we obtain: 
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                        [(𝟏 ± 𝛌𝐫²)𝐩² + 𝛂
𝐫²

𝟏±𝛌𝐫²
+ 𝐢ℏ𝛌𝐫. 𝐩 −

𝛄𝐋𝐳 − 𝐞𝐁ℏ𝛔𝐳 −
𝐄𝟐

𝐕𝐅
𝟐]𝚿𝐚(𝐫) = 𝟎 

 

(23) 

 

Here the parameters; 

            𝛂 =
𝐞²𝐁²

𝟒
−

𝐞𝐁

𝟐
𝛌ℏ𝛔𝐳 (24) 

            𝛄 = 𝐞𝐁 + 𝛌ℏ𝛔𝐳 (25) 

 To solve the eq.(23), we introduce the polar coordinates in position space (r, ϕ), 

and we use the following ansatz Ψa(r) = exp (imlφ)Rn,l(r)χτ, where 𝑛 is the radial 

quantum number, m𝑙 and τ = ±1 are, respectively, the eigenvalues of angular 

momentum and spin operators, and χ+1
T = (1,0), χ−1

T = (0,1) are the spin functions; 

to obtain 

                      [(𝟏 ± 𝛌𝐫²) (
𝐝

𝐝𝐫
)
𝟐
−

𝐦𝐥
𝟐(𝟏±𝛌𝐫²)

𝐫²
−

𝛈𝐫²

ℏ²(𝟏±𝛌𝐫²)
+ 𝛆]𝐑𝐧,𝐥(𝐫) = 𝟎 

(26) 

With  

       𝛈 =
ℏ²

𝟒𝐥𝐁
𝟒 −

𝛌ℏ²

𝟐𝐥𝐁
𝟐 𝛕 (27) 

        𝛆 =
𝐄²

ℏ²𝐕𝐅
𝟐 +

𝛕

𝐥𝐁
𝟐 + 𝐦𝐥 (

𝟏

𝐥𝐁
𝟐 + 𝛌𝛕) (28) 

Where lB = √
ℏ

eB
is the fundamental length scale in the presence of a magnetic field. 

We consider the transformations and the proceeding steps to follow by using the 

Nikiforov-Uvarov (NU) in order to obtain the energy spectrum and the 

corresponding wave function as in Ref [30]. 

Until we get the energy spectrum in the form: 

𝐄𝐧,𝐦𝐥,𝛕
𝛌 = ±

ℏ𝐕𝐅

𝐥𝐁
[(𝟐𝐧 + 𝐦𝐥

+ 𝟏)√(𝟐𝛌𝐥𝐁
𝟐𝛕 ± 𝛌𝟐𝐥𝐁𝟒)

+ 𝛌𝐥𝐁²(𝟒𝐧(𝐧 + 𝐦𝐥 + 𝟏) + (𝟐

− 𝛕)𝐦𝐥 + 𝟏) − (𝐦𝐥 + 𝛕)]
𝟏
𝟐 

 

 

 

(29) 

 

We notice that the energy spectrum of our system has 𝑛2 dependence of the energy 

levels, which corresponds to a confinement at the high-energy area; our result is 



30 

equivalent to the energy of a spinless relativistic quantum particle in a square well 

potential. 

Now, let us conclude the corresponding wave function after employing and 

following the steps as NU method to get that form; 

𝚿𝐧(𝐫,𝛟)

= 𝐂𝐧𝟐
𝐦𝐥
𝟐 𝐞𝐱𝐩 (𝐢𝐦𝐥𝛟)(𝟏

− 𝛌𝐫²)𝛍/𝟐(𝛌𝐫²)
𝐦𝐥
𝟐 𝐏𝐧

(𝐦𝐥,𝛍−𝟏/𝟐)
(𝟏

− 𝟐𝛌𝐫²) 

 

 

 

(30) 

Where Cn is the normalization constant. 

We can test this finding in many ways such as; if we put𝜆 = 0, we obtain the ordinary 

expression of the spectrum in the usual space [31] 

𝐄𝐧,𝟎,𝟏
𝟎 = ±

ℏ𝐕𝐅

𝐥𝐁
√𝟐𝐧 

(31) 

  

IV. CONCLUSION 

In this paper, we investigated the exact solutions of the 2D massless Dirac 

equation with a uniform external magnetic field in the context of deformed quantum 

mechanics with de-Sitter and anti-deSitter commutation relationships. These AdS 

deformations lead to a minimal non-zero uncertainty in the measurement of the 

momentum. The NikiforovUvarov method was used and thus we get the analytical 

expressions of the bound state energies and the wave functions of the system, in this 

case, we express the functions analytically in terms of the system in relation on 

Jacobi's polynomials and the corresponding eigenenergy’s with additional 

corrections depending on the deformation parameter λ. Our results show that the 

deformed spectrum remains discrete even with large values of the principal quantum 

number and thus the EUP deformation eliminates the degeneracy of the spectrum 

(no deformations) found in the normal case. 
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ABSTRACT 

 
The 2+1 dimensional Dirac massless equation in non-commutative geometry 

is investigated in this paper under the influence of a uniform magnetic field. 

We solve the system analytically using a direct method to obtain the energy 

eigenvalues and corresponding wave functions by taking the confluent 

hypergeometric functions to solve the system. Finally, we analyze the 

thermodynamic properties of the graphene in NC space with the help of the 

partition function Z and we showed that the results and the thermal features 

have been affected by the studied geometry.  

 
Keywords – Graphene, Non-Commutative Geometry, Thermodynamic Properties. 

 

I. INTRODUCTION 

Non-commutative space is gaining popularity in the field and string theories 

[1]. Snyder was the first to explain the lack of change in space-time 

coordinates [2], and this principle offers stimulating scenarios in a number of 

unifying interaction theories known as M-Theory [3-4] as well as modern 

cosmology [5-7]. The formula's application is not limited to the following 

areas: non-commutative theory can explain the fusion of ultraviolet and 

infrared radiation in very small areas [8, 9], Lorentz symmetry breaking [10-

11], and field quantum physics [10-11]. There have also been extensive 

studies on the integration of non-commutative relationships in ordinary 

quantum mechanics and classical geometry [12-14]. Furthermore, in recent 

years, changing normal relationships and nondeterministic relationships 

inspired by string theory, quantum gravity, and special relativity have been 

the focus of very interesting research [15-18]. 

Graphite is the accumulation of thick layers of carbon in an atom known as 

graphene. The physics of graphene has piqued the interest of theoretical 

scientists, with experimental observations revealing the existence of electrical 

charge carriers that behave like massless Dirac quasiparticles [19- 22]. The 

reason for this is due to graphene's unique molecular structure. Carbon atoms 

are arranged in a hexagonal lattice, similar to that of a honeycomb [23]. Low-

energy electronic excitations have been observed at the graphene corners. 

Dirac 2 + 1 fermions with a linear scattering ratio (massless) can describe the 

Brillouin zone [19- 22]. This effect opens up the possibility of testing multiple 

aspects of relativistic phenomena that, in general, require a lot of energy in 

condensate physics experiments, such as chiral tunnels and the Klein paradox 

[24-25]. The aim of this study is to solve the 2D graphene as material in 

theoretical physics with the algebra of NC and we are going to treat it with the 

thermal properties of this system at high-temperature regime. 
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II. GRAPHENE IN NON-COMMUTATIVE GEOMETRY 

    Before proceeding to the solution of the graphene equation, we define 

some relations of the non-commutative space. 

  Non-commutative space is characterized by the fact that its coordinate 

operators are non-commutative, in contrast to the properties of the 

coordinates of ordinary space. The coordinates, in this case, satisfy the 

following relationships 

(1) [𝒙̂𝝁, 𝒚̂𝒗] = 𝒊𝜽𝝁𝒗 

    Where 𝜃𝜇𝑣is an antisymmetrical tensor in the usual quantum mechanics 

and plays an analogous function to ℏ. 

    We want to maintain the unity of the theory, we choose 𝜃0𝑣=0 , which 

means that time remains as a parameter and that non-commutativity only 

affects physical space. The product of any two functions in the sense of this 

deformation is equivalent to the star Moyal product identified by 

(2) (𝒇 ⋆ 𝒈)(𝒙) = 𝒆𝒙𝒑 [
𝒊

𝟐
𝜽𝒂𝒃𝝏𝒙𝒂𝝏𝒚𝒃] 𝒇(𝒙)𝒈(𝒚)|

𝒙=𝒚
 

    Where 𝑓 and 𝑔 are two arbitrary and considered to be infinitely distinct 

functions. 

    The effects of transition and momentum in this model can be expressed by 

the two transformations [26-28]: 

(3) 𝒙𝒊 ⟶ 𝒙𝒊 −
𝟏

𝟐ℏ
𝜽𝒊𝒋𝒑𝒋 𝒂𝒏𝒅 𝒑𝒊 ⟶ 𝒑𝒊, 𝒊 = 𝟏, 𝟑̅̅ ̅̅ ̅ 

With an antisymmetric tensor𝜃 parameter, selected as 

(4) 𝜽𝒊𝒋 = 𝝐𝒊𝒋𝒌𝜽𝒌 𝒂𝒏𝒅 𝜽𝟑 = 𝜽 

We can rewrite the transformation based on this fact (3), in the following 

condensed form. 

(5) 𝜽𝟏𝟐 = −𝜽𝟐𝟏 = 𝜽𝟑 = 𝜽  𝒘𝒊𝒕𝒉  𝒓⃗⃗  → 𝒓⃗ +
𝜽⃗⃗ × 𝒑⃗⃗ 

𝟐ℏ
 

The electron in the quantum theory of graphene is a massless fermion that 

moves with a velocity 𝑉𝐹  =  (1.12 ±  0.02)  ×  106 𝑚 𝑠−1 called Fermi 

velocity verify the relativistic massless Dirac equation. The discovery of 

graphene gives us the opportunity of testing various effects of QED, such as 

the “Klein paradox” because this effect is unobservable in particle physics. 

In this section, we are interested in solving the (1 + 2)-dimensional massless 
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Dirac equation in the presence of an external constant magnetic field𝐴 =

 
𝐵

2
  (−𝑦, 𝑥, 0). In this case, the graphene equation read 

(𝜶̂. 𝐩)Ψ(r)=
𝑬

𝑽𝑭
Ψ(r) (6) 

    Where 𝛼̂  the usual Dirac matrice, given by 

𝜶̂ = (
𝟎 𝝈̂
𝝈̂ 𝟎

) (7) 

 𝜎̂ designates the Pauli matrices. 

We may assume that the four-component spinor Ψ is of the form Ψ(r) = 

(Ψa(r), Ψb(r)). 

On substitution of Ψ (r) as given into (6), we get the following equations for 

the two-component spinors Ψa(r) and Ψb(r): 

𝝈̂𝒑−𝜳𝒃(𝐫) =
𝑬

𝑽𝑭
𝜳𝒂(𝐫) 

𝝈̂𝒑−𝜳𝒂(𝐫) =
𝑬

𝑽𝑭
𝜳𝒃(𝐫) 

 

(8) 

With 𝑝− = 𝑝 − 𝑒𝐵 × (𝑟 +
𝜃×𝑝

2ℏ
). 

These two equations can be used to eliminate 𝛹𝑏(r)in favor of𝛹𝑎(r), so that 

we can have 

(𝝈̂. 𝒑−)(𝝈̂. 𝒑⁻)𝜳𝒂(𝐫) =
𝑬𝟐

𝑽𝑭
𝟐
𝜳𝒂(𝐫) 

(9) 

According to the following relations (𝜎̂. 𝐴)(𝜎̂. 𝐵) = 𝐴. 𝐵 + 𝑖𝜎̂. (𝐴 × 𝐵) 

The equation (9) can be written as  

((𝒑−. 𝒑⁻) + 𝒊𝝈. (𝒑− × 𝒑⁻))𝜳𝒂(𝐫) =
𝑬𝟐

𝑽𝑭
𝟐
𝜳𝒂(𝐫) 

(10) 

After a straightforward calculation of eq(10),we obtain 

[(𝟏 +
𝒆𝑩𝜽

𝟐ℏ
+

𝒆²𝑩²𝜽²

𝟏𝟔ℏ²
)𝒑² + (

𝒆²𝑩²

𝟒
)𝒓² − (𝒆𝑩 +

𝒆²𝑩²𝜽²

𝟒ℏ²
) 𝑳𝒛

− (𝒆𝑩ℏ +
𝒆²𝑩²𝜽

𝟒
)𝝈𝒛 −

𝑬²

𝑽𝑭
𝟐
]𝜳𝒂(𝐫) = 𝟎 

 

(11) 

To solve the eq.(11), we introduce the polar coordinates in position space 

(r, ϕ), and we use the following ansatz Ψa(r) = exp (imlφ)Rn,l(r)χτ, where 

𝑛 is the radial quantum number, m𝑙 , and τ = ±1 are, respectively, the 
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eigenvalues of angular momentum and spin operators, and χ+1
T = (1,0), 

χ−1
T = (0,1) are the spin functions; to obtain 

[(
𝐝

𝐝𝐫
)
𝟐

+
𝟏

𝒓

𝐝

𝐝𝐫
−

𝐦𝐥
𝟐

𝐫²
−

𝛈𝐫²

ℏ²
+ 𝛆]𝐑𝐧,𝐥(𝐫) = 𝟎 

(12) 

While the parameters η, εare constants, we just name them after reorganizing 

the equation. 

We use the appropriate transformations by employing a direct method in order 

to obtain the following energy spectrum such as: 

𝑬𝒏,𝒎𝒍
=

ℏ𝑽𝑭

𝒍𝑩
[(𝟐𝒏 + 𝒎𝒍 + 𝟏)√(𝒍𝑩⁴ +

𝜽𝒍𝑩²

𝟐
+

𝜽²

𝟏𝟔
)

− 𝝉(𝟏 +
𝜽²

𝟒𝒍𝑩
) − 𝒎𝒍 (𝒍𝑩 +

𝜽²

𝟒ℏ𝒍𝑩
)]

𝟏/𝟐

 

 

 

 

(13) 

In addition, we notice here that 𝑙𝐵 =  √ℏ/𝑒𝐵 is called magnetic length. 

Moving to the wave function, which gives such  

𝝍𝒂(𝒓,𝝓) = 𝑪𝒓−
𝟏
𝟐𝒆𝒙𝒑(−

𝒓𝟐

𝒂𝟐) (−𝒏,
𝟑

𝟒
+

𝒎𝒍

𝟐
,
𝒓𝟐

𝒂𝟐
)
𝒓𝟐

𝒂𝟐

𝟏
𝟒
+
𝒎𝒍
𝟐

𝑭(−𝒏,
𝟑

𝟒

+
𝒎𝒍

𝟐
,
𝒓𝟐

𝒂𝟐
)𝒆𝒙𝒑(𝒊𝒍𝝓) 

(14) 

If we test these obtained results by putting𝜃 = 0, we get the ordinary case in 

the commutative space. 

III. THERMODYNAMIC PROPERTIES 

   In this section, we examine the effect of non-commutative geometry on the 

thermal properties of Graphene . Returning to the spectrum (13) which can 

be written as: 

                𝐸𝑛 = ±𝑚𝑐2√𝜇𝑛 + 𝜆                     (15) 

Because all the thermodynamic quantities can be obtained from the Z 

partition function, we first calculate this function of the system, which is 

defined according to the temperature T as 

𝑍(𝑉, 𝑇) = ∑ 𝑒−𝛽(𝐸𝑛−𝐸0)∞
𝑛=0                            (16) 
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With𝛽 =
1

𝑘𝐵𝑇
 , 𝑘𝐵 is the Boltzmann constant, and 𝐸0 is ground state energy. 

(l=0) 

In addition, for the states of negative energy, the function of the Z-partition 

of the oscillator of Graphene at finite temperature T has the form: 

𝑍(𝑉, 𝑇) =

∑ 𝑒𝛽𝑚𝑐2(√𝜇𝑛+𝜆−√𝜆) =∞
𝑛=0 𝑒−𝛽𝑚𝑐2√𝜆 ∑ 𝑒𝛽𝑚𝑐2(√𝜇𝑛+𝜆)∞

𝑛=0                                                                              

(17) 

Now, to evaluate this function, we use the formula Euler-Maclaurin. For 

carrying out our analysis on the thermodynamics of the massless Dirac, we 

will limit to the stationary states of positive energy 

By replacing (15) in (17), we obtain the partition function of graphene in 

deformed space as: 

𝑍(𝑉, 𝑇) = ∑ 𝑒−𝛽𝑚𝑐2(√𝜇𝑛+𝜆−√𝜆) =∞
𝑛=0 𝑒𝛽𝑚𝑐2√𝜆 ∑ 𝑒−𝛽𝑚𝑐2(√𝜇𝑛+𝜆)∞

𝑛=0                                                                             

(18) 

Then we employ Euler-Maclaurin formula; we obtain the partition function: 

𝑍 =
1

2
+

2√𝜆

𝜇
𝜏 +

2

𝜇
𝜏2 + (

𝜇

24√𝜆
−

𝜇3

1920√𝜆5
)

1

𝜏
−

𝜇3

1920𝜆2

1

𝜏2 −
𝜇3

5760√𝜆3

1

𝜏3                                        

(19) 

Where 𝜏 =
1

𝛽𝑚𝑐2 =
𝑘𝐵𝑇

𝑚𝑐2 

The thermodynamic properties of the physical system, such as free energy F, 

mean energy U specific heat C, and entropy S, can be calculated from the 

following expressions: 

𝐹 = −
1

𝛽
𝑙𝑛𝑍 , 𝑈 = 𝐾𝐵 𝑇

2
𝜕𝑙𝑛𝑍

𝜕𝑇
   , 𝐶 =

𝜕𝑈

𝜕𝑇 
 , 𝑎𝑛𝑑 

       𝑆 = −
𝜕𝐹

𝜕𝑇
.                                         (20) 

Such: 

𝐹 = −𝑚𝑐2𝜏𝑙𝑛𝑍                                      (21) 

Following the same manner to obtain the other properties. In the following, 

all the profiles of the thermodynamic quantities as a function of the 

temperature variable were presented for different values of the deformation 

parameter 𝜃 
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Figure 1: The free energy F as a function of T for deformation values.𝜃 

 

Figure 2: The mean energy U as a function of T for deformation values.𝜃 

 

 

 

 

 

 

Figure 3: The heat capacity C as a function of T for deformation values.𝜃 
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Figure 4: The entropy S as a function of T for deformation values.𝜃 

Where we have used the Hartree atomic units (ℏ =  𝑐 = 𝐾𝐵  = 𝜔 =  𝐵 =
 𝑚 =  1) 

We observe that the thermodynamic properties have influenced by the 

parameter 𝜃. 

 

IV. CONCLUSION 

 We investigated the exact solution of the 2D massless Dirac equation in the 

presence of an external magnetic field in the commutation relations of 

noncommutative geometry in this work, where we obtained the energy 

eigenvalues and the wave function of the system using a direct method. 

Finally, we concluded that the system was influenced by NC geometry and 

produced the results found in the literature when =0.Also, we have studied the 

thermodynamic properties of the system in the high temperature regime using 

the partition function Z and we concluded that the system has been influenced 

by the NC algebra. 
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